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PREFACE TO THE ELEVENTH EDITION. 


This is a completely over-hauled edition of the book 
and presents tho matter in an entirely new foim. The 
authors claim to have introduced the following distinguishing 
features in it :— 

(1) The various exercises, groups and examples in the 

book, have been graded according to difficulty with scrupulous 
care. 

(2) The division of each excercise into different groups 

is a provision for teachers of two extreme views. Those 

who are anxious to cover the course hurriedly at first, can 

easily do so by taking th6 first two questions of each group, 
while those who want to do everything exhaustively on 
the every first reading, can do so by taking all questions in 
full. 

(3) At least one question of each group ^generally the 
first) has been solved and hints have been provided for various 
others. These solutions and hints have been put at the 
end o/each exeroise. so that the students may oonsult them 
only when they feel the necessity of doing so after an honest 
but unsuccessful self.attempt. Each exeroise is preceded by 

a ol 9ar exposition of the principles and m.fchods needed for 

it, but the authors are against telling too much beforehand 

and thus damping the originality, of the students.- 

0 * 

In short, a sincere attempt has been made by the authors 

to educate the students in the real sense, of the word It is 

confidently hoped that the work will be appreciated by the 

teachers and the taught alike. Any .suggestion for further 

improvement of the book will be thankfully received. 

Fab. 21. 1950. 1 t 

Authors. 
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LIST OF FORMULAE 

1. ((r-\-b) i = o i '2ab+tr. 

2. (a — 6) 2 =a 2 — 2ab + b*. 

3. (a + 6) 2 +Vi -6)*=‘>(a 2 ~6 2 ). 

4. (a -h6) 2 — (fl — 6) 2 = 4a6. 

5. (a + 6-f c) 3 =a 2 + 6 2 -fc* 4- 2a6 + *ac + 26c. 

6. (a + b+c + d+e-\- .)* 

^-h^-f^ + ^-fe 2 . 

+ 2a(6-f* c+d+e + .) 

+2&(c-fd+*+.) 

-h*2e(d-*<?+-.) 

“T" • • • . •• 

7. (0+6)(a-6J=a 2 ~6*. 

8. (x+a)(x+b)=x* + (a + b)x+ab 

9. (ar-j-a)(a?-f-6)(ar+c)=x 3 -f (a -f- 6 + c)x 2 -f- (ah + 6c;|- ca)x + abc. 

10. (a+6) 8 =fi 3 4-3fl 2 6+3a6 t -}-6 3 or a 3 +6*+3e6(a-h^i). 

11. (a —6) 3 =a*—3fl*6+3a6 2 —6 3 or a? — 6 3 — Xab(a — 6). 

12. (a4-6)(a*—a6+& 2 )=a 3 -f 6 3 . 

13. (a—6yia*+c6+6 s )=a 3 —6 3 . 

14. (a4-64-c)(a 2 +6*-f c* — ab—ac — 6c)=fl 3 -}-6 3 -he 3 —3a6e. 


iy. 

16 . 

18. 

19. 

20 . 
21 . 
22 . 
23 


a 2 (6—c) -f 6 2 (c- a) -f c 2 (n - 6) = - (a - 6)(6 - < 5(c—a). 
ab(a —6) -f 6c(6 - c)+ca{c -a) = - (a- b) (6 - c)(c - a). 

a(6 2 —c 2 )-f-6(c 2 —a*)4-c(a 2 —6 2 )=(a —6^(6—cl(e—a) 
a 3 {6 - c)4- 6 3 (c— a) -h c 3 (a - 6) = - (a - 6)(6 - c) (c - a) x 

(aH-6-fc). 

o(6* - e>>)+ b{c* - <x*) +c{a> - W) = (a- b){b- c)(c- n) X 

(rtH-6-hc). 

a*(b-c) + 6«(c - a) + c*{a-b) = - (a ~ 6)(A -c)(c - c> X 

(a 2 -7-6*-j-c 2 -|-fl64-6c-|-ca). 

a?(b‘-c*)+l>\c'--a*J+cHa'-bt)=-(a-l,)< i b-c)(c- a )x. 

(o6-h6c-hcaL 

a*(6 3 - c 3 )+&V - a 5 )+c*(a 3 - 6 8 )=( a - 6)(6 -c)(r - a) x 

ab ( a * -6 3 )+6c(6*—c 3 ) + ca(c*-a*)= _ (a -6?(6-f j(c 

x!(a* J 6* jjfe 3 • ab j- fcr -}- ra). 








24. fl"’Xfl’ , =a ,,!+n . 

25. a m ~a n =a m ~ n . 

26. (a m ) n =a mn . 

27. {ab) n =a n .b*. 



29. a°=l. 




means the square root of a. 

i_ 

t> the ;>th root of a. 

P_ 

a* „ the 9 th root of aP or the pth power of the qth 

1 (i \ p 
root of a ; that is, y/efi 01 \i /a/ . 


In the following Trsulls a is a finite quantity, not equal 
to zero (a finite quantity is that which can be measured); 

1 + 0 = 1 , 1—0 = 1 , 0—1 = — 1 . 

0X1=0, 0Xfl=0, 0x0=0. 


1 

1 ^ 

0 


o, -^-=0. 


infinity a limitless large quantity which cannot 
be measured. The symbol co is used to denote it.) 



a 0 = 1 , 0 a = 0 , 

is an indeterminate quantity, that is, a quantity, 
which has no fixed value. A complete discussion 
of such quantities is beyond the scope of this 
book. 


PROGRESSIVE ALGEBRA 


CHAPTER I 

PRIMARY DEFINITIONS & NOTATIONS ; NUMERICAL 


SUBSTITUTIONS 

1. ALGEBRA is generalised Arithmetic. 


Besides the Arithmetical figures (l, 2, 3, etc.), it makes use 
of letters (like a, b, c, etc.,) as well, called symbols of quantity. 
These symbols stand for arithmetical numbers and may have 
any values whatever. However, in a particular piece of 
work, a particular letter is supposed to keep the same value 
throughout. 


Algebra also involves the use of negative quantities which 
have no place in Arithmetic. The idea of such quantities will 
be given in the next chapter. 


The five signs +, x, -r and = have the same 
meanings in Algebra as in Arithmetic and are called symbols 
of operation . A dot can replace the symbol x , as in 3.4 whinh 
means 3x4. (Distinguish this from 3 4, in wjioh the dot is 
placed higher and stands for the decimal point.) 

oarefaCf- 4 * Rd ™ 6d *° atUdy ths followin g fact. 


(i) 2a stands, for 2or 2.<r' 

>» „ axb or a.b 

4xyz „ „ 4x«Xy X* or A.x.y.z, eto., eto, 
Also note that;— 

ixyz is the product of the four factors 4, *, y and z. 

4 is the coefficient of xyz. 

Ax 

- • > . ” •» y*- jC\ 
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progressive algebra 



a* stands for ax a. 


aXaXa. 

xXrX-cXx. 


Also note that 


a 2 is called the second power of a a D d is usually read 

a squared. ‘a’ is the base of this power and 2 is the index 

or exponent. 


a 3 is called the third power of a and is usually read “a 
cubed. Here also the base is ‘a’, but index=3. 

x* is called the fourth power of x and is usually read “* to 
the fourth.” Here base is x and index=4, etc., etc. 

(u») y/a stands for a number whose second power 
(or square) is equal to a. It is called the square root of a. 

(* «■, square root of 9) = 3, because the square 
of 3 is 9. ^ 

v/a stands for a number whose third power (or cube) is 
equal to a. It is called the cube root of a. For example, 2/125 
(t.e., cube root of 125) = 5, because the cube of 5 is 125. 

Similarly ^81, (t.e., fourth root of 81) = 3 ; etc , etc. • 

Note 1. It is immaterial in what order the factors of a' 
product are written Thus ab and ba have the same value," 
bo also have abc, acb, bca, bac, cab and .cba the same value’ 
However, the numerical factor (i.e., the factor which is an 
arithmetical number, should always be written first. For 
example, 3a should not be written as a3. However it may be 

written as aX3 or a.3. * • 

Note 2. When the factor or index is unity (i.e., 1 ) it is 
usually omitted. Thus “la”, as well as “a 1 ”, is usually writ¬ 
ten as “a”. • 


NoteS. Fractional co-efficients which are greater than 
unity are usually kept in the form of improper fractions. For 
example, we usually write -V -a, and not 2fa. - . 

3. Substitution. 


Repla . c ?S one quantity by another equivalent quantity i 
calle su s In this chapter we shall consider onl 


is 
only 
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numerical substitutions, that is, the substitutions of 
algebraical symbols (a, 6, c, etc.,) by their given numerical 
values. 

EXERCISE 1 


If 

0= 1. 6=2. c= 

=3, d=4. 

e=5, find the 

value 

1 . 

8 c. i 


1 2. 

9d 

3. 

4. 

56e. | 

Solved 

1 5. 

6bd. 

6 . 

7. 

2 d». | 

Solved 

1 8. 

5e a 

9. 

10 . 

4c 3 


11 . 

5a 5 . 

12 . 

18. 

e». 


14. 

e d . 

15. 


If x—2, y—3. 2—0, p=l t q=;4, find the value of :— 

A 


10 . 

lx 3 . [Solved] 

17. 


18. 

19. 

*y*x 3 . [Solved] 

20 . 

xVtfV- 

21 . 

22 . 

\x 3 yz. [Solved] 

23. 


24. 

25. 

• [Solved] 

20 . 

9p*q 3 

8 y 3 x»‘ 

27. 

28. 

3xM 

2 qp ' 

29. 

0 2« 

Op* ’ 

80. 

. If 

o=0, 6 = 1, x=4, y 


1=9, evaluate 

% 

81. 

\/2xy. [Solued] 

82 

y/bxl~ 

33. 

84. 

lOyh 

V ~ [Solved] 

85. 

' / 361 
v' 2xy 

30. 

87. 

/ bxy 

t 27 1 * 

88 . 

/a6x 

* yi ■ 

89.2 

\40. 

56 a/ 2 *y 

V 261 ‘ 

41. 

V^T. 

X 

42. 

48. 

a /~^ 

^ IT 

44. 

n*r 

V W 

45. 


»y 4 . 

a»V- 

\°x*y 3 z l . 
3 y*zq* 

5x * 

72 


3 pq*x 3. 



1. 

7. 


SOLUTIONS & HINTS—EXERCISE 1 

8c=8Xe=8x3=24. 4. 56e=5 x&Xe= 5 V 2 x 5 _ 

2d»=2 X <ixdX<»=2X4X4X4=128 * * =5 ° 
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12. 6 C =2 3 —2x2x2 = 8. 

16. £* 3 =fx 2 3 =fx 2 x 2 x 2 = 6 . 

19. |y^ 8 =J i X3 z x2 3 =ix3x3x 2X2X2 = 12. 

22. izV = iX2x2x3x0=0. 

[Remember that when any factor is zero, the product is zero.] 

25 9 *V_9_x2x2x2x3x3 

'2 q ~ 2X4 

31 * v 2xy=\ / 2x4x8=v 64.=8 

04 J ixb - / 2x4x1 /IT 2 
^ 3/ v' 3x9 v' 27 ~ 3 * 

39 ' = 2x4x V~|=8x V -f- = 8 X#= 12 . 

4. Expressions. 

An algebraical expression is a collection of symbols. It 
may consist of one or more terms , which are separated 
from each other by the signs -f and - Thus 2a—36+4*y 
+ 2 + 5/* is an expression consisting of five terms. 

An expression consisting of one term only is called a 
simple expression or a monomial , as 2 a or 4 xy'z. 

Expressions consisting of more than one term are called 
compound expressions. 

The following sub-divisions of compound expressions may 
be noted :— 

A binomial consists of two terms, as 3a —46. 

A trinomial consists of three terms, as 3a—46-f9c. 

A polynomial or multinomial consists of more than three 
terms, as a — 26-}-3c-f d, a6-}-6c — c — a+d, etc. 

5. In working examples, the student is advised’ to pay 
attention to the following instructions :— 

(i) Be very neat. This will ensure accuracy. 

Hi) Learn the proper use of the sign=. It should be used 
only <o c ,nnr»ct the quantities which are equal and not employ¬ 
ed in any vague or inexact sense. For example, the following 
process is defective :— 
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Q. If a=2, 6=3, c=4, find the value of 6a6c—6c*. 

Sol. 5a6c—6c*=6x 2x3x4 

= 120 — 6x4x4 
= 120-96 
=24. 

The answer is correct, but the process is wrong } for, in the 
first line of the solution, the siga=does not connect -equal 
quantities. In the second line, too, this sign is wrongly used. 

(m) In the steps of the work, place the signs of equality 
one below the other, as shown in the above process. How¬ 
ever, if the expressions are very short, this restriction may 
be ignored. 



EXERCISE 2 


If a= 1, 6=2, c=3, <2=0, z=4, 

y=5, 

find the numerical 

value of:— 



1. 

a —26 3c[ Solved ] 

2. 

3a—6—c-f-2x-. 

8. 

3x-\-4y—5a—6b. 

4. 

y— 2z+4c—36. 

• 

6. 

x'+y 2 - 36* [SolvedJ 

6 

6. 

I36 2 +4c 2 -5z 2 . 

7. 

2z 2 -f-3y 2 —4<2 2 . 

8. 

y 2 — a 2 —6 2 —c 2 . 

9. 

z 8 —2a 3 —36 a . 

10. 

c 4 —26 4 —3a 4 

11. 

a 2 6+6 2 c+c 2 d+d 2 a. 

12. 

a6c-f bed— a 3 — d 8 . 


18 | 6 8 e a —a 8 — 6 8 —|a6 8 c. [Solved] 

14. *c 8 -Ha*d«-3a 8 +6*d 2 . 

15. 3a6~2ac 8 -a+ §d-f|c*. 

16 . o 6 -| 6 8 +|ac-c— 


17. 

18. 
20 . 

21 . 

28. 


xl jV °)—6*(c—a). [Solved], 

ab(c—d)+bd[y—x). 19 . 
yz{y-x)+ba(b-a)+cd(c-d). 


c* 6 (t/ 2 — x) 

6 8 ~+ 7 fcr;- [**"*]• 

(g-ffc-f c) 8 d 

*(*+?) !/(&+c)’. 


22 . 

24. 


<»*—**](c*-&*)_a*. 


- q )* [y 
•6) 8 ~ 

c+z)* 

3ao 


-a;) 8 . 
66c ~~ 

,*V 
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25. Ifa_3, 6=1, c = 0, x=5, prove that the exoressions 
a 2 -2bc-\-5az and 3x 2 +a*-fc 2 are equal. [Solved], 

26. If x = \, y=2, 2=3, prove that the expressions 
• r3 -f !/ 3 + 2 3 and 6xyz are equal. 

27. Shew that x 3 +8x is equal to 7x 2 —2x for each of the 
values z=0,2,5. 

28. Shew that u-(« 2 +ll) is equal to 6(x 2 -}-l) for each of 
ihe values x=\, 2, 3 

29. Shew that the expression z s —13x 2 +44x—32 vanishes 
when x=l, 4 or 8. [Hint]. 

30. Prove that the relation 2 z + fl =4 2x is true for x=2. 
[Solved]. 

31. Shew that the relation 3 2j ' +2 =9 3z—1 is satisfied for 

£= 1 . 

32. Prove that 25 a ~ 2 —\ I0 a— Vanishes for a=3. 

33. )f a = 2 and 6=3, show that both of the following 
relations are true :— 

5a—36 —1 = 0*) 

56 —7a—1=0 J 

34. Ifar=l, y=2, z=3, prove that all the following rela¬ 
tions hold good ;— 

2x+ y-\- 2 — 7=01 
2ar —3y-f-4z —8=0-^ 

3.r— y — z-f 2=0 j 

35. If 6 = 13, a=l4 and c = 15, find the value of 

^a(5—a)-, gj ven 2«=a+6+c. [Solved .] 

(s-b)[8-c) 

36. If a=3, 6 = 4, c = 5, fiiid the value of 

\ / 8(8-a)(8-b)(8-c), given that 2s = a+6+c. 

37. If 2s stands for a+6-fc and the values of a, b and c 
are respectively 5, 12 and 13, find the value of 

2 _ 

^\/8[8~a)[8-b)(8-C). 

88. If a = 5, 6=3, c= l, evaluate 
V’a 2 -f 6 2 -}-c 2 -f-2 (a 6—6 c—$a). 
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39. If x=6 and y= 2, evaluate S/x'-Sx*y+Zxy*^. 

40. If a=5 and b= 1, evaluate f^^4o36 + 6o2ft2^4a6 s +6«- 

41. If a = 4 and6=l, find the value of 

42. If x ~3,y=5, z— 0, evaluate 


a 3 — 6 3 


27(a 3 +a6 + 62)‘ 


J x * +y 8 +z s —3:rt/z 


SOLUTIONS & HINTS—EXERCISE 2 

1. Given Exp.=a—26 +3e + 4 d 

= 1—2 X 2+3x3+4xO 

= 1- 4 + 9 + o 

= 0 . 


5. Given Exp.=a; a -ft/* _ 3 &» 


=4x4-f 5x5—3x2x2 

=16 +25 -12 



J8. Given Exp =*6 a c 3 - a a -6 3 -*a6 3 c 

~^x4x27 —1 —8 —Jxlx8x3* 

— 54 —1 —8 —18 

=27. 

17. Given Exp.=*%_ 0 )_&a (c __ 0 j 

= l0(6-l)-4(3-l) ' ' : v 

=10X4 -4x2 ' 

=04 8 
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21. Given Exp.^^-^ 

_ 9 _ 6(25-4) 

4 7(9-1) 

_ 9 6 x 21 

4 7x8 

- 9 _- 9 
4 -4 

= 0 . 

25. let Exp. =a>—26c +5 ax 

=9—2x1X0+5 x3x5 
=9— 0 4-75 

=84. 

2nd Exp. =3 x x -fa 2 -j-c* 

=3x25 4-9 +0 
=75 4-9 

=84. 

From (») and (if) we have 1st Exp. = 2nd Exp. 
29. Hint. —“Vanishes” means “is equal to zero”. 

80. L.H.S.=2*+«=2 2 +«=2 8 =256. 

R.H.S. = 4 2 *=4 2 > =4 4 = 2 56. 

v Eaoh =256 

.*. L.H.S. = R.H.S. 

85. Let us first find the value of s. 

Now 2s=a-\-b-\-c 

= 134-144-15 
=42 
« = 21 . 
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Given Exp. 


_ J s(s-a) 

V (s-6)(s~c) 

_ *21(21 —13) 




14)(21 —15) 


/ 21x8 
V 7x6 
= ^4=2. 

6. Recapitulation. 

Before prcceeding to the next chapter, the student should 
•see that the meanings of the algebraical terms, signs symbols 
and notations of this chapter are quite clear to him. Let 
hinj test his grasp of these fundamental notions by trying to 

mtenl^X :- 0WiDB 0ra ‘ que9ti0n9 ind6 P«“dently and 

EXERCISE 8. (Oral) 

1. (o) Are ab and a.b the same quantities ? 

(6) Are 36 and 3.6 the same quantities ? 

(c) Distinguish between 3.5 and 3*5. 

2. Are 26 ab and 2.6o6 the same quantities ? 

If not, find the difference between them for <*=*1 6=2 

3. Express the product of a and y in six different ways. * 

4 ' 8quiwd w f ifferen ° e bebween “ fcwioe and “three 

r* ffie differenoe between 2 a and 3*. 

o. Distinguish between “four times << *. 

fourth”. Give their respective value? when x= 2 *° the 


(o) 

W 

(°) 

(b) 

( 6 ) 

(«) 

(b) 


Express the product of three factors, ’ each equal 

Whatsis Prod m 0t ° f n faotors > equal to * 
Wk * co * effio »©nt of ab in Bab ? 4 

What is the co-effioient of 6 in 6a6 ' 

19 th ® nu r merioa l co-efficient of a ? 

What diff the . faolors of which 5ab is composed ? 

SSffZft «>"— 0an separately be the 
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10. (a) Write in symbols ‘‘♦he fourth power of x”. What 

is th i-idt-x of this power ? 

( b ) If r is regarded as a power, what is its index ? 

11. Write in symbols ‘‘the fifth root of 2a”. 

12 (a) Is there any difference between ax and xa ? 

( b ) Is there any difference between <‘>/z and zx x y ? 

(c) Is there any difference between cKl and cd a ? 

13. How many terms has the expression 5 a 2 b 3 cz*y ? 

What kind of expression is it ? 

14. How many terms has the expression 3a* — 4a6c+e ? 
What kind of expression is it ? 

15. How many terms has the expression 4 x a X 6* — c-^-d ? 
And, how many has Qxaxd-^xxy-^-z ? Give their 
kinds. 

16. What defect do you find in the following process ? 

a3_i_6 9 4-c 8 

Q. If a = l, 6 = 2, c = 3, find the value of— ,. ■ - 

’ ’ * a+o 4—c 

Sol. a3 " l ‘^ +c3 =1x1 X 1+2x2x2+3x3x3=1+8+27 
a + 6 + c 

36 

“ 1+2+3 “ 6 
CHAPTER II 

POSITIVE & NEGATIVE QUANTITIES ; ADDITION 

7 Positive and Negative Quantities. 

Algebraical quantities which are preceded by the sign + 
are said to be positive, while those to which the sign — is 
prefixed are said to be negative. In this sense the signs + 
and — are not symbols of operation ; *they are used to 
denote that the quantities are opposite in character. 

For example, if Rs. (+5) represent a gain of Rs. 5, then 
Rs (— 5) will represent a loss of Rs. 5; if +20 yds. denote 
a distance of 20 yds. from a fixed place due east , then 
— 20 yds. will denote a distance of 20 yds. from the same 
place due west. 


—r 
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POSITIVE AND NEGATIVE QUANTITIES ADDITION 11 


It should be noted that there is no harm in regarding 
Ks {-f-5) to stand for a lo?s of Rs 5, but th°n Rs (-5) 
wdl stand for a gain of Rs. />. Hoover, it is customary 

o mark such quantit Ie s positive as raise or strengthen our 
posit.on and to mark such quantities negative as lower or 
IT P ° 9 'JT ’ Thuq incom *' '«>«. etc . are taken 

ne g r t Tve ,Ve AI«o • exnei \ dit * re ' fal1 ' eto ' ar e taken as 
2 ‘ e ' A * 8 . 0 motIon anfl distance to the rfoAt 
motion and distance to the east, motion and distance to 

aLTto r 1 P " 8itiVd 1 whereaa motion and dis 

.otion^d^fo t h rr* are'tak'ii as^egative* 


omittJJ *’ The + S1 8 n of a positive quantity is often 


*hen its sign dhrlaardAd^ 6 ° f & ? uantit y * 9 its value" 
+ 7 or—7 i 9 7. garded , e.g., the absolute value of 

a 


e asily interpreted ^mXin”/ t a h 6 negafci76 ^ uautit y can be 

gam of Rs. (-8) mean8 a Josa Qf Rs g 

A 088 ° f £ means a gain of £5. 
perature. 1 ° f ^ tem P era tare means a rise of 5° t em- 


A prize of R s . (— 10 ) meang & ^ Qf Rg ^ 

aSSSrSF* 'i^4Xrz t w " ! - 

have ,to charao ^ are both reversed. g Thu 8 we 


Again of Rs . ( + 8,= A loss of R s . (^ 8) 

= A gam of Rs. (- 8 ) 

=A loss of Rs. (_ _ _ 

= A gain of R e . ( __ 

e to„ et 0 . ' 


i 
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— 8 


From the above and similar examples we conclude 
that :— 

"f-® = -8 =.=8 preceeded by 

even number of negative signs. 

: 8 =.= 8 preceded by 

odd number of negative pigns. 

9. Addition of Positive and Negative Numbers. 

Study the following examples carefully :— 

(t) A gain of Rs. 8 + A gam of Rs. 5 = A gain of Rs. 13 


.\( + 8) + (+5)= + 13. 
or+ 8+5 = + 13. 


[Art. 71 


(**) A loss of Rs. 8 + A^loss of Rs. 5= A loss of 


13 


—8) + ( —5) = —13. 
or — 8 —5 — — 13. 


[Art. 7] 


(»**) A gain of Rs. 8 + A loss of Rs. 6 = A gain of Rs. 3 


(+8) + (—5)=-f-3. 
or-(-8 —5= +3. 


[Art. 7] 


(•it;) A loss of Rs. 8 + A gain of Rs. 5 = A loss of Rs. 3 
(— 8) —j— (-f-o) = —3. [Art. 7] 

or — 8 + 5= —3. 


From these and similar examples we deduce the follow¬ 
ing Rules for the addition of two numbers :— 

Rule 1. If both the numbers are positive or negative, add 
the absolute values and attach the sign of the given numbers to 
this sum. [See Examples (t) and (ii) above.] 

Rule 2. If one number is positive and the other negative 
find the difference of their absolute values and attach to it the 
sign of the larger. [See Examples (tit) and (iv) above.] 

We can easilv generalise the above article and obtain 
the following rules for adding more than two numbers :— 

Rule 3 If all the numbers are positive or negative, add 
the absolute values and attach the sign of the given numbers 
to this sum. For example : — 

+5+6+3+1 = 15 5-6—3-1 =—16. 
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Rule 4. If some numbers are positive and others , negative 
add the positive and negative numbers separately by Rule 3 
given above and then add the two results by Rule 2. For ex¬ 
ample :— 

+ 5 — 6 — 3 + 8 = +5 + 8 — 6—-3 = + 13—9 = + 4 

1—3 — 7 — 9=1 — 19 = —18. [No sign is given with 
1 ; therefore sign + is understood with it.] 

Note 1 The sum of positive and negative quantities is 
called their Algebraical sum 

Note 2. The sum of two numbers having the same 
absolute values but opposite signs is 0 ; eg, — 5 + 5=0. 

Like Terms ; Their Addition. 

do not differ, or when they differ or.lv 

mZattot oTuZiUetL 3 *- ^ ; * 6 °’ “re two 
A careful study of the following progressive 
explain clearly how like terms are added ?!! e * am P ies will 

(*) 8+6 = 13 

8 rn 6 s r : 8=i3 two>8 [s tw °’ 8 «x 2 i 

8 five s+5 five s=13 five’s J 

8 six’s +5 six’s =13 six’s 

8x +5s = 13a: 

Sab + 5<z6 =13a6 

Sxh/ +5 = 1 3x 2 y 

eto., etc. 

K«»e. Some authors advance the following argn ment 

8 horses+ 6 horses=I3 horses ; 

Similarly, 8z+5z=13x. 

students ^bToause *x and other fe'tTe % Wr0n? notion to the 
Oinations, but for numbers. d ° " 0t stand *» de no ! 


14 


PROGRESSIVE ALGEBRA 


Similarly we have :— 


(«) 

— 8x — 5x= — 13x 

L*. 

* — 8—5= —13] 



— 8a6 3 — 5a6 3 = — 13a6 3 



(Hi) 

8x —5x=3x [v8 

— 5 : 

= 3] 



8!m n — olmn=3lmn 




L iv > 

— 8x + 5x = — 3x 

[v- 

-8+5=-3] 


♦ 

— 8 j><? 2 r 3 + 5pg 2 r 3 =- 

-3 pq*r* 


(®) 

3a + 4a + a + (5a = l4a 


•a = Ia and 3 + 4 + l + 6 = 

= 14] 

(Vi) 

— 3 xy — 4 yx — xy—6yx— 

— 14 xy 





C'.’xy and yx are the same" 




^and —3—4— 1 — 6= — 

1 

(vii) 

— x 3 +5x 3 —3x 3 +4x : 

* 




. =5x 3 + 4x 3 —x 3 — 3x 3 [collecting positive and 

negative terms separately] 
=»9x®— 4x 3 =5x*.- 

(viii) a 2 6-8a 2 6+3a 2 6-2a 2 6 

—a 2 b-r3a-b — 8« 2 6 — 2a 2 6 
= 4a 2 6 — I0a 2 6= — 6a 2 6. 
etc., etc. 

The rule for adding like terms is now quite clear 

The literal part (i e the part consisting of letters) of the 
required sum is the same as the literal part of each given term 
and its numerical co-efficient is the algebraical sum of the 
numerical co-efficients of the given terms. 

Note. The sum of two like terms whose numerical co-effi¬ 
cients are equal in absolute value but opposite in sign is zero, 
eg., — 5x + 5x=0. Hence, while adding, such pairs of terms 
may be cancelled. Fqr example :— 

3a — 4a — 6a + 2a+ 4a=3a+2a — 6a=5a — 6a=— a. 

11. Addition of Unlike Terms. 

‘ Unlike terms' cannot be added. All we can do is to put 
the terms together with their proper signs. For example, the 
sum of 5a, —36 and 2c is 5a—36 + 2c. 


POSITIVE AND NEGATIVE Q V A .HT1 ilfco , AULiiiiurt 




12. Addition of Like and unlike Terms. 

Collect the different groups of like terms and the group of 
UDlike terms separately. Replace these groups by their 
Bums. 

Example Add together : 12a, —56, —a, Cc, 6, —3c, 5d t 

— 11a and —3e. 

Solution. 

Reqd. sum = 12a — a — 1 la — 56 -J- 6 -f 6c — 3c -{- od — 3e 

[grouping a’s 6’fi, c’s, and other terms separately ] 

Now, 12a— a— lla=12a — 12a=0 

—5&-j-6=— 46 
6c—3c=3c 

Reqd. sum =0 — 46 + 3c-{-5d — 3e 

= —46+3c+5d—3e. 

13. The Beginner’s Stumbling Blocks. 

Very often a careful study of the principles explained ia 
the fore going articles is not done by the beginner, which leadt 
to several misconceptions and blunders in very simple questior 
on addition. 

Note the following statements very carefully and give tht 
correct result in each case :— 


(t) 2a + 36 is not. equal to 

5 a 6 

(u) 3x + 4xy 

If 

Ixy 

(«**) x+x „ 

II 

x 2 

(««) a*6 + a 2 6 „ 

ff 

a 4 6 2 

(v) 2s+5x 2 

11 

lx 2 

■ { Ivi) 3a-f 2 „ 

II 

5a 

• .(o«) 5x+4x+x „ 

It 

9a; 

(win) 3x*y+5y*x „ 

* t 

It 

8 x 2 y or 8 y 2 x 

1 (iz) — 5x—Qx ,, 

II 

-h 1 la; 

’ ' (*) a 2 +a 8 

II 

a 6 

; , , (**) 3a-3 

1) 

a 

(xii) x*—x z 

« 

II 

x 2 . 
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The correct results are as follows : — 


(i) 2a+36 
(it) 3x+4xy 


(Hi) 2x 
(ty) 2a 2 b 
(v) 2x-)-5x 2 
(t/i) >3a + 2 
(vii) lOx 
(viii) 3x 2 y-{-5y 2 x 
(ix) —11a; 


[v the terms are unlike and no 
further simplification is possible.] 

the terms are unlike and no 
further simplification is possible.] 

[x-\-x means \x-\-\x.] 
[a 2 b + a 2 b means la 2 6 + \a 2 b. 
[The terms are unlike. 

[ •> »> M 

[5x-\-lx-\-x=5x+4x-\-lx 
[The terms are unlike ] 
[See Art. 9, Ex. (ii) ] 


(x) a 2 -}-a 3 

(xi) 3a-3 

(xii) x h —x z 
Simplify :— 


[The termt- are unlike ; the indices are 
not to be added.] 

[The terms are unlike ; also note that the 
co-efficient of a and the term “ — 3” 
cannot be combined.] 

[The terms are unlike ; The indices are 
not to be subtracted.] 

EXERCISE 4 


1. 3-5. 2. 

4. -1-2-3. 5. 

7. 3-1-2. 8. 

9. 3-4 + 6-S. 

11. 1 —3-f 5 —7-f 9. 


1-8. 3. -4-5. 

1 — 2 f 3. 6. 2-3 + 1. 

1-2-3-4. [ Solved] 

10. —5 + 7 + 5—1 — 7. 

12. -3-4-5-6+10. 


13. A trader gains Rs. 20, loses Rs. 55, and then gains 
Rs. lo. Express algebraically the result of his three 
transactions, and give its arithmetical meaning. 

[Solved] 

14. A merchant loses Rs 250 in Januar;-, gains Rs. 600 in 
February and loses Rs. 300 in March. Find the net 
result of his trading during this quarter by employing 
algebraical symbols. 
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15. A cyclist rides 15 miles east, then 25 miles west, then 
5 miles east and again 8 miles west. How far and in 
which direction is he from the starting point ? l T se 
algebraical symbols to get your result. 

16. A snail starts from a particular point in a wall, it 

climbs C feet vertically upwards, slips down 14 feet, 
then elimbs 5 feet upwards and again slips down 
1 foot. Express algebraically its final position from 
the given point. 


Find the sum of :— 


17. 

3a and 56. [Hinl] 

18. 

19. 

a and a. 

20. 

21. 

a 3 , a 3 and a 3 . 

22. 

23. 

8a and —2. 

24. 

25. 

—x i and —x*. 

26. 

27. 

1 and —t. 

28. 

29. 

—1, —P and — l 3 . 

30. 

31. 

a, ab and abc. 

32. 

33. 

xyz, —x, —y and — 2 . 

34. 

35. 

a 3 , —a, —a and —a. 

36. 

37. 

x*y 2 , — x 2 and — y 2 . 

38 

39. 

1, 2a, 36, 4c and 5d. 

40 


*2a and 5 ab 
a 2 and a *. 

2 ab and —5 bn. 
x*y and y 3 x. 
x 3 and x*. 

5k, 3 k and k. 

! 2lm and 3 mn. 

3xy and —or. 
b-, -b and -b. [Hint] 
abc , bca and cab. 
a 3 b, — ab 2 , —ab, — a and - b 
—a, 2a 9 , 3</ 3 and 4a 4 . 


Simplify :— 


41. 

x+x-\-x. [Hint] 

42. 

a 2 -f-a^ -ha* 

43. 

56—06-f-46. [Solved] 

44. 

81 —Z-f 3/. " 

45. 

p — l0p-\-3p. 

46. 

q — 3q — 5q. 

47. 

ab + 6ab—7ab. 

48. 

Oa^— a 2 - 2a 2 - 5a 2 . 

49. 

8l 3 —9l 3 4-l 3 — 10l 3 . 

50 

a s 6 — 8a*6 — 6a*6 — 2a *6 


51. l x t-lx*-x* + \x\ [Soiled] 

52. — lab 2 — ^ab 2 

*£♦ Ixy-foy+fcy-kry- 

54 — 5a 3 -f |a 3 — ?,a 3 4-2a 3 — Aa 3 -f l^ 3 - 

55 . - gfc» - 2*3 - 1 k 3 + k 3 + \ic' + V-A: 3 . 

56. -fi -- J/ 4 - It'-lf+l* + fyV 


I* 
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57 -3a — la— a6 + 5a6+a. [&o/iw/J 

58. 5a*—3a — 6a*—a 2 —a + 6a. 

59. x+xy+3x—6xy—(jx—2xy. 

60 ab -6a —3a6 —36a + 6a6. 

61. 5/-5-/-1+9/ + 9. .62. f + 3/*+ */*-o/-7f 2 -/ 5 . 

63. 2 + 2a+2a6 —3—4a — bab—a—b. 

64. 1— x— x 2 — x*—3x—4X 2 —5—6X 3 , 

SOLUTIONS & HINTS—EXERCISE 4 

8 1-2—*3—4 =1 — 9 =—8. 

13. + Rs. 20-Rs. 55 + Rs. 10 

= -r Ils. 30 -Rs. 55 
= — Rs. 25. 

This means a loss of Rs. 23. 

17. The given terms are unlike. 

34. The last two terms are like and can be added. 

41. The co-efficient of each term is 1. 

43. 56— 66 + 46 
= 56 + 46-06 
=96 — 66 
— 3b. 

51. Sum of co-efficients= 1 —2—1 + j 

=*+2-?-i 

=2-2-i=-i. 

Reqd. Sum = — lx* or — x 2 . 

57. 3a—7a— a6+5a6+a 

t==3a + a—7a—a6 + 5a6 

= — 3a + 4a6. [Adding tlie first three like terms and 

the last two like terms separately.] 

14. Addition of Compound Expressions. 

No new principle is involved. We may write down the 
terms of all the expressions, with their proper signs, in any 
order and simplify the result as explained in the fore-going 
articles (especially Art. 12). Or, we may arrange the work 
to that like terms appear in the same column and then add 
each column separately, beginning with the left, Wc shall 
illustrate both the methods by the following : * 



POSITIVE AND NEGATIVE QUANTITIES . aODITION til 

Example. Add 2a-36 +4t\ 6-5c-3a, e-a +vb. 

</ 

Solution :— 

Method 1. 

Read. Sum=2a-36+4c-6 -5c-3a +c-a + 76 

=2a'->-3a—a—36+6+76+4C—5c+c 

[rc-artanglng] 

sss— 2a + o6+0c 
= -2a+56. 

Method 2. 2a—36+4c 

—3a + 6 — 5a 
— a+76 + c 

—2a+56 

EXERCISE 5 

yield together :— 

1. a —26 and 36. [Solved]. 

2. 2a—36 and —5a. 

3. 8a—46 and —a + 6. 

4 . *— y and t/—z. 

5. 2c+z and x—3c. 

6. a—6 and c—36. 

7. p—$ and q~p—r. 

8. x—5y and y— 4. 

9. 2p—q and 8r—e. 

10. 5a—6 and 8a6—6c. 

11 I—2in—8ft and vi — n—p. 

12. a—6, 6—c and c— a. 

13. xy—2yz; yz—2zx ; zx—'Jjcy. 

14. 2/-2; 3k—8 ; 41—4. 

15. a+6; a6+6c; a t +6 5 . 


Work out the following sums on addition * 


16. 

2 a —86 

17. 

— 3a -*-6 


—3^4“ 64 -c 


-36+c 


- a +26 


— 6 — c 

18. 

— 8 a* + 4a —4 

19. 



— a*—5a 


-3xt/+y« 


—Qa-t-S 


-5x* -2.lv/-5t/* 
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20 . ab— be— ca 21 . a z -a 2 b 

— 2ab — 36c +-tea +a*6— ab 9 

— ab -r 56c -f- 2ca -ab 2 — b z 

— ab* — 6 3 


Add the follo-xing expressions after arranging like terms in 
columns :— 

22. a:4-2//-3z; -3x+.V+2:; 2a:-3y + r. [Solved] 

23 —3a-f2&4-c; a —364- 2 c; 2 a 4-6 — 3c 

24. 4a:-f 3f/ + 5c ; 3y—2x — Sz; x—y+z. 

25. 24x—15y+s; 4z —10//4-14<r; 20 //—z 4 -a\ 

26. 5ab4-ca—7bc; a 6 -f 26c—ca ; 3ca—3ab + 2bc. 

27. — 5xy-\-Gyz: 8xy—7zx ; —4yz4-3~.r: — 2a*//- 4 -iza: 

28. 5a 2 4-6 2 ; -3c 2 4-a 2 ; -6 2 4-c 2 ; -a*-f 2c 3 4-6®. 

29. a s 4-6 3 4-c 3 ; 2a 3 -2c 3 ; 36 3 -f-3a 3 ; c 3 - 46 1 

30 4a6 —96c; 2ca — 2jab; 24 bc—ca; 23«6 —156c, ca. 


Find the sum of :— 

31 a 2 4-a6 — 6 2 ; —c 2 -f- 6 c-f- 6 2 ; — a 2 -f-ac4-c®. 

32 a 3 -a’+a-l ; 2a 2 -2a+2 ; -3a 3 + 5a + l. 

33 Da 3 — 7a4-5 ; — 14a 2 -j-15a —6 ; 20a 2 —40a—17. 

34 10a 3 4-5a +8 ; 3a 3 -4a 2 -6 : 2a 3 -2a-3. 

35 2a* 3 -2a// 4 - 2 yz ; 2xy-\-2y* —2zx ; 2zx-2yz + 2z*. 

36 10 .r 3 - 6 z 3 -f 2/ 3 ; 2// 3 - 4a * 3 4- 6/ 3 ; 8 z 3 - l.r 3 - Of 3 . 

37 12a 3 -4a 4-2; 4a 3 4-2a + 12; 2a 2 -14a 3 ; 4a-M 

38 2a 2 + 26 s ; - 4a6 + 4c 2 ; - 8 be 4-4a 2 ; - 4c 2 - Gra - G 6 2 

39 3a 3 -06 3 4-3a; 3 6 3 - 6 a 3 ; 3643a 2 ; G6 2 -3a-f36 3 . 

40 3a 2 6 ; 4a6 2 : — 3a 2 6 — Gab 2 ; — a 3 -j-3a6 8 ; a 3 -f3a 2 6. 

41 a* 3 4- ;/ 3 ; 5a // 2 -f i / 3 ; — 10.r // 2 — a * 3 ; 2a* 2 // — 2// 3 4- 5a*//' 2 . 

42. 2a 3 - 8 a 2 6 ; 12a6 2 44a 2 6; -Ga6 2 4-46 3 ; 2 /> 3 4-Ca 2 6-f- 8 a 6 3 . 


together the follow ing expressions : — 

a//- [•S’p/rct/.] 


43 

.r - 

4//; y~l x 

: la* 

4b 

44 

2 a - 

-kb; 6 -jc 

; c- 

45 

a* 4 

bob; 6 ® 4- 16c ; 

46 

•f 2 - 

‘ r // + 5.7* : 

\x~- 

47 

la 3 

— a 2 6 ; la 6 2 

* 

-p 

48. 


- x'y - iV ; 

3 r 2 
i 2 i 


— ?.r 3 4- la;// 2 
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CHAPTER III 

SUBTRACTION ; SIMPLE BRACKETS 

15. The Meaning of Subtraction is quite clear from 
article 8 : 

Subtracting b from a means adding—6 to a 
>» "~b ♦» i, +-b to a. 

Thus we have only to change the sign of “the quantity to be 
subtracted * and add 1 1 to the other quantity. 

Now, let the quantity to be subtracted be compound, b+c t 
say, and let the other quantity be a. Because h-\-c is 
composed ot two quantities b and c, we have to subtract b 
as well as c, and this means that we have to add -b as well 
as —c. Tims the result is a—b—c. Arguing exactly, in the 
same manner wc conclude that the result of subtracting b—c 
from a is a—b-\-c. This leads us to the following — ^ 

General Rule ;—Change the % stgn of every term in the 
expression to be subtracted^ and add to the othet expnsston 

16. Any pair of brackets, the simplest form of winch 
is ( ), arc used to indicate that, the terms enclosed within 
them are to be considered as one quantity. 


SOLUTIONS & HINTS—EXERCISE 5 


Reqd. Sum=a—26+36 

—a- f- b. Ans, 

x+2y — 3z 
- 3 t + y+2z 
2x—3y+ 3z 

0x+0y+2s=*2z. Ans. 

x -\y 
—§*+ y 

« x +iy. Ans. 


Co*efl'. of x ~ 
m y~~ 


Co-eff. of j 




4 -3r-'=o 

2+1-3=0 
3+2+3=2 


6 — 4+3 


II 


v=- 


l 


6 6 
■I+1—i 

3 + 6 — 2__^ 
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Now, to subtract the quantity (b+c) from a we may add 
the quantity - (6-fc) to a, so that the result is a— (b+c). 
But, by the last article, this result is also equal to a—b—c. 

a-{b+c)=a-b-c. 

Similarly a—(b—c)=a — b+c. 

This leads us to the following Rule :— 

When an expression within a pair of brackets is preceded by 
the sign —, the brackets may be removed if the sign of every term 
within the brackets be changed. 

Conversely : Any part of an expression may be enclosed 
within a pair of brackets and the sign — prefixed, provided the 
sign of < very term within the brackets be changed. * 

Wc may also state, without any elaborate explanation, 
the following Rule :— 

When an expression within a pair of brackets is preceded by 
the sign -h, the brackets tan be removed without making any 
change in the expression. • 

Conversely : Any part of an expression may be enclosed 
within a pair of brackets and the sign -f prefixed, the sign of 
ivery term within the brackets remaining unaltered. 

17. The converse rules given in the lost article need 
special mention. We shall illustrate them by a few 
examples :— 

(?) Insertion of a pair of brackets preceded by tlx sign -f. 

The expression a — b + c— d may be written in any one of 
the follow ing w ays :— 

a-j-(—b-\-c — d) ' 
a-~b-\-(c—d) 
a-b-\-c + (-d) 
o+e-t {—b*-d) 

Q—d-\ (— etc., etc. 

(ii) Insertion f a pair of brackets preceded by the sign —. 

The expression a—b-\-c—d may be w ritten in any one of 
the follow ing ways :— 

a—(b — c-f d) 
a-b — {—c-i-d) 
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a _&+c-(d) 
a+c—(b+d) 
a~d-{b—c). etc., etc. 

Note. We shall revert to this topic in a later chapter. 

18 From the foregoing articles of this chapter "C geu 
two mcthods m for Subtraction. We shall illustrate them by an 
Example. Subtract a—25+3e from 2a 35 c. 

Solution :— 

Method 1. 2a—35— c 

a— 25+3c (to be subtracted) 


OR (changing signs in tire lower exp.) 
2a—35— c 

—a+25—8c (to 5c added) 


a — 6—4c Ans. 

Note.—The work may be briefly presented as follows 

2a—35— c 

a-26-f3c 
- + - 

a— 5—4c Ans. 

Or, still better, the change of signs may be done mentally, 
thus :— 

2a—35— c 
a—25+3c 


a— 5—4c Ans. 

Method 2. 


Reqd. remainder=(2a—35—c)—(a—25~t-8c) 

=2a—35— c —a 4*26—3c 
=a—6—4c. Ans. 1 

EXERCISE 6 


1 . 

3. 

5. 

7. 


Subtract 2 from 5. 

§ 

2. 

Subtract 2 from 

-5 

if ”2 )y 5. 

4. 

»• *"2 „ 

—5, 

„ 3a „ 7a. 

6 . 

»» „ 

—8*. 

m — S/c 

8. 

.. -9 1 „ 

-81. 
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9. Subtract 0 from —ob. 10. Subtract —6c from 0 [Solved] 


11. 

n 

3xy „ 0. 

12. „ 3 d „ 5eic [Hint] 

13. 

M 


14. „• —ab „ —abc. 

15. 

M 

2a M —5a 2 . 

16. „ -6a: 2 „ 9x 3 . 

17. 

• 

-2art/ „ 

[Hint] 

18. 

M 

8a ,, 8. 

19. „ a 8 „ 3a. 

20. 

,, —4 a*b „ — 5ab 2 . 


21. 

From 

2t-F3v subtract — 3.r. [So/tre/] 

22. 

ft 

— 3a 4" >, 

-4b. 

23. 

t* 

— 3c 

e—d. 

24. 

»» 

5xy ,, 

2x+2y. 

25. 

If 

3x—5y 

-x-y. 

26. 

M 

5a*+rt 

a 2 —a. 

27. 

M 

0 

2a —3b. 

28. 

M 

a 3 -fa 2 „ 

(If k 

29. 

* 1 

2a6-f2.rj/ 

*+y~ 

30. 

99 

a 3 

a*-ra 2 . 

31. 

Take 

a-b-rc 

from —af-6-fe. [Solved] 

32. 

l» 

2x-y+z 

„ x-y-z. 

33. 

M 

2p — 3y — 4r 

„ —p+q—2r. 

34. 

99 

3x 2 -2 x-5 

„ x»-3.r-4. 

35. 

9 f 

— 5j 3 — 2x 2 4- 6 


36. 

i l 

a 3 -f f^+c 3 —3a6c ,, a*—b 3 —c 3 . 

37. 

w w 

99' 

ZaW + Satb-jab 2 „ ab 2 —a 2 b. [Solved] 

38. 

9 9 

a 4 -f 2a 3 -f 3a 2 f-4a ., a-a 2 -a 4 . 

39. 

99 

2a — 36-f 4 

», 3(2^7 + 6 + 1- 

40. 

* f 

.Vr 2 -j-y-f/ 2 

3x 4 -4y 4 . 

41. 

From 

\x—\y 

take it/ — $x. [.Wire/] 

42. 

9 9 

Ja-fafc— £a 

„ a-a6. 

43. 

99 

3 a 2 — la 

„ 

44. 

»> 

a 4 — a~b 2 — 

*«* + *• 

45. 

f 9 

■ + :?//* 



Simplify :— 

46. b —a — (‘2a —3b). [Solved] 

47. 2xy — y — (3x—y — 1). 

48. x*-x-(2x-3)-4. 

49. 2 <ibr — (ah—bc) — b + c. 

50. 1 —(2 —3a)-f (—a)-f (8— 2a). 


SUBTRACTION ; SIMPLE BRACKETS 




Find the algebraic di fference between :— 

51. 2 X 2 — 3 x—4 and 8 ** — 2 x— 1. [Solved] 

52. 5 a&— 1 And, a— 6-4-1, 

53 . o a nd 3a 2 —a—2. 

54 . 2 nnd 2 a*+ 2 a+ 2 . 

55 . abed and a + ft+c+d. 

56. What must be added to 2a6+ft+<i to get 

57 . VHwt most be sybfractcd from 0 to get 2 a + 3ft-4r ? 

58. What expression taken from 1 " ill leave a remainder 
1 * 

59. What expression. together with ab-a-b "ill g» ve 
a-b- 3? 

60. An expression was subtracted from x—y — z and the 

remainder obtained was — * 2 x— 2z. rind t 
expression, 

61. Subtract x 2 + 2x+3 from the sum of x-4 and l -x - r 2 . 

[Solved] 

62. Subtract the sum of a*—ab — b and 2fl6 —36 from 
ft*+a 2 . 

63. From the sum of 3a 2 —aZi-4 & 2 and ft 2 -a 2 subtract 
the sum of ab— 2ft 2 and 3a 2 —2ft 2 . 

64. Add the sum of Sy—ty* and 2-y to the remainder 

left when 1+2 y—y 9 is subtracted from 5. 

' _ 

SOLUTIONS & HINTS—EXERCISE 6 

10. Reqd. ( Rcmainder=0— 6 c) 

= + 6c. A ns. 

12. The terms are not like. 

17. The terms are like.. 

21. Reqd. Remainder=(2x+3i/)—( — 3x1 

=2x+3^+3a? 

= 5x+3 ij. 

31. —a+6+c 

a- 6 +c 
- + - 
— 2 a+ 26 . 
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37. 

41. 

46. 


ab'--a'-b 

-5a& 2 4-3a 2 &4-2fl 2 6 3 
Gab- — \arb — 2a*b 3 


Reqd. remaindcr = (£a;—£?/)-*($;/—$ar) 

= i*-!»—§!/+i* 


=6^-cy- 


A ns. 


6—a—(2a—36) 

= 6 — a — 2a 4-36 
= 46—3a. Ans. 


51. Algebraic di(Terence = (2r 2 —3a;—4)—(3a: 3 —2a;—1) 

=2.r 2 —3.r—4 - 3a; 8 -f 2a; 4-1 
= — £ 3 —a:—3. Ans. 


Note The Algebraic difference between two given 
quantities is the result of subtracting the second from the 
first. 

56. Subtract the first expression from the second. 

61. Sum of the last two cxprcssions=ar—44-1 — x—a? 

= — 3-a: 8 

Reqd. remainder^ —3—a: 8 —(ar 2 4-2ir4-3) 

= — 3 — x 1 — x 2 — 2x —3 
= — 2a; 3 —2a»—6. Ans. 


CHAPTER IV 
MULTIPLICATION 

19. When the quantities multiplied arc positive integers, 
multiplication is only a snort metliod for adding. 

Thus 3X4=3 taken 4 times 

=34-3+34-3. 

But in Algebra we have to deal with quantities of all 
kinds— integral, fractional, positive, negative. Therefore it 
becomes necessary to have a more comprehensive definition 
for multiplication, which we proceed to obtain in the.next 
article. 

20. If a, b, c be any positive integers, we have, from our 
knowledge of Arithmetic 



multiplication 



Thais'to^ay factor* “of a ■product may be U>km m 
STtfthe Commutative Law of Multiplication. 

(iO axbxc=ax(bxc)=bx(cxa), etc etc j 

That is to say, the factors of a product may b, graupea 

together in any manner. 

This is the Associative Law of Multiplication. 


{Hi) (rt4-fc)c=ac+6c 

(i a—b)c—ac-[-(—b)c 
^ ^c # ptc. 

That is to'say, the product of a composite expressionby « 
monomial is found by multiplying each of its terms by4 
monomial and adding the partial produbts so obtained. 


This is the Distributive Law of Multiplication- 


Now we are in a position to give the following dxjini 

lion :— # 

Algebraic Multiplication is an operation concerning which 
the three laws stated above, which are demonstrably true 
when the quantities involved (a, b, c, etc.) are positive in¬ 
tegers, remain true also in form whether these quantities are 
integers or fractions, positive or negative. 


21. The Law of Sign9. 

If a and b are any two algcbTail Quantities, we have : 


(+a)x( + &) = +fl& -. (0 

(+a)x( —/>)=*—.(») 

(-a)x{-b) = +ab . {Hi) 

(--a)x( + 6) =— ab . (iv) 


The above four cases are includcd'in the following concise 
UUement regarding the product of two quantities : — 

“Like signs give +» unlike signs give — 


\ 


Proofs : 


Case I. The product of two positive whole numbers is 
vidently positive. Therefore the result follows from our 
^tended definition of multiplication. 
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Case II. We have :— 

+ax (+ > - 4 )=(+o)X(+fc)+(+ a )x(-») 

[Distributive Law] 

But +ax(+6-6)=(-fa) x0=0 

( + «)x( + fc)-r(-ffl)x(-6)=0 

+ab +{+a)x(-b)=o [By Case I] 

• • (+«)x(— b) must be equal and opposite in character 

to -hob. 

(4-a) x( — b) = — ab. 

Case III. We have :— 

(+^)x(-a)=-fca. [By Case II] 

(— a)x(-f-6) = — ab. [Commutative Law]. 

Case IV. We have :— 

(-a)( + b-b)=(-a)x(+b)+(-ei)x(-b) 

* (Distributive Law] 

= — a) X( — b). [By Case III] 

But (-a)x(-f 6-6) = ( — n)x0=0 
— ab+(-- a )x(-b)=0 

( — o)x( — b) is equal and opposite in character to 

— ab. 

(—a)x(—b)=-\-ab. 

22. Consider the form of the product of three negative 
factors. The product of any two of them is positive and 
[Article 21, Case IV], and when the product is multiplied 
bv the third factor, we get a negative result [Article 21, 
Case II]. 

It the number of factors be four, we shall have to multi¬ 
ply the last result (which is negative) by another negative 
quantity, and .therefore the result will be positive. [Article 

•21, Case IV]. 

And so on. 

Hence we have the following general statement :— 

"The product of any number of negative factors is positive or 
negatiif according as the number of factors is even or odd \ 


multiplication 


Thus, (-a){-b)[-c) = -abc, 

(_ a )(_fc)( ~c){-d) = +<iocd, 

(-*)(-b)(-c){-d){-t)= -abcde , 
etc. etc- 

Also we have :— 

(-a) 4 =(— o)( —u)= 

(_a)*«(-a)(-«)(-«) = _** 


(—a)" = +a n if n is even 
or — a n ‘ if n is odd. 

23. The Index Law. 

By the definition of a power we have 

x t xa?={xxx)x{xxxxx) . . 

=xxxxxxxxx [Associative Law] 

=** or ;r ?+3 . 

\gain, ar , X^=(a:xarxx)X(a;Xarxa;X l T) 

=xxx xxxxxxxxxx [Associative Law] 
=x 7 or ar J+4 . 

Alore generelly, if m and n are positive integers, we have 
x m xx u = (xxxxxx .tom factors) 

X {x x x x x x .to n factors) 

e=xxxxxxxX ..'....to m+n factors 

x m xx n =x m *\ 

This is called the Index Law and may be stated thus :— 

“The powers of the same quantity are multiplied together by 
adding the indices ” 

Note. The Index Law may be easily extended to the 
case where three or more factors are multiplied together. 
Thus we have :— 

x m Xx n xxt > =x m * u *t > . etc., etc. 

24. The five laws discussed in the fore-going articles 
(viz., ( i ) The Commutative Law, (i?) The Associative Law, 
(tii) The Distributive Law, (iv) The Law of Signs, and (r) 
The Index Law] enable us to multiply together any algebraic 
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expressions. *\Ve shall discuss the method for multiplication 
under three heads :— 

(t) Multiplication of two or more monomials, . 

( ii) Multiplication of a multinomial by a monomial, and 

(tit) Multiplication of two multinomials. 

25. Multiplication of two or more Monomials. 

The procedure is to write down the monomials one after 
another, with the signs of multiplication between, and then 
to simplify the result as much as possible by the application 
of the five laws mentioned in the last article. From this 
procedure we can easily obtain the following Working 

Rule :— 

First put down the sign by the law of signs, then the product 
of the numerical factors, and lastly the letters in any order, each 
with an index equal to the sum of its indices in the different 

factors. 

Example 1. Multiply 3a 2 6 3 c by -46 5 c 3 d. 


Solution 

The signs arc unlike (-f and —) ; therefore the sign of the 

product is —. 

* 8X4=12 

a? remains unaltered, because the letter a docs not occur 
anywhere else. 

y & 3 x 6 5 = fc 3+5 =& 8 

cX c 3 =c 1 xc 3 =c l+ 3 =c 4 
d remains unaltered. 


Reqd. product = - 1 2a 2 b*c A d. 

Example 2. Find the continued product of 2aty, —^xyh 
and -40*= 2 . 


Solution : 

The signs 4-, — and — give 4- and 2x3x4 = 24. 

j: 2 x.r gives a; 2+1 or .t 3 
t/x if xy* gives y l + 3+2 or y* 

JX2 2 gives l 1 + * or £ 3 

Rcqd. product = 4-24a4// 6 2 3 . 


multiplication 


91 


Tn .practice the ♦xplanations given in the above 
solutions arc omitted and ail operations are done mentally. 

3«'i>rX(-lWI)=-U»Wd ; 

'Z&J X (- a.r 1/^) X (— 4^*2*) =+ ’-I ■* y * • 

vyf.rcise 7 


Multiply 

I. 5 by -8. 

3. —5 by -9. 

5. -5a by -7y. 

7. a 2 by a 4 . 

•9. x*f/' by ay*. 

II. — 3a 3 6 by 4 ab 1 . 

13. -6 a 2 bc by —76c. 

15. —8a6 2 c by 0. 


2. —0 by 7. 

4. —3a by 2b. 

6. xy by — 8*. 

8. a 3 by x 1 . 

10. ab*** by a 3 6 2 c. 

12. 5a 2 6 s by — 6«6 2 c. 

14. —1 by 10a 3 6 3 c 3 . 

16. —8a 8 // 10 by — Sxy-z*. 


Find the continued product of 
17. 2a6, 36c and 4ca. 18. a l 6, —3 b~c and jr*a. 

19. * —3a6 2 c 3 , — 4a6 and —1. 

20. — 2xV» —3a 2 !/ 2 and at/*. 

21. 3*V, -4z 2 !/ and -SzVJ. 

22. —2l*m*n*, —QlbnW and —4I 4 m 4 n 4 . 


Simplify :— 


23. 

24. 

25. 

26. 


2a6*)X( —46xy). 

(—6a 2 6c)x(^6 8 c). 
(Jaj/V)x(-S rfx). 


Simplify :— 

27. (-a&K—6c)(-ca). [Hint.) 28. (2*y)(—aey»)(-4yi»). 
29. (-8ay*)(4ys*)(-5za**. 30. (-at/z)(-«^)(-aia)(-tei/). 


Simplify :— 

31. (2a6) 8 . [i So bed ] 
33. (— ixyz 1 )*. 


32. 

34. (-a 8 **)*. 
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! Simplify :— 

35 /_ 2)2 X (— a) 3 [Solved] 36. c — 3) 3 x ( — x-) 3 . 

39 (-5)(-l) 3 (-aW-M 2 l 

40 (-1 ) 9 ( - 2) 3 ( - j ) 2 ( - r n -*)■ 


-(-IV 


If a = 1, 6= —2, c = 3, </= —4, find the value of: 


42. 2cd 2 . 

44. 4 a*b-cd. 

46. fl6 + &c + cd. 


41 5fc 3 [Sofoerf] 

43. —‘Sabed 

45. — a A b 2 c 2 d 

47. ( a-b)(b-c)(c-d). 

48 . a 2 (6 - c) 4- fc 2 (c- a) + c 2 (a - b) . [Solved] 

49. fl 3 + 3a 2 fc + 3afc 2 + 6 3 . 

50 (c+</)(«*-«*+<**)• 

51 (l 2 + b 2 ±c 2 —ab — bc—ca. 

52. « 3 J-6* + c 3 -3fl6c. 

SOLUTION & HINTS—EXERCISE 7 

27. When no sign is given between two pairs of .brackets, 
the sign x is understood. 

31 (•> fl &) 3 = 2«bx2a6x2afc = 8 fl 3 & 3 . Ans. 

35 ( _-2) 2 x(-a) 3 = (-2)(-2)x(-«)(-fl)(-u) 

V ‘ =4x(-a 3 )=-4a 3 . Ans. 

41. 5b z — o X ( — 2) 3 =5 X (— 2)( — 2)( — 2) 

= 5 X (— 8) =- 4 Q. Ans. 

48. a 2 (b-c)+b 2 (c-a)+.c 2 (u-b) 

_m)*{ (— 2) — (3) } + (—2) 2 { (3) — (1) } +(3) 2 { (l)-(-2) } 

= l(-5) + 4(2)+9(3) 

= -5+8 + 27 

= :$o.. Ans. 

26. Multiplication of a Multinomial and a Monomial. 

From the Distributive-Lore of Multiplication we at one# 
deduce the following Rule 

Multiply each term of the multimonial by the given monomial 
and add together the partial products. 

Example. Multiply 3*-4y+5*V b >’ “ 2 *n/ # - 


MULT 1 PI.H v lloN 


Solution. [Zx-*y+bx 2 y-){~2.ry-) _ . .. 

= (3x)(-2®y 2 )4-(-4r/)(--2.ri/-) - ti<r) 

= ~6^V+8xt/- lOx 3 // 4 Ans 

EXERCISE 8 

Multiply ■ 

I. ,,-26 bv 3 . 2 *?•! -•><, »»y -• l 

3 _ 3 x-t- 4 *r/ by 2 *. 4 .V*-»xby - 

5 a —b—c by abc. 6. 3 ,r - +n - .>, by - 5 rr 

7 2 x J - 3 xt/-f-j/* by 8 - hr* - by -4 x-V 

9. a® 3 +6?/*— cz 2 by 3 M 2 z s . 

10. n 2 ® 3 — Sbhf~4xy by —a 2 6*®V 

11 or 3 —36 x* 4-3c®—d by 2bcdxr 
12. a® 2 ~2ha^+6 2 / 2 -2g®-2/v + c In 

Find product of :— 

13 4®—5y 4-G* and -J®2/ 

14. Qj?—4ay-*y* and S* 3 !/ 2 

15. ^* A +i®?t/ , -8y 4 and 

16. — Ja^S* and — Jg*« 4 +5a 3 —j^'-a - > 

*• 

Simplify by removing brackets and c oUeeting hkr 

terms :— 

17 J-2(8a-6-f 1). 

18. 323 /—4®(j/—8),4-2x. 

19 4a 2 6 2 —2a6 2 (2a —6 —3) — G«6* 

20. 5a 2 (a~6)—6&(a 2 —6). 

21. - 2(a 3 - 2) - 4(a 4 - 4) - a(2a 2 - l) 

22 2a 2 (6 2 -c 2 )+ 26 *(c* - a 1 ) + 2 c 2 (a- - 6 2 ). 

23 8®^(4** - xy —t/ 2 ) - 12y(x 3 + i) + 3 xif 

24 Za*{a'b*+c*)-3c*(b' + c 2 a 2 ) -36 2 (o 4 -6V 2 ) 

27. (a) Dimension and Degree ; Ascending and Descen¬ 
ding Powers.. 

* • i L '»i > i •; s * 1 

Each letjter of,a term is .called a dimension of the turn 
aod the nurnher pfjetters.qn dimensions is called the degn / 
of the term, ypr.examph;, the term ,abc is, of three dimen 
'tonx'or of the thiird degree , similarly ax* is of Jive dimension.'' 
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(being composed of a , x, x, x and x) or of the figth rlcgree. 
A numerical coefficient is not counted. Thus 7x 3 y* and 
- 82 ’ are each of seven dimensions or of the seventh degree. 

The degree of an expression is the degree of the term of 
highest dimensions in it. Thus 3x 5 —4.r 2 -far—J) is an expres¬ 
sion of the fifth degree and 3a*x — 6a t x i — X s —a 6 is an expres¬ 
sion of the seventh degree. But sometimes we speak of the 
dimensions of an expression with regard to only one of the 
letters occuring in it For example the last expression given 
above is of six dimensions in x. 

When an algebraic expression is so arranged that the 
highest power of a certain letter is on the left ( i.c ., in the 
first term) and in all the following terms the power of the 
same letter becomes smaller and smaller, it is said to be 
arranged according to descending powers of that letter. 
If the order of the terms be reversed, the expression will 
be said to be arranged according to ascending powers of x. 
For example, the expression 3x* — 4a: 4 -f 8 — 3x is neither in 
ascending nor in descending powers of x. Arranged 
according to descending poxoers of x, it will be 

- 4X 4 4-3x*-3x4- 8 . and according to ascending powers it will 
be 8-3x-F 8 a* —4x'.. 

Note. It should be carefully noted that when wc are 
arranging an expression according to the powers of a 
particular letter, we do not pay any attention to the powers 
of other letters occuring in it. Beginners often miss this 
point. For example, x 4 —a 4 -f 2X 3 is not »n descending powers 
ol x. The correct arrangement is x^-f 2X 3 — a*. The beginner 
is sometimes misled by the coefficients as well. For example 
8 x — 3 x 2 4 -l is not in descending powers of x, for 8 is the 
coefficient and not the index. The proper arrangement is 

— 3.r* 4- 8x 4-1. 

27. (b) Homogeneous Expressions. 

A compound expression is said to be homogeneous when 
all its terms are of the same dimensions. Thus a*—3a 2 b+ 
— 8b 4 is 9 homogeneous expression of four dimensions, 
for each term in it is of four dimensions or of ti^e fourth 
degree. ' • . , 
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28. The arrangement of c-vpressions according to ascend 
mg or descending powers of a letter is of immense use in 
multiplication and division of multinomials. Students arc 
advised to do the. following exercise on it before they proceed 
further 

EXERCISE 9 

Arrange according to descending powers of x :— 

1. 6x-5x*-2x3+7. 

2. 10x*+x 3 -x 4 -7x+20. 

3. 100a;—9#*+50-fit*. 

4. x 4 —5X 3 — 7— x 2 . 

5 <Jx*—8+ox 3 —10a;4-4x*. ' f '*- - 


Arrange according to ascending powers of («) x, (ii) a : — 

6 . ax 9 — a 4 +5a*x*— 6&-\-a?x. 

7. a*+x t -a 9 x—ax^-^20d 1 ^. • 

8 . Oax 4 —x 8 —6a 5 + 100a*x*+xa*. 

9. xa*-\-SQafi—a*+5a t x i —st?a*. 

10. a^+a 1 — 4a , x 2 — 5ax?— Ca*x. 


Arrange according to descending powers of a 

11. o*+6*+c* — at—to—ca. [Coined]. 

12. a’+^+c’-Sa&c. . 

13. a 9 -b 9 -3ab 9 -\-3a t b-c 9 . i 

I 

Arrange according to descending powers of z ;— 

14. x*— iy*— 8z*—4xy+6t/z—8sx. [//in/l. 

15. 8 X s —27s 3 +i/ 3 4-18 xi/2. 

16. x*t/ ! —x 2 ;:*—i/ 2 z a +4xyz —J/ 3 —z*. 


SOLUTIONS & HINTS—EXERCISE 9 
11 The highest power of a is a*. 

nex l power of a is fouqd in two terms, — ab and —co. 
1 hese two terms must be combined and written as a single 
term viz. +(-6-0)0 or -(6+o)o. (Art. 17], Note that in. 
this term the co-efficient of a is ( — h- c) —(ti+t). - 
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The remaining terms (&*, c 2 and —be) do not contain o. 
Thev should also be combined into a jingle term, viz. 
(fciXc 2 — be), which will be the absolute tenu ofjthe expression 
in descending powers of a . - 

lienee the reqd. arrangement is 
« 2 -4-( —b—c)o + (b 2 -\-c*—1>d) 
or <r — be). 


14. First combine the terms, which do not contain c, 
into a single term : then the terms whiclvcGtihtHffirst power 

- . 1_*. • \\ -l SfllV-tS 

of and so on. 


29. Multiplication of two Multinomial^. 


The law of distribution gives the method for this case as 
well. • The underlying principlo will be nnqiiaincd by tlic 

following simple 

Example. Multiply a+b+c nnd 

4 * | * f • I t • • 

Solution. We have to distribute the pjodvft 

(a+b+c){x+y+z). 

To begin with, we regard the second expression as a 
monomial (*>., »' ’single quantity) and multiply by the 
method of article 26. Tins gives 

a(x+y+z)+b(x+y-\-z)+c[x+y+z). 

Applying the same method to each of the three parts thus 
obtained, we get 

„, r + ( /y 4 -nz+bx+hy+bz+cx+cy+cz, which is the required 
product. 

Thus we get the following 

Rule. Multiply each term of the multiplicand by each term 
of the multiplier, with their proper signs, and add together the 
partial products. 

Note 1. When thc’humbcr of expressions is more than 
two, multiplication of any two of them wilb.ri’duce the 
number of expressions by one, and repetitions the same 
process will ultimately give the required continued product. 


MULTIPLICATION 

EXERCISE 10 


:>7 


Multiply :— 

1. x-3 and *+2. [Solved] 2. x+4 aiid.i-5. 

3. x— 6and.r — 7. 4. u-r7 and*? 4-lft- 

5. a-}-8 and a-S: 6. k — 3 and k— 9. 


7. x-o and G- ,i\ [Solved] -8. a+*andlo-<». 
9. k -12 and 12 -k. 10.- I — t and H-11. 


II. 4- and .V-2.r. [Solved] 12. 5H-* and \t— 5. 

13. 6m — 5 and -4wr*. 14. 5-9« and 6—7a. [Wiftt] 

15. 8w+l and l-8w. . 16. — C— llu and 8 — tlv. 


17. 8a;— 3y and 2y— 7x. [Solved]. 

18. a*.-r-9t/ and Htj— Ox. 19. Jki—76. and — b+oa. 

20. — 5v-\-7u and —8u— 


21. *2a: 2 —5 and 6—5x 2 . [So/m/J. 

22. 3x -—7 and 5+6x 2 . 23. 3a: 1 —2a and 3a—0*i s . 

24. • -7y*+z and 7i/ 2 +z. 


25. Tixy—tia and la — dxy. [So/red], 

26. : Ixy—Vuib and — xy-\-2ab. 

27. Hpq—rs and — 2pg+3r$. 28. Go: 2 —‘2.1’ and x — 7a-. 


29. la: 2 -f 6.r pi» and '2x —3. [«So/i?c</]. 

30. x- 'lx —and 3r—4. 

31. *2a— 3 — ;>.t 2 and 1— Oar. 

32. *23— 10a-f- hi- and *2«-l-3. 


33. u-—:ixy—y- and 3x—'2y. [So/u^c/}. 

34. .i a —3a.r and xd*3a. 

35. 26 2 +3a6 — a- and 7a — 36. 

36. la:- —G.ti/4-'.Ii/ 2 and ‘2.c-+-3iy 

37. Ufa 2 4 - 12a6-i-'06 2 and hb — 4a. 

38. ' j 1 — x-y’ +y' and X’-r-y*. 
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39. j^ + 8—2.T 5 and x + 2. 

40- andi-l. 

41. 8x + 2x 3 + 16 + 4x* and 3x —<1. 

42. a l x—ax z +x 3 —a 3 and x+o. 

43. x 4 —x 4 t/— y*+xy* and x+ y. [Hint], 

44. — a 5 — a*b l +aH> and —a — b. 

45. 2/x 3 —36ox 2 — 64o a +48o 2 x and 4fl + 3x. 


46. l+4o — 10a 2 and 1— 60 + 30 2 . [Sohrd] 

47. a 2 —2+o and o a —6+o. 

46. x 2 —3xj—t/ 3 and — x*+xy+y 2 . 

49. « 2 —2n6+6 2 and a*+2a6 + 6 2 . 

50. x 2 — 5xy—y 2 and x 2 + y* +5 xy. 

51 . o* — 2ox + 4.r® and 4X 2 + 2ox +o 2 . 


52. 1 + 2x+x*+3x a and x 3 +2+2x; also dodttoe the 
product of 10321 and 1022 by giving a suitable value 
to x. (Sohed) 

53. x 3 — 4x 2 + llx—24 and x 2 +5 + 4x. 

54. o 3 + 5o — 24 + 4o 2 and 11 — 4a+a*. 

55. o 3 +1 — 7a 2 + . r »a and 1 +2a 4 — 4a. 

56. 2o 3 + 2a+3a 2 and 3o+2+2o 2 ; also deduce the product 
of 2320 and 232 by giving a suitable value to x. 

57. 5 — 7a + o 3 and 3—2o+o 2 . 

58. x 3 + 2xy 2 +2x 2 i/ and x 2 — *2xy + 2y 7 . 

59. x 3 +24xi/ 2 + 60 . 1 /° +Ox 2 !/and 12y* — 6x 2 y+x 3 + 12x// 2 . 

00. x 3 — 4/y 3 — 2 x*y + 3.rt/ : and 4X 3 + /, 3 + 3x 2 i/ + 2.t/y 2 . 


61. x- + 4j / 2 + 92 2 — 2xf/+ + 3zx and .r + 2t/ — 3x. [.Vo/itdJ 

62. x 2 + ty?+ 2 2 — xi/— yz— zx by x+y+ 2 . 

63. o 2 —rtx + 6 x+ 6 2 by o + 6 +x. 

64. x 2 -r//' — x»/+x+;/— 1 and a* + y— 1. 

65. o 2 + 1— 06+0 and 6 +o —1. 

66. x 2 +*)fy 2 — 3x//+3f/ + x }■ 1 l»v .-i-rSy— 1. 

67. o 2 -2o6 + 6 2 +f 2 bv o 2 f 2«6-4 6 2 -c 2 . 

68. o 2 (6-e)+6 2 (c-o)*+c 2 (o-6) by o+ 6 -c. 

Fibid Me continued product of :— 

69. x—hjx+o and x* + a 2 . [//in/j 

70. 2x + 3o, 2^-3o and 4x*+9o 2 . 


[«/«/] 
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71. ** — ax-ha*, x^-rux + a* and 

72. x— 2a, x—a, r-j-rt and x-{-2a. ( Hint j 

73. a* -f- !ia 4-2, a- — 5<z-f6, and a*-\-2a— 3. 

74. a* - 'lab 4- 3ft 2 , a* 'lab -f 2ft 3 and a- 3 ft. 

Multi lily 

75. I.r 2 -* £•!'i - { by Sa—[$o/zrdJ 

76. la 2 — 2 r/ -f x by .l« -f A . 

77. |t 2 —Aw 2 bv Ax — A//. 

78. J r* -1 J*// - f»/* hv ir 2 - J#/ 8 4- 


79. Find the eoenicicnt of .r 4 in the product :— 

(.v 3 -3a*6)(2a : - U- -;u F7). [So/t/ed] 

80 . Find the coellicient of x- in the product :— 

{ . r »-r*_ ; r r l)(3.rH-.rJ.2); 

81. Find the coellicient of a‘ s m the expression 

' . ““) “ “rt 2 (:Jrt 4 - 1 ) +-rt(rt - 1 ). 

82 . , W ha I- is I lie coellieient of a- in the expansion of 

(2rt*—3rt-i-1)-. 



SOLUTIONS & HINTS—EXERCISE 10 


x ~ :t 
a 2 
X 1 —31 



Product of x — 8 by x 

x -3 by 2 


x ~ x ** ....Sum of the two partial products. 

Ans. 



■e-5 is in descending powers of rand 6 
ascending powers. Roth must he in the same 
We change the order of the second. 


—x m 
order. 


x 



— X 4 - l» 

9 

— X- j.l 

-r da -;50 

— a 3 fl Ir - :jo 


Ans 






to 
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s . 



14. 

17. 







• • 


3x — 4 < 

-2x -j- 5 (arranging in descending powers of x) 
-6x2+ 8x 

+15*-20 

-6x*+23x—20 Ana. 


The two expressions are already in the same order* 
c»*., ascending powers of x, therefore no re-arrange¬ 
ment is necessary. 

8 x — 3 y 

— 7 x + 2y (arranging in descending powers of x) 

— 50x2 + 21 xy 

+ lflxi/—6y* 

-56x2+37x1/—6t/* An9. 


• 2x 2 — 5 

— 5x*+ 6 (Re-arranging) 

— 10x 4 +25x a 

+ 12x*—80 

-10x 4 +37x 1 —30 Ana. 


5xy— 3 a 

— 6x»/+ 4 a (Re-arranging) 

—30x 2 t/*+18axy 

_ +20flxy— 12a & 

—80x 2 i/*+ 38a xy — 12a* Ans. 

4x 2 + 6x + 9 
2x — 3 

8x®+12x 2 + 18x 

— 12x 2 — 18x —27 

fix 3 —27 

Heqd. product is 8x* —27. Ans. 


J3. 4x 2 — 3x y — y 2 

_ 

12.V 3 — 9x 2 y—3xi/ 2 

— 8x 2 i/+6xy 2 + 2y a 

12X 3 — 17x 2 i/+3xt/ 2 +2j/ 5 Ans. 

39 The first expression, arranged according to descending 
powers of x is x 3 —2x*+8 The first power of x is 
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missing, and if we keep the expression in this \ery 
form, a difficulty arises in the work : the same powers 
of x do not appear in the same column. This defect 
can be easily removed by writing a zero in place of 
the missing term. This is an important device and 
must be noted carefully . 

a4-2a<*4- o +8 

s+2 _. 

X*— 24^+ 0 -f8* 

-f*2**—4a?*4-0 +16 
x 1 — 4a?*+8a!-|-16 Ans. 

43 . The first exp. should be written as **—oty-j-O+O 
4-*y*— y*, because the terras in ar 3 and x 1 are missing. 

46. No re-arrangement is necessary in this sum, because 
both the expressions are already in the same order 
pus,, ascending powers of a. 

I-f-4d —10a* 

1— 6o+ 8a* 

l+4a—ipa* 

—6a—24a*+60a* 

4* 8a*-f 12a*—30a 4 
1—2a-31a*-f72a*—30a* An* 

52 . «*4-04-8**-f 2a: 4* 1 [Re-arranging and writing 

t?-f 0-f2a? +2 _zeros for the missing terms.] 

* 7 4-04-8a^4-2a?*4- x 3 

4-O-f^O 4*0 +0 4-0 

4-2a44-0 4-6a*4- 4a*4-2a: 

4-2^4-Q 4- 6a: 2 4-4a?4-2 
a* 4-5^ 5 4-4a44-7ar , 4-i0x* | 6*4-2 Ans. 

If we put *=10, the multiplicand becomes equal to 
O0) 4 4-04-3(10)*4~2(l 0)4* 1 = 100004-04-300 4* 20 4-1 
*=10321. Similarly the multiplier equals 1022. 

(Note that these values can be obtained simply by 
writing the coefficients successively ; but it shouid be 
remembered that for this purpose no coefficient should 
he greater than 9.} 


At 
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Hence the required product is obtained by putting 
•r=IO ’ n the product found above. This will be seen 
equal to 10548062 [How can this be obtained with¬ 
out actual substitution ?] 

61. The expressions contain three letters : x, y and 3. We 
arrange the expressions in descending powers of x, 
and the literal coefficients thus obtained, in descend¬ 
ing powers of y. 

**-(2//-3;)x r(4i/*+ Gyz + '-iz 2 ) '[ 

J ' -H&zjty _. 

■r 1 -[ty-3z)x s -^(Ay 2 -\- fiyz r-^)x 

■K3// - 82 )** —(Ay 2 — 12 yz 4-» 2 *)x + ( 8 y*-2 7z 2 ) 

** T (I 8*2)x 4-(8y»-275 3 ) 

The product may be written as x 3 4-Hi/ 3 -273*4-18x//:. Ans. 

Important Note. Without proper arrangement the work 
would present many difficulties 

It may also In* noted that to get sonic of the literal co¬ 
efficients m the above work wo have to perfbnn the 
following multiplications separately ;— 

(~y ~ ; fc)(2 y - 3 z) and (2// - &)(*//*+ 6 yt + 93*) 

The products arc 4-r/ 2 — 12//^H-t>x 2 and 8^-27s 3 respectively 
and can be easily obtained by previous knowledge. 

68. Open the brackets and arrange as in question 61. 

69 First find the product of x — tt and x-f a, which is x* — a : . 

Then find the product of xr-a* and the third expression, 
viz, X'-f-a*. 

72. Multiply (») x-2a and x-f 2 a, (it) x-aandx + a. 

Then imilfiply the two products. 

I »•* + Jx + { 

*f_-l_ 

»x 3 - | I.t*+ J.r 

• - I-** - ix-A. 

lx" 1 4- J.r-1 


75 . 
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» 

T9. ar 1 — 83 ^+ x —6 

2^-43^- 3x +7 

.. 7. + 2x* . 

. + 123*. 

_; - 3a*. 

.+ ila*. 

Coefficient of x l in the product=11. Ans. V 
Note that all unnecessary work has been omitted 

30. Multiplication by the method of detached co¬ 
efficients. 


(a) When two compound expressions contain powers of 
one It tter only, the labour of multiplication is much lessened 
by using detached co-efficients, that is, by writing down the 
coefficients only, multiplying them together in the ordinarx 
way, and then inserting the successive powers of the letter 
at the < nd of the operation. In using this method, the 
expressions should, of course, be arranged according to 
ascending or descending powers of the common letter and 
zero coefficients used with the missing powers of that letter. 

Example. Multiply 3a 3 -5 —4a 2 by 4c-2 +4a 2 . 

Solution. Arranging in descending powers of a and 
using zero coefficients with the missing powers, the expres- 

Wt b hTn 4a, t°' ,-S and + Hence 

have thejfolloxvmg work :— 

8— 4 + 0- 5 
4-t- 4— 2 
12 — 1 $+ 0 - 20 " 

12 - 10 + 0 — 20 
- 6+ 8- 0+10 


e we 


12- 4-22-12-20+10 

tif^A'zss^ ir, ^ t. 

P ° W ; erS ° f * wo ,etters are involved, but the 
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[For the definition of a Homogeneous Expression see 
Article 27 (b).\ 

Example. Multiply 3a* — 2b* -W/6 3 + 2« 3 J> by 'la 1 —b 1 . 

Solution. Arranging m descending powers of a and using 
zero coellicicnts with the missing powers, the expressions 
become Ha* -r'2<i 3 b — oa 3 f/ 2 + ub 3 —2b % and 2a s +U«6 —6*. Hence 
we have the following work ;— 

3-1- •> — 0+1 —2 
2 — 0 — 1 

6-*-4 +0 + 2 —4 
0+0+0+0—0 
—3 —2 — 0 — 1 +2 
O-f-4- 3+0—4—1+2 

Clearly, C is the coellicient of a*. Hence, inserting the 
successive powers of a and b («*, a b b, a*b *, a 3 b 3 t etc.) We get 
the reqd. product to be 

f»«* + 4 a b b — 3a*b 2 + 0 a 3 b 3 — 4 a 2 6 4 —+ 2b* 

or <h/ 6 + 4« i &— 3a*b 2 —ia 2 b*— oft 5 +26*. (Leaving out the 
term with zero coellicient). j. 

Note. In the last exauvple wc have tacitly assumed that 
the, product of two homogeneous expressions is also a 
homogeneous expression. 

EXERCISE 11 

Apply the method of detached eoelTicicnts to the following 
questions of Exercise 10 :— 

No. *20 to HO (32 questions in all] 

CHAPTER V 
DIVISION 

31. Definitions and Fundamental Notions. 

When a quantity a is divided by another quantity 6, the 
quotum is defined to be that quantity which when multiplied 

by f ‘ princes a. and is written as a—b, ” or a/b. Also, 

the expression a is called the dividend and b the divisor. 
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Division is thus the inverse of multiplication, 
l)a\ c :— 

[a-^tyxb—a 


or 



and 


we 


or Quotient x Divisor—Dividend 

Since Division is the inverse of Multiplication, it follows 
1 h;»t the Laws of Commutation , Association and OiHrihution, 
which have been discussed for Multiplication, htdd for 
Division also. 


32. The Rule of Signs. 
W'c have «7&-r a — -^L 


axb 


a 


—ab-- a- QX(—&) p ^ 

„b±- a = < ~ 6 > , _ t 

-a {-a) 

„ ~ ah - (—«)x6 

~~—a (— a) 

Hence in division as well as multiplication, 

like signs,produce -h 
■unlike signs produce — 

33. The Index Law for Division. 


Wc have 

x.x 

In general, when m and n are positive integers and 
vre have :— * 

x' n —x n - x x x . 10 ?» fetors 

x.x.x .to n factors 

=x.». x .to Cm —«) factors 


That is, a power of a quantity is divided by a loxcer poxqer of 
the same quantity by subtracting the index of the dims or from 
the index of the divide id. 
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Note vlf m<^n, it can be easily seen that 
ar‘* x n = — l — 

-T** “»/* - ^ 


Example x^ + x* or 


34 To prove that x* = l 


Proof' Clearly 




.r m 


x m 

Also by the Index Law.- 

' x^ 



— x m ~ m 



35. Division of one monomial by another 

From the corresponding rule for multiplication [Art 257 
we easily get the following Rule 

First pui dozen Ihc sign by the law of signs, next divide the 
the numerical coefficient of the dividend by that of the divisor 
and lastly put down the letters in the dividend each havin* an 
index obtained by subtracting the index of that letter in the 
divisor from that in the dividend- 

Example. Divide 85x 7 y i z z by —7x*y*. 


Solution. Quotient =—-- . -£~ . . z 2 

7 x 1 y* . 

[unlike signs give — ] 

= — 5x 7 ~ 2 i/ 5-4 z* 

= —5x*y l z 2 or —5x*yz*. A ns. 

* 


Note. 

oentallv 


In practice, each of the processes involved is done 
Thus :— 

35x 7 tfz 2 . 


Exercise 12 

Divide [See solved example of the last article (No. 35.)] 


— 40 bv 5. 

, 2. 

— 42 bv —6. 

45 by -5. 

4. 

W 

— 6ab by —8a. 

95xy by — 5.r. 

6. 

• 

— 8xyz by xy. 
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7. a 6 by a-. 

8 

—x 10 by r* 

♦ 

9. xpy 3 by —x t y. 

IQ. 

— a l b x c* by a6 2 c\ 

11. — 12a*6 3 by —3a*b. 

12. 

— 30« 3 6 3 c by 5a 2 6 s 

13. 42rt*6 2 c 2 by - Ga 2 6r. 

14. 

- 10a 3 6 3 c 3 by — 1. 

15. —4Sx 6 y' , z*byl2c' i yr>z :> . 

16. 

64r 9 y u z 9 by — K.r*// 10 

Simplify - 



17. Hab t x 2 y — 1 2a bx. 

18 

-4a 3 b*c 2 -riab-c. 

19. - Ixy* 

• 

20 

- \.r 2 y^z 2 - 'Ixtfv' 

% # # 

• 1 , | # 

36. Division of a Multinomial by a Monomial; 


<r From the corresponding rule for multiplication (Art. 20 1 
we get the following. 

Rule :—Divide each term of the multinomial by On monomial 
and add'together the partial quotient's. 

»■ Example :—Divide 20a 2 6c —35a 3 6 3 -i-40a A 6 by —bub. 


Solution :—Quotient— 


20 arbe + — 3oa 3 6 3 , 40a 4 6 - 
—Bab — 5ab ~ r — 5ab y 

— 4ac-t-7a 2 6 2 — 8« 3 . Ans. 

• * • • 


Exercise 13 ' •< 

Divide :—[See solved example of the last cuticle {No. <36.)]' 

1. 5a—106 by 5. 

2. , —8x-\-20y by —4. 

3. — 6x*+8 x z y by 2x. 

4. — Oar 5 + 12a; 2 by — 3x. 

5. a i bc—aU l c—abc z by abc. 

6. — 15a 4 +20a 3 + 25a 2 by —oar. 

7. 6x A y-9x 3 y 2 + 3x-i/ 1 by 3x 2 y. 

8. 1 — 4x x y* + 4,r *if by —4x 2 y 3 . 

9. 3aWx*z*+3a*b*i/ a £*-3aWcz i by 3a*bh*. - • . 

10. —a*b*x~y l, +3a l b*x l y‘ : -\-4 ! a 2 b z x !, y* by —aWafy*. 

11 . 2abcd.t i — Qb 2 cdx x -^-Qbc' i d^ i — 2bcd 2 x 2 by 26cda: 2 . 

12. - 8a.rV i- Ghjfy* - Sbxhf -f 6 gx 3 y 3 ± 6 fxhf — 3cx 2 y 3 by 

r-8«V. 
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Simplify 

13. (- Za?'j + f ij ?xy* - 9xyz) - (- \xy\ 

14 ; ? 2 x*i A - &r*y* - J-rV) - (£*V)- 

15. (-$*Y-*V+1 ?jfy 10 )-r (-g*Vl«. 

16. 4a 6 & 3 4- Jfl 4 6*+ Ja^) — (— $a*6*> 


37. Division of one maltioomial by another 

Z« principle the process is to express the dividend as 
the sn n of a number of parts, called partial dividends, each 
exactly divisible by the divisor, and then to obtain the 
quotient by case (ii) 


Example Divide 2a: 2 + 6+- 7,v by x 4- 2 


Solution. 


^ _ 2x* + ~x+6_(2x*i 4ar)-HSar+6> 

Quotients ^- ( *+2)- 


2**+ 4J , 3r-h6_ 2x(jr-f-2) ^ 3(ar^-2) ^ 
” *4-2 *4-2 (.r4-2) (i 4-2) 


Comparing the above work with 
the corresponding work in 
multiplication given in the margin 
we easily get the following 


*-t*2 

2J-+-3 

2x*-Mx 

3 * 4-6 

2a* 2 4-7a:+6. 


Working Rule 

Arrange the dividend and the din so* according to the pozen 
(both ascending or both descending) of some common letter 

Divide the first term of the dividend by the first term oj ll 
d'visor . this gives the first term of the quotient. 

Multiply the whole divisor by the first term of the quohet 
and Huljtract the product from the dividend 

Treat this remainder as a new dividend and proceed as hr fa 
till no remainder is left 
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Thus, the work of the above example may be conveniently 
presented as follows 

X+2 \ 2x*+7x+6 ( 2x+3 
, . 2x*-h4x 

3x+6 Reqd. quotient=s2x-HL Ans. 

8x4-6 

x 


38. Inexact Division. 


When the dividend and [the divisor are both arranged 
according to the descending powers of fcome common. letter, .it 
may happen that at some stage-of ..the process described in 
the last article, the highest power of this letter in the new 
dividend is lower than its highest power in the divisor. Such 
a division is said to be inexact ; the portion of the quotient 
already obtained is called the integral quotient , and the last 
partial dividend is called the reinainder. For example, if the 
dividend in the example of the la»t article be 2x*4-7x+lO, 
wc get, 

integral quotient=2x4-3 

,.%••• • 

and remainder=4 

..****. , k*.» 

Also, complete quotient (as in Arithmetic) 


=2x+3-f- 



EXERCISE 14 


Divide :— 

1. x^x—6 by x-K2.- (5ofoed] 

2. x 2 —x—20 by x—5. 3. x*-13x+ttby x-7. 

4 . a*+17a+70 by a-f 10. 5. a*-64 by <x-8. [//infj 

6. **-121+27 by k-9. 7. -x*+llx-30 by 6-x. 

8 . -a*+6a+40 by 10-a. 9./ -** + 24*-144 by 12-4fc. 

10 . —/*— 10 / 4 -II by 1— t. 


11 23x^-6x*-20;by 5 -2*. [Solved] 

12. —91—20+201.* by At—5. 

13. 62m—24m*—85 by —4m+7. 
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14. 30-80a+63a 2 by 6-7a. [Bint] 

15. 1—64uj 2 by 1—8ir. 

16. -18+330+1210* by —6 — llo. 


U. 37<ry—56iJ*—6y 3 by 2y—7 a. [5ofcpd] 

18. —27a 2 —27// 2 +90Ay by 3y—to. 

19. 15a 2 +76 2 —3Sa6 by — 6+5a. 

20. 130 s —56iz 2 + I9uc by —8u—30. n 

21. 37a 2 -10a 4 -33 by 6-5 a*. [fftnij 

22. 18.k*—35—27.i* bv 5+6x 2 . 

23. 27x-a-10a*-l«x l by 3a-Cx 3 . 

24. s*—49y 4 by —7y 2 +z. 


23. 3a* 3 -1 Ox 2 - 7.r+20 by 3x-4. [Sotoed] 

26. 18a 3 —15x 2 + 32x—5 by 1-Cx. 

27. 12a 3 +2y 3 -f toy*— 17.1*7/ by 3x-2$r. 

28. 2Ca 2 6-a6 3 -lo6 3 -7a 3 by -5&+7a. 


29. 

30. 

31. 
33. 
35. 
37. 
39. 
41. 


A 8 —a 4 y*+A*y*—y* by £-{-•/• 
8a 3 —27 by 2 a— 3. [//ini] 

8a 3 + 123 by 2a+5. 32. 

8x 3 +27y 3 by 2x+3y. 34. 

x®+y* by a s +y*. [//«»/] 36. 
a 4 — 2a + 1 by a — I. 38. 
a 1 — a‘ by x+a. 40. 

8l.t 4 —2 ;0a 1 by 4a +3.0,.. 


[Solved] 

• • + 

x°— 9a 2 x by A+3a. 
.276 s —61a 3 by 36-4a. 
x 4 —4 a*+8x+ 16 by x+2, 
Ci^-OO by :)x-G. 
aM-a^ 3 by —a—6. 


42. 12 - 8a - 7a•+2a 3 + a 1 by 6 —a—a 3 . . [Sofoed] 

43. 1 -2a-3 la*+72a 3 —30a 4 by 1—Ca+3aV~ft 

44. — a 1 - y 1 -f 4x*y - a V - 4a// 5 by —x 2 + Ay + y*. 

45. a 4 — 2a 2 /> s +6* by a 2 +2a6+6 2 . 

46. a 4 — 25x*y- + lO.ry 3 —y 1 by a 2 +y 2 +3,ry. 

47. a 4 + 16x , + 4a*x* by 4x s + 2aA+a s . 


48. a 7 + 7x* - Ca - 2 + 2x s — 5a 5 by a 4 - 2 -2a. ISofocd] 

49. 2a 1 *—23a 2 +a+1 +39a 3 — 18a 4 by l+2a s —4a. 

50. l5-31a + I9a 2 -4a 3 -2a 4 +aiiby~tt t -r**+a t 


Division 


j I 

• r • • ‘ . • . ; • ' r •• i '• 

M by x*+5+4.t. 

52. a*- 264 -h 1 $ 1 a by 11- 4a+«* >.'i * 

53. 4d 5 -4-4a~a 3 by 2fl J +8a+2 ’ 

54. x s 4-4a:i/ 4 by ^ + 2//*—2xj/. 

55 x 4 -+■ 720y* -♦-1 OOSxy 6 by x*-f 12y* — Oji' 2 // -fi I2x//*. , 


56. x* r f$i/ 3 “272 3 4-18xyz by x+2t/—3i. - {Solved) 

57. a^+^-rz 3 —3xt/z by ff+y-i-z. 

58. a 3 4-a 2 6.+flZ> t -f-6 3 +26 , ^~oa; 2 H-6x 2 by a-h6+x ■ *» >•« 

59,. a?+y*-^dxy~$x— 2y+I by x-j-y— 1. 

60. a 3 —a6M*2«6-f6 — 1 by a-rb — 1. . . . , 

61. x 3 +27y 3 —l-f-Oxjr by x-f3y—-1. 

62. * a 4 —2a 2 6 2 4-fc 4 -b4a5c 2 —c 4 by a s -4-,2rtfc-f-6 2 — c* 

63. a 3 6—ai 3 '-f-fc 3 c-r“tc 3 +^ s a—ca 3 by a-frfc-fc. 

< * ' * 

1 .• . • . 

64; ix 3 —by $x-£. [Sofaxfl 

65. Ja 9 -f| + iV a '~^ 3 b y 

66. Ax 3 — hj i +lxy' i -Ux i y by sxMiy 3 - |xy. 

67 by fcz 2 —Jy’+gxy. 


68 Divide 2X 4 —x 3 -t 4x*+7x-f-1 by x*—x-f8 and give the 
complete quotient. [Hint) 

69 Give the complete quotient when aox^ll®*—S2x* 

— 5x-)-3 is divided by 3x a 4-2x— 

* • 

70. What must be subtracted from x 3 —x 2 —8x—VO, so that 
the result may be exactly divisible by ®*-h3x4-3 ? 
(The answer should not contain any power of at higher 
than the first). [Z/in/] 

• 4 m * 

71 What must be subtracted from 2y*— 8y 3 — 4 y to make 
it exactly divisible by 2y 2 -5y-l? (Answer not to 
contain power of y higher than the first). 

72. What must be added to 6m 3 —m*—■10m-t-6 to make it 
exactly divisible by 8m*+4m — 1 ? (Answer not to 
contain power of m higher than the first). (/ftnlj 

73 What nwst be-added to <r 4 + x 3 + 7x*+x4*1 to make 
jt. a multiply.of,xt+ 2 x-t -8 ? (Answer not to contain 

, Powpr of x higher that, the first) 

4 
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74 For what value of n will a*-f 2n -3 divide a'—a 2 —:ha* 
-H2<*-6 exactly ? (Verify your answer) [//mi] 

75, For what value of a will —a hr a factor of 

6a*—13a*+4rt*+3a*4^«—2 ? Verify your answer. 

76. What should !>c the value of k so that fl 5 -f3a+2 may 
divide a'4-6a 3 4 13/i 2 -f-I2a+Ar without any remainder? 

[Hint] 

77 What value should n have so that the expression 

4^—5.t* —mav l»c exactly divisible 

by * 2 - 2 ? 

78 What expression multiplier/ by a 3 —2a i b-{-2ab i —b 3 will 
give u*—b* as- the produet ? 

79. Divide .r , + 4r aj l -5.r-+4.>:-|-1 by .t ! * p3.r 4- I and by 

giving a suitable value to x show that 14341 is- 
divisible by 131, and also find the other factor of 
14311 without actual division. [Hinl\ 

80. Divide x r -J-A t*4 Hr 3 4-o.r -f-y by and by 

giving a suitable value to a‘ deduce that 123 is a 
factor of 13809. ’ 

«*» _ 

•«? 

SOLUTIONS & HINTS—EXERCISE 14 

L 4-4-2 ) x--x-c* ( .t—; i 

g*+2.c 

—Star—6 
X 

9. #*—r»4 shouTd be written as a 2 -f O—G4. 

II. Arranging the expression in descending powers of a 

we have r— 

—7r+5 ) — 6z*-f23.r-20 ( Ac —4 

—6ar 5 -h 1 34' 

84—20 

8.r—20 

X 

Note.—The quotient does not change if the given expres¬ 
sions aro multiplied by the same number. In th* above 
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example let us multiply each of the given expressions by - 1 , 
in other Words, let us change the signs of both. Then we 
have to divide C# 2 —23<£-t-20 by 2x — 5 Since the first term 
of the divisor is now positive, the work will be evidently 
much easier. 

14. Both the expressions are already in ascending powers 
of a, therefore no change in them is necessary before division 

17. Arranging in descending powers of ,r and changing 
sighs of both the given expressions, we have the following 
work 

7x—2y ) — 37ar</+r,t/2 ( S x~:iy 

56x 2 —l6xy 

—21.rt/-{-6j/ 2 
—21 xy -f- Gy 1 

X 

21. There is no need of inserting zeros for the missing 
powers in the question, for, we may regard the expressions 
to be in powers of x 2 (and not x). No power of x 1 is missing 

in the two expressions. (Note that x 2 is the t first power of cc 3 
and x* is the second power of a: 2 ]. 

Or 

We may write y for **. Then the question reduces to 

(37y lOy 2 30)(6 5y) . After getting the quotient wc 

should replace y by 

2S * 7x+20 ( x*-2x-5 

3a*—4a* 

—0I*—7® 

—6a*+fo 

— 15a?+20 

— 15o;+20 


X 
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29 x+y)x*-\-o— a^»/ 2 -f 0-fa: 2 */ 4 4-0—^(x 5 — &y+xy % — 

af+afy • . ■ 

-aty-a-V • : i . . ' 

—a4»—a4t/ 3 

®V+0 ' . . ' 

a?V4-a^/ 5 

X 

* • a 

30. 8a: 5 —27 will be written as Sa^+O+O—27. 

35. Either write a for a^ and b for t/ 2 , so that the question 
reduces to (a 3 +5 3 )~(a+5); 

or insert zero* for the missing even powers of x only , i.c., 
write the dividend as a^ + O+O+t/ 6 and the divisor as it is. 

42 6-a-a* ) 12—8a—7a 2 -{-2a 3 -fa 4 ( 2-a-a 2 

12—2a—2a 2 

—6a—5a 2 H-2a 9 
—Ca-f a 2 -fa 3 

—6a 2 -f a 3 -fa 4 

—6a 2 -f a 3 -f o 1 


48.- 

i 3 + 0 - 2a-- 2)a 7 + 0 - oar 5 +0-{-7a- 3 +2.r 2 - Ga—2(x 4 - 3ar*-f 2a:-f 1 

g 7 4-Q—2a?—2a* 

- bar 4 4-2a*4- 7a?4-2a? 

—3a?- 0 4-6a?4-6a ? 

2x 4 4- a?—4a: 2 —6a- 
2a 4 4- O -4a: 2 -4a: 

_ a 3 4-0 —2a: —2 

• r 3 4-0 —2a: —2 
x 

56 Arranging each expression in descending powers of ar 



DIVISION 


53 


and the literal co-eflicicnts thus obtained in descending 
powers of y we have the-following work :— 

o ±{\Syz)x+tfy z -21z*)(x 2 -Vy~&)x J r 

) \ (4*/ 2 -f 'tyz-r 92 ) 

a?+(2y—3z)x z 

“H2y-8*)**+(18y*)* 

— ( 2y— Sz)® 2 — (4,y 2 — \ 2t/z -4-9z*);r 

' (4.y‘ ■+ 6yz + !> 2 ! )x -r (8^ -27s 5 ) 

( •4t/ 2 + 6yt-i 0; 2 )a;-t-(8// 3< —27z 8 ) 

X 



i 

x'-la 




15 


Or Multiply the given expressions by 72 (the L.C.M. of the 
denominators of all the fractions) and the question reduces 
to.(l8flP-{-0-t-a?—6)-r(36®—24) and we have :— 


68 . 


38*~24)18®*-f 0+®--6(iT*-f $®-f \ 
18a?-12y* 

12®*+* 

12®*-8* 


9®—6 
9®—6 



See Article 38. 




tV J®' . D | vide * hc fi” 1 expression by the second, keepin 
them in descending powers of <c. The remainder obtained i 
the required answer. t . 


72. Proceed as in, the last two questions, 
the remainder must be subtracted. Hence, if 

Sd° f thC remaidder we 8 e t the expression 


We know that 
we change the 
which must be 
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74. The remainder obtained is a -3. We require that 

js remainder should he zero. Hence, what should be the 
value of u ? 

[In practice, we put the remainder equal to zero and solve 

r e ef l nation thus obtained for the letter whose value is to be 
found.] 

Verification When « = 3, the dividend will be found=12 

and the d‘visor also-12. Hence the dividend is exactly 
cli\ !SiJ)Ic by the divisor. 

76. Proceed as in question 74. 

79. If we put x= 10 , the dividend becomes = 14541, [this 
is easily obtained by writing down the co-efficients in the 
expression one after the other, after arranging it in descend¬ 
ing powers of x and inse rting zeros for the missing powers] 
and the divisor=131. Since the original division is exact, 
therefore the division of 14541 by 131 is also exact. [For, 
the division must be true for all values of a 1 .]. 

The other factor of 14511 is obtained by putting x= 10 in 
the original quotient. 

39. Division by the method of Detached Co-efficients 

can be performed exactly on the lines of Article 30. 

Example 1. Divide 2x* +4—3.r< — llx+8.t 2 by x 3 +l-2a:. 

Solution. Arranging in descending powers of .r and using 
zero coefficients with the missing powers, the expressions 
become :— 

2X 5 —Sx^ + O.rS+Sx 2 —llx+4 and — 2x+l. 

Hence we have the following work :— 

1+0-2+1 ) 2—3 + 0 + 8 — 11 + 4 ( 2-3 + 4 

2+0—4+2 

-3 + 4 + 6-11 
-8-0+6— 3 

4 + 0- 8+4 
4 + 0- 8 + 4 
X 

In the above quotient, 2 is the coefficient of a* (V 2a; 5 -: X 3 
Her. «. ‘.lie reqd. quotient is 2-r 2 —3x+4. 
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. 41 . 

Example 2. Divide x'+ia' by JJ*+2w+2a*. 

Solution. The expressions are homogeneous, and Hu- 
first expression may be written as x 4 + 0x 3 a+0.T r-^-Osa -\-au 

Hence wc have the following work 

1+2+2 ) l+O-f-O+O+4 ( 1-2 + 2 

1 + 2+2 _ 

- 2 - 2+0 

-2-4-4 

2 + 4+4 
2+4+4 

X 

Reqd. quotient is x*—2.ia+2o s . 


EXERCISE 15 

Apply the method of Detached Co-eJJicients to the following 
questions of Exercise 14 :— 

No. 25 to 55 (31 questions in all) 


CHAPTER VI 
BRACKETS 

40. An expression enclosed within a pair of brackets is 
to be regarded as a single quantity, so that the terms of 
which it is composed should be operated upon in the same 
way. 

The brackets in common use are :— 


( ).called Circular Brackets or parenthesis 

{ }.. Curly or Crooked Brackets 

[ ). „ Square Brackets or crochets 

.. „ Vinculum or Bar (which is placed 


above an expression) 







os 
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41. Removal of Brackets. 

Students are already familiar with the rules used in 
opening brackets in the following examples •— 

a-}- (b — c-rd)=a+b—c+d 
a — (b—c + d)=a—b-\-c—d 
a 4- x\b — c + d) = a -f xb — xc + ted 
a—x(b—c-‘ r d)=a‘—xb-\-xc—xd. 

We have only to discuss the case when there are brackets 
within brackets In fact, no new principle is to be taught.: 
we may cither begin with the outermost pair or with the 
innermost one and go on removing them in succession accord¬ 
ing to the rules already taught. For example :— 

a- { b—(c—d)+e } =a-b~{-(c—d)—e 

=a—b+c—d—e [Method 1} 

Or 

c- { b-(c—d)+e} =a— {b—c+d+e} 

=a—b-\-c—d—c- [Method 2] 

But a beginner is apt to commit mistakes in the use of 
Method 1. Therefore Method 2 is always to be preferred. 
That is to say :— 

In opening brackets icithin brackets tit should begin with the 
innermost pair and proceed in succession to the outermost pair 
which should be removed last of all. 

42. Another form of the Vinculum or Bar. 

The line between the numerator and denominator of a 
fraction is a kind of Vinculum or Bar. 

Thus —— may be written as J(3.r—4). 

EXERCISE 16 

Simplify the following expressions by removing the **rackets 
and collecting like terms :— 

1 ( 4 «— y) 

2. • 2a* —(2ar— y—z). 

3 2* — (y -z)-r2x+(j/— (z-t-2tf). 
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5. 

6 . 


2x+ y 4-(i■4ar ■ —y) -( 4t “ : ^>" ( l0 ^-t-%)- 

2* _ —(//—2*+2)+(s — f j — 

4a-3b-Zc-{2a~-b + 2c)M-a+* b ~°c) 


z-rU). 
(c—2a 


- 6 ) 


7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 


a— { 2y-z-(9x-y-z) > - [■S'ofmH 

2a; —(4t/—0— { .r— 2 i/— (2z—2/) } . 
x— { 4*/—(3z-f. 4i/—a 1 ) \ . 

*-[2#+{*-(*.'/-*-*)} )• 
x-[2x- { 6</-(4z-2x) } ]. 

{ > -r { 2j/-(z-.T) } - {z-(X--y) } 

4ar-(52/^-[3z-2x])-(10x-[y+z]). 

-[2x- { y-(s-2x) } ]-[</- { 2-(2 x-i/) } ]. 


15. 

16. 

17. 

18. 


- { —[—(2.r—j^s)l > . [Solved] 

—[— { — (y+s-2x) / ]+[— { —(z+2j— y) } ]• 

—2—tfla-f-{ 3—(4o-fl-o)—4 >—2a|. 

2x—[5{/— { 2x—(5z— 2z'-y — 4»/) + 4.r—(2x—2i/ - 


=)>1 


19. fl-{2&(3~4a)-a(4-b)}. [Solw/J 

20. 1 —2(3— 4.t)—[5 { x-(3+2.c) } ]. 

21. 2— 8[4 — { 5—C(7 —8—o) > ). 

22. -2(l-f=a)+*}]' 

23. (2a-oJb){a{a+2b)-b{a-t>)}. 

24 . \a-b-c)[ { a(«—&)-f26(a-{-c)—c(a-f 6) } 4-6-rC*]. 
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7. Given Exp.=x— { 2y—z—{3x—y—z) } 

=x-{ 2 t/— 2 — 3x+y+s > 

. «=x— 2y+z-\-3x—y-z 

/ _ =x—3y. 

15. Given Exp.= — { — [— (2.r—i^)] > 

“ — { ~L-(2x-^+z)} > 

= “ { -1-2®+*/--]> ■ 

= —{ 2 x-y+z > 

«—2x4-i/— 2 . 
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19 Given Exp.=a— { 26(3—4/z)—o(4—6) } 

=a— { 66— Sab—,4a+ab } 
=a — 66 -f 8"b -f- 4 « — ab 
= 5«-66-;-7o6. 


43 Insertion of Brackets has already been discussed in 
Art 17 However, one thing more may be noted here :— 

Opening the bracket of the exp. a—b{x — ij) we get 
a —bxA-by. 

Now let us perform the reverse process, i.e., insert the last 
two terms of a— bx+by in a pair of brackets with negative 
sign outside. 

According to Art. 17, we get a—{bx—by). 

Now the student should also note that whenever a factor 
is common to every term within a pair of brackets, it may be 
removed and placed outside as a multiplier of the expression 
within the brackets. In the last result 6 is such a common 
factor. Hence wc finally get our result in the torm 
a—b(x—ji). 

EXERCISE 17 

Bracket the last two terms with positive sign outside :— 


1 

x-^-y-z. 

2. 

x—y-rz. 

3. 

x—y—z. 

4. 

x+y-z. 

5 

2jr+3//+3s. 

6. 

4 x—ay+az. 

7 

ja — b z c—b 2 d. 

8. 

Ql+Sabm — oabn. 


Bracket the last two terms with negative sign outside 

9 ax—bu+bz. 10. 3.r °—\a*y-\a'z. 

11. abc-\-bcd — cda. 12. 6a 2 -|-15a6-f 206-. 

Enclose the first and the third terms within one pair of 
brackets and the remaining within dnothsr pair , with positive 
sign before both :— 

13- xtSx+Sy+y*. 14. — 

15. abc+bca+cad-dab. 16. e*6—6V-c 2 a-a 2 c-c-6 

Enclose the first and the fourth terms within one pair oj 
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brack*!* u,i A M te remaining within another , with positive sign 
hi fore the 1 former arid negative sign before the latter :— 

: i^ 18. a'*bc-b i ca ' r c*<ib-i-aWcK 

19. 3.ir» + 43*// -&**■-\8xy* 20. 20— 10a 2 —3« 3 —a*. 

Itra> ket the same powers of x with jusitive sign before each 
pair of lAackets :— 

21 . ax-* —3a 3 - r 2** —for 3 -f- 1 2 - c.r*. [5o/w <f . | 

22. 3a — a 4 — ,t 3 -H<*,r—for 1 — c.r 3 . 

.23. . I — 2a:—;ir*—4.v 3 -~2fl.r 3 —3for 2 —4c.r—.id. [Hint ] 

24. « 2 .c* — 2ff.c+foc 3 — — .r 3 

.Bracket the same juicers of a with negative sign before each 
pair of brackets :— < • 

25 . ax 3 — «*.r* -|- So 3 — ,ra ■ ha -j- a 9 -{- a\x. 

26. '2abc— 3n*c-j-4« 3 6—a — a 2 — a 3 — ax. 


SOLUTIONS St HINTS—EXERCISE 17 

21 . ax 1 -i-kr 3 -(- 2 . 1 ’ 1 — for 3 -f-.r 3 —ex* 

= ax'+2$* +3a 3 - foe 3 -*-.r 3 -c.r 3 

+ 2.r<) +<3.r 3 -for 3 ) -{- (a* -c.r 2 ) 

=x- < (aH-2)+j J (8-fo)+,r 2 (l -c). 


. 23* The terms which do not contain x should be "rouped 
»n a separate pair of buckets : thus : (I — .>r/). ° 1 


Note that this part also contains a power of x vr r° 

wc may write the term as (1-5,lyV. [The statical will la 
on learn that .t u — 1 .] 


for 

ter 


CHAPTER VII 
LITERAL SUBSTITUTIONS 

inni!T ri “l, substitutions have alrca.ly been dealt with 
m Chapter I and also, incidentally, in Chapter IV fKx 7 

Mucshons 41 to Here we propose todiseuss LUerli 

%e * s y bstit J utions of expressions for single 
letters The process is evidently quite simple and will not 

BSt SMBS'" -* ~ »sst 
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Whi& siobstituting an expression for a Idler etrtxtys eleie the 
expression within a pair of brackets. The importance of thd 
topic, however, should not be underestimated. Though 
simple, it is of fundamental importance. 


EXERCISE 18 


id 6=.^^ 
, y, z. [Solved.] 


z, And the value of 


1 •' • If o —2x t-8i/—4z and b 

■i — 2b in terms of x 

2 If a = 4 t — y — z and 6 = 2Je+35r~T, find tk*" value \of » - 

2a —8b in terrhs of X, y, 2. :, “ **>•"''» h.v« 

3 ff } 'T^=a-*-2b; y =b—2.c, %—c—za* find the vefue, of, . 
2x- ii 8y-—4z interms of d, b, a ’-r.. *Nil \* v » • K >r, 

4 s ' l IT x±2a +36. i/ = 3a + 4& and e=36-^4a, \ find the v&luev 

of — x— 3//-+-5z in terms of a, b , e. • '.\vA-,i.k\ 

5 If 0 = 2/ — 4mH-fin, b= -3/4-0/71 — 9n, c=»42-f-S; fiadnAr 

a b e- A ‘"•* r ' v N *.« S" 

value or •—’4- — —- - in terms of l, m, «* 


i' 


2 3,4 

• t* • w: ; 

6 a^jp-r'JOg, b = 7g — J4r and e=6r—12p, fi*d v ^b*- 


..v 


. . 2a . 86 5c . . / , . a v>.< i •> ,, 

valve of —„ + terms of p, o, r. 

— 57b ,„w >£ 


If x = 2 u +-86 and y = 2a — 35. find the values of the follow-'- 
ing expressions in terms of a and b :— 


7. 

* 1 - /r«c* .: 

x 1 [Solved. ] 

8. 

* 0 ft • 1 * f 

y*« 

9 

®.V 

10. 

x 5 +2jrt/-hy* 

11 

— 2xi/+ J/*. 

12. 

x* [S’ofeed.] 

13 

.V 3 

14 

*T'-y. 

15 

Qxi/* 

16 


17 

x* -8 r 2 »/ + 3 xy*—y* 

*>!••• *•* • • t - * 

18 

)(**-**/+!/*)• 

(So/oed.) 

19 

(J — 

20 

$(**+[/*)<*+!/)(*—!/)• 

If 

• 

o = 2,r* 6 = —Zxy, c= —4</*, find the values,of the follow¬ 
ing expressions in terms of x and ^ :— 

21 

or 

22 

6». 

23 

a be 

24 

— a* 

25 

— 4r* 

26 

—8a*b. (iS’o/red.) 

27 

4bh 

28 

- bc*a 
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(a+6+c) 3 . [f/ni/.J 

30. a*6*c*. 

31. 

tkrc 

6” 

32. ,rt ’. 
ac 

33. 

a*6» 

34 2bV 

• 

35. 

3a 3 

46' 

* 463 
3a 2 c* 


9 I 




SOLUTIONS & HINTS—EXERCISES IS 

L u-2^-(2x+3y-42)-2(-.r-5//+2) . ... 

=2*+3jj— 42+2x-f lO//—itz . 

=4®+13y—6z. . 

7. x®= (2a + 36)*=(2a+36) X (2a +36) =4a* +12a6+9.' 3 

12. x*=(2a+36)*=(2a+36)(2a+36V2rt+'36)/ '•* s 

=( 4 a*+1 2 a 6 +96*)(2a+36)=da J +3(k^6+54a6* + 276«. 

• M | | 

13. First factor > . 

=*+y= : =(2a+36)+(2a^36)=2a+36+2a+36=4a. 

Second factor ' " 

• • • 4 • 

=**—*«+«*=(2a+36)* - (2a+36)(2a—36)+(2a—36)* 

. - =(4a* + 12a6 4-96*) — (4a 2 — 96*) + (4a* — 1 2a6+96*) 
=4a*+I2a6+96* —4a 2 +U6*+4a*—12a6+96* 

. =Ha*+276* 

Given exp.=4a(Sa*+276 3 ) = IGa 3 +103a6V 

4l. —3a*6= - 3(2**)®( -3xy) 

= — 3(4®*)(— Sxy) 

=3 to 3 */. 

». a+6+c= (2**)+(—3xi/)+( - 4/) 

=2®*—3®r/—4r/* 

. (a+6+c)*=(2® 2 -3®p-4 2 /*)*=(2x*-3x^-4</ 2 ) x 

( 2 ®*—3®y—4i/ 2 ). Multiply the two factors. 
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TEST PAPERS—SET 1 

\ • • a » 

(CHAPTERS I TO VII) 

Paper 1 (E* 19) 

1 If a = 1, b— 2, c— 8, d--5 and e=8 % evaluate 
\(e—d)(b+c)—{d— c)(c+fl)](a+d). 

2. Subtract from the sum of 4+8X* — llx* 

and 12x*—8x*-fr—4. 

3 Simplify 4x— y— (0x—2y)+(4x—3*/) — (2x— 2y). 

4 . Multiply x*-f 2x+l by x*+2x-{-3, and hence deduce 
the product of 1021 and 123 by giving a suitable 
value to x. 

5 Divide 2—4a 4 + a 5 + 8(a s -f a* — a) by ar—2—n by the 
method of detac hed co-efficients. 

6. A tradesman loses Rs. («-^2); what does he gain ? 
If by another transaction he gains Rs. (2a—’3) find his 
total ({) gain, (it) loss. 

Paper 2 (Ex. 20) 

1. If x=5 and i/ = 3, evaluate - :ix l y+ Ox;/ 2 — y* 

2 Subtract 6x*-f3x—l from 2x 3 +x* and add the result 
to 8x*+4x— 1. 

3. If x=12a—8&-f2c, ;/=2n + 6-i-c and ?=20o-f6—7*. 
find the value of x+Ay — z in terms of o. b and c. 

4 Multiply a x — 8-t-2a by a*-fl— 3« by the method o t 
detached coefficients. 

5. Divide -Al7 + 70x+28x 4 -71x a -3.jx s by G-i:jx-f4x*. 
giving the complete quotient. 

g. Simplify |(x-f*l) + R.r+8) —j(x+4)—lb bv adding like 
' terms and find its value for x=41. 

Paper 3 (Ex. 21) 

1. If a = 2, b= —8. c= — I. evaluate 

a* 4- ft 3 r 3 — Safer 
a*4-& 1 -4-r , — ab—be—ca 

2 Add the sum of 2y-5y 3 and l —3//*4 !iy to the re¬ 
mainder left when 2-2t/*-M/ is subtracted from 1 +5y* 
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3. 

4. 

5. 

6 . 


1. 

2 . 

3. 

4. 

5. 



1. 

2 . 

3. 

4. 

3. 

6 

1. 


Simplify 14a?—12 y—( \Ox— 3[3y—2(2a?—St/)} ) 

Multiply by the method of detached coefficients :— 

1 +3A-2-/r and 2 +2/; 2 — 5&. 

Divide the sum of 2a:*-f-I2**-H5 and 1— 22x* by 

the product of ,v— 3 and a?+l. 

If .r=2a— 3 and y—3a — 4, find the value of «*— 
in terms of a. 

Paper 4 (Ex. 22) 

Evaluate x*y*zWy*^* when a?=10, ^J-, *« 

Take X' 2 y 2 from 3 xy — 5y* and add the remainder to 
tiie sum of and 8a?*+ 6y\ 

Simplify hr-[fiy+-(4y~2)-4z+< 4,r-(6y-i^4'y) } ] t 

Multiply r 3 —f/-r.r by *>— 

Divide 4a^-+-0a 4 -|-4a 3 -k5fj 8 -l-4a-M by 2a*-ha-f-l and 
hence show that 2011 is a factor of 464541. Deduee 
also the other factor of 464541. 

If a=tc t ~2&+ii and 5=2a: 3 -$-;*?—4, find the value of 

in fcerms of 


Paper 5 (Ex. 23) 

If *=?; c ~ — 2, find the value of 

a -+- 46- 4- 9c a —4ofc— 126c-f 6ac. 

To 0 ;*,?;r”,n sl 8a, - ca2 -' 5a bcadd «* - - 

Multiply l-4-o-Ha* + 2a?—2<ro-f-4i 2 by 1—o—2.r 

Divide a*+a*«+i>a«+2tf*+i by a*-2a 3 + l-2a+3a* 
b.y the method of detached cqeflicicnts. ^ 

te^P^" Ct0f8a “ d ° h ' 5 'different ways 
Distinguish between 4*6 and 4.0. * 


Paper 6 (Ex. 24) 

If^3 a+b and y-=3a-b t find 
(.r 4 —aj//-by 2 ) in terms of a and b. 


the value of (.t-f y) x 
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Find the sum of a+b+c, 5a+c — 7b and 3b — 9a, and 
subtract the result from 2c—36-fa. 


Simplify 


2»c , iC—6 3 / x 

15 ' 12 10 \ ~2 


by adding like 


terms and lind its value for x= — 15. 

Multiply x 2 4y 2 -f 9z a 4* *2xy + 3.rz — 6yz by x—2y—3z. 

Divide or* + 2x 2 y i + 0y* by x 2 -\-&y 2 — 2xy. 

VVliat is the cocfTicient of x 2 in 2x 2 y 2 ? How will you 
write the fifth power of a ? Multiply x i0 by x™. 
Divide a- 2 " 0 by a: 100 . 


CHAPTER VIII 
SIMPLE EQUATIONS 

45. Definitions. 

(a) An equation is a statement that two algebraical 
expressions are equal. For example, 

(i) 3(x- 2) = 3z—6 (it) 83—1=5 arc equations. 

The parts of an equation separated by the sign of equality 
are called members or sides of the equation. The first part, 
is called the left hand member or left hand side and the second, 
right hand member or right hand side. 

(b) If the two members of an equation are always equal, 
that is, equal for all values of the letters involved, the 
equation is called an identical equation or simply an identity. 
Thus equation ( i ) above is an identity, for, the relation is 
true for any value of x. This can also be seen by opening 
the bracket on the left hand side and noting that the two 
sides arc exactly the same. 

If the two members of an equation are only equal for one 
or more particular values of the letters involved, it is called 
an equation of condition, or simply an equation . Thus relation 
(«)'of the last article, vii., 3.r—1 = 5 .is an equation in the 
ordinary sense of the term, which is true only when x=2. 
The value 2 is said to satisfy the equation. 



SIMPLE EQUATIONS 


67 

• - 0 

(c) In any equation, the letter whose value it is required 
to find, is called the unknoivn quantity. The process of I'.ndmjr 
its value is called solving the equation and the value so found 
is called the root or solution of the equation. 

(d) An equation which, in its simplest form, contains no 
power of the unknown quantity higher than the iirst, is 
called a simple equation. The'unknonn quantity is generally 
denoted by x. 

46. The solution ol‘ simple equations depends only on 
the following axioms .— 

(i) If equals be added to equals, the sums are equal. 

( ti ) If equals be taken from equals, the remainders arc 
equal. 

(Hi) If equals be multiplied by equals, the products are 
equal. 

(iv) If equals be divided by equals, the quotients are 
equal. 

The Iirst two axioms, however, ma\ be replaced by a 
single rule, called the Rule of Transposition, explained 

below ;— 

. * ...» 

Suppose X+flar/i .^ 

Subtracting a from both sides we get .— 

.I’+n— a=-b—a . : 


or x—b—a 

Similarly, from the relation 
x- a—b 

wc easily get the relation 

x — b a 


<«) 


(tu) 


.,..(tu) 

l !, y a to both sides] 

.Relation («) can lie obtained from relation (i) bv takin,, 
the term +a to the other side and changing it into -a. 

Relation (iv) can be obtained from relation (iii ; bv 
the ter,n -a to the other side end rl» B g,„ 8 Tt V,‘to V 

Miu;; w«r have the following important 

Rule. Any term may be transposed from one side of <>■» 

rss v-^r ply ... 
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47. The following two rules, which are corollaries of 
axioms (in) and (iv) of Art. 46, are also extremely useful : — 

Rule 1. H e may change the sign of every term in an 
equation. For, this is equivalent to multiplying both sides 
by —1. 

Rule 2. If each side of an equation is expressed in the form 
•fa single fraction, we may transfer any factor of the numerator 
of one side to the denominator of the other side, and any factor 
of the denominator of one side to the numerator of the other side. 

For example, from the equation 
ax _ c 

x we have, by transferring b to the other side, 

be 


which, in fact, amounts to multiplying both side by b. 

* [Axiom (•it] 

Again, in the last result, we may transfer a to the other 
side and get :— 


be 



which amounts to dividing both side9 by a. [Axiom (ii»)] 

Caution. Beginners are apt to confuse the Rule of 
Transposition with Rule 2 of this article. For example, in 
the above process, they might reason thus : “While, taking 
6 to the other side of the equation why should not its sign be 
changed ?’* They forget that' they are not transposing a 
“term" of one side to the other, but transferring a factor of its 
denominator to the numerator of the other side , which is equival¬ 
ent to multiplying both sides bv lr> 

48. Rules for solving a simple equation. 

We may now solve any simple equation by employing the 
rules explained in the las? two articles. For the sake of 
convenience they are re-stated here briefly in one place : — 

Rule 1. (Rule of Transposition). Wc may transpose any 
’ctrn from one s/de to the other by changing its sign. 
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Rule 2. We 'may multiply both sides by the same 
number. 

Rule 3. We may divide both sides by the sanpe number. 

Rule 4. We may change signs of ail the terra# (on both 
sides). 

Rule 5. We may transfer any factor of the numerator 
of one side to the denominator of the other side and any 
factor of the denominator of one side to the numerator of 
the other side. 

- EXERCISE 25 

Solve the following equations, giving reason for each step :— 
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27. —3a:-}-4=16. [Soloed] 23. 2*-6=4. 

29. *r-j-41=2I. 30. 5x —8= —8. 

31. 4a:—3 = —6. 32. -8r4-ll = 8. 


33. lx—3=lx—5. [Solved] 34. 3s4 -4=x—2. 
35. 4a:—3 = —2a: 4-1. 36. — x— 8=5r-|-l. 

37. 5x—2=2[x—2). . 38. &z—1=2 (t—$). 


39 

40 

42. 


\x-\x=2x-7. [6'o/ird] 
x , x 

6 12 *** 




SOLUTIONS & HINTS—EXERCISE 25 

1. z 4-4=6 

or x=6—i (transposing 4 to the other side] 
or x=2. 

6 Transpose 1 to the other side ; simplify right hand 
side ; then change signs of both sides. 

9. 2x=6 

2 j 

or -g - =§ [Dividing both sides by 2] 

or x=3. 

Or tkus :— 

2x = k> 

Transferring the factor 2 to the other side we have : — 

x , = 5 = 3. [Rule 5 of Art. 48] 

14 4r=0 • ; 

*=4 [Transferring the factor 4] 

=0 . 

Note. Remember that 0 divided by any finite number 
other than 0 is always equal to 0. 
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n 


17. 


= 9 


~ X 3 = 9 x 3 [Multiplying both sides by 8] 


x=27 


Or thus :— 
x 


= 9 


* 

1=9x3 [Transferring the factor 8] 


21 . 


=27. 

8® _ „ 

' 4 — 30 

-8»A X4 = » 


5~x3 =2 


ar= —2. 


Or :— 
&r 


[Transferring the factor' 4*] 
[Transferring the factor 3] 
[Changing signs of both sides) 


— _ o 

4 20 

8;r ‘ 

- T X 20=^ 0 x 29 


[Multiplying both sides by $0) 


or — I^r=9 

? r ~rs [Transferring the factor —15] 

* • —r* 

The Method of Cro&s-mqltiplication. In the last 
solution, we have multiplied by 20. which is the h. 0. M. of 
the denominators 4 and 20. This has cleared the equation 

of fraction. If we multiply by the product of 4 and 20 (% e 
oy 80J we get o—- \ 

—Sir 

~X 80 = 2^X80 

or —8irx20=9vi . rs\ •' 


*>r —&rx 20=9x4.......(t) 

i.e.. Numerator of L. ft. 8. x Denominator oj k ft S 
^Numerator of R. B. S. X Denominator of h. H. S. 
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The statement is generally true and is called the Method 

of C 'toss MuHipHcation. 

From (i) —6Qx=3G 

.. aJ==— io ==— f* 

23. First transpose — 5 to the other side. Then apply 
Rule 5 or the Method of Cross^multiplication. 

27. -&c4- 4=16 

or — 8 ®= 16—4=12 (Transposing 4] 
or ' — 4 . (Transferring the factor—3] 

33. 2a— 3=43-5 

[Transposing 3 and 4.r) 
(Simplifying] 

(Transferring the factor —2] 


or 2a—x=8x— 28 [Multiplying both sides by 4, the 

L. C. M. of 2 and 4 ) 

or 2 j — x— 8ir=~28 (Transposing 8 a*] 

or — 7a ?=—£8 [Simplifying]; 

or [Transferring the factor—7] 

% 

49. After doing the above exercise, the following steps 
of procedure fbr'solving a simple equation must be quite 
evident :— 

(t) If necessary, clear the equation of fractions and brackets. 

(it) Transpose all the terms xchich contain the unknown 
quantity to one side ofihe equation and the known quantities to 
the other side. 

(iii) Colled the terms on each side. 

(ip) Divide both sides by the coefficient t of the unknown 
quantity (or say , transfer the coefficient of the~ unknown quantity 
to the other side).and the root required is obtaSiied. 


or 

or 

or 



39. 


\x-{a^2a-7 ' 
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EXERCISE 26 

Solve the. following equations and test your answer in each 
case :— 

1. 2a?—5(a?—I)=a?+1. '[Sofa**.] 

2. 4(a?—3)—2a?=a?—9. 3. 4—3{a?+3)=2a?+7. 

4. 6—5(.r—4)—2 — (3a; —14). 5. a;—2(a?+l) — 3(a?+2) = 8. 

6. 2*+3(a?+3)-f-7(a?+9) = 0. 

7. 10-f3(a?-7) —5('a?—S)=0. 

«. x— 2(a?-8)-f 6(a?—3)=3(a?+2) + 8. 

9. 2{a?-f9)-3(a’ + 10)—4(a;+ll)-f 11 = O. 

10. 3(a?4-10)+4(a?-t-8)-5(a?+6)=12. 


Solve the following equations :— 

11. x —[ 2 a;— { 6 —(4— 2a?) > ] = £. [Solved). 

x _j_4_[2+ { j?-(2+*) } ] = J. 

[ 2 a?— { l-(i- 2 a?) } ]-[l- { 1 —( 2 a?— 1 ) ) ]= 0 . 

-[-< -(8+1 -**) )]+[-{ -“(2a?—7) > ]=0. 

—10—[6a? + { 3—(4a?— x — fi)—4 } —2*1=0. 
l-»2(9—4a?>—(5 { a?—(3-f-2a?) > ]=0. 


12 . 

13. 

14. 

15. 

16. 


Solve the following equations , testing your result in each 
case :— 


17. 4a?(a?-2)-(2*-3)>=l-a?. (SWwd.l 
1 $. (a?—7)(a?—8)—(a?—6)®+a?=4. 

19. (a?-f l)(2a?-f-l)—2(a?+l) 2 — 1 =0. 

20. 4(a?—4)(a?+l)—(2a?— 5)* + 9=0. 

.21. 5(a?+4)(2a?+l)-10a?(a?-l)=20. 

22. 3(a?—5)(o?—4)*-*(Sa?‘-’-l)(a?—6)=14. 

23. ( J; —1)(®—2)4-(a?—2)(a?—8)—2(a?-f I) a 4-13—O- 
•24. 3(a?+l)(*-l)-4(a?-l)(a?-2)=(a?+8) a -10.. 

Solve the following- equations and verify the result bij substi¬ 
tution if i each case :— 

# 

»c g ~f re 7 


26. 

28 . 


a?—8 a—4 . 

4 2 


27. *+!-*+« + 


5 


10 


+ 1 = 0 . 


29. 


11 — x — x ~ 1 ° 
10 5 


4 


x. 



74 


3d. 

31. 

32. 

33. 

34. 
35 


,1^+5 *4-1 

X+ ~5 —+ 4 =0 

2a*_3*4-2 *4-3 . 3 
3 ~~ 2 ~ ~ Q ~ ' ~2" =0 - 

2^3' c =0 - 

1 +z+?± 4 -?±5_ 8(*+1) n 

3 4 8 


36 

37 

38 


H^-2)-?<*4-i)4-2(*_i)- =0 

-§^-3)-|(*4-1)-^(*4-3)4- 4 Lo 

|(a:-4)-|(3*-4)-?i±i 

8 


[Him.) 


+ 5 = 0 . 


7x ~ 7^1 ( 5x — 11) = \*(x - 5 j -f- 3 *. 

39 ?(i-4)+ 2 + x - 7 23 ~ 2x 2x-1 


-5 


40 


41 


42 


43 


i/?2L_® \-t 5 * l5x 3 (*-4) 

V V + f-T = 5--(*+»- 

5x ~ () -i(10*-57) 4-|=0 
4--(* + 2) + 4} = 5r- ( l + _ r ~ 2 ) 

[ 2 *- 1 f £ ]=oJ 


44. 


45. 


46 


47 


7 ^-^±i-^= 0 U**i 


iWLir 4 - 


* 


5 


= 24 - 


—^=- _1 4-7 * 

2 |- 3^+ 7 "*- 


(Jfttif.] 


(P C' 702 
(P O 193 
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48. i=5*-17|- feH 


•i 

A 


49 


50 


51. 


•2x-h*I5 2*-05 


025 05 

*—■15 1—*2*’ 

X -35 “07”-°* 

* _0I*—l*5__05*4-*76 
2 12 00 


— 15=0. [J/tnf.] 


c-> . l5r , *027* —-045_*72 01*- 02 
5Z. 15*4- ^-. 


1 . 


SOLUTIONS & HINTS-EXERCISES 26 

2*— 5{x — 1)—*-f-1 

or 2*—5*4-5 —*4-1 [by opening the bracket) 
or 2* 5*—* =1—5 [by transposition] 

[simplifying both sides] 

[dividing both sides by — 4 ) 


or — 4*=—4 

— 4 


or 


*= 


T* 


=1. Ans. • 

Test. If ®=1| L.H.S. = 2—5fl*—U—♦> — 9 a 2 

S* H S = l + 1= 2- TIu,s two sides are equal: there- 
tort the answer is correct. « 

U. *-(2*-{ 6-(4-2*) }]=j. 

L.H.S.=*—[2*— { 6—(4—2*) > ) 

—*—[2*-6+ 4 —2*] • 

=r-[-2] 

=*4-2 

l 

The equation takes the-form - 
*+2=J 

.. *=£—2=$ , Ans 

4*(*—2)—(2*—8) 2 = |_* 
or (4** —8a*)—(4** —12*+9)= l —* 

[Performing multiplications] 


17 
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or 4.r 3 — Si- -4x 2 + \2x — 9 = 1 — x [Opening brackets] 
or 4i 2 — Sx — 4x 2 -f \'2x+x =\-|-9 [by transposition] 
or 5£=10 [simplifying both .sides] 
or x= -Vf- [dividing both sides by 5] 

. = 2. A ns. 

Test. If x = 2, we have :— 

L.H.S. = 8(2 —2) —(4 — 3) 2 = 8 xO —(1) : = 0 —1 = —1 

and R.H.S. = 1 —2= — 1 

The two sides are equal, 

The solution is correct. 

Important Note. In the first step of the work we have 
found the product (2x—3) 2 or (2r—3)(2a: —3) but the brackets 
have been retained and have been opened in the next step. 
Students often commit a mistake here. They write down the 
product as found, changing the sign of the first term only. 
They forget that the minus sign is before the whole product. 
To avoid this mistake,' they should form the habit of always 
writing down a product within a pair of brackets and opening 
the brackets in the next step. 

a?4-4_ir4-6_5x 
2 3 6 

3(x+4)-r2(x + 6) = 5x 

[Multiplying both sides by 12, the L.C.M. of 2, 3 

and 6] 

3a?-[-12 —2x—12 = 5x [Opening brackets] 

3x — 2x— 5x= — 12-j-12._ [by transposition] 

— 4x=0 [simplifying both sides] 

x=-^~ [Dividing both sides by —4]. 

— 4 

= 0. A ns. 

Verification :— 

If x=0, 

L.H.S. = J-§ = 2-2=0. 
and R.H.S. = £=0 

L.H.S. = R.H.S. 

The solution is correct. 


25. 

or 


or 

or 

or 

or 
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Important Note.- While multiplying by 6 m the first step 
of the work, xce have repfaced the bars of the compound fmetiom 
by pairs of brackets. This is a very important device to avoid 
mistakes in signs. A carclevs student will perform tin-, 
multiplication thus : — 

3x +12 — 2r -f V> = r>.r 

forgetting that the whole numerator of the second fraction u 
to be multiplied by — 2 so tiiat 0x( -2) gives —12. 

34. Multiply both sides by 6 (the L.C.M. of 2 and 3) we 
have : — 

8(ar-2)—2(,r+l) + 12(.t— l)= 0 . 

The remaining-process is quite easy. 

Note. While multiplying by 6 a student might multiply 
the outer factor as well as the expression witlun bracket by 

C. This is not an uncommon mistake and must be avoided 

carefully. 

% 


41. Opening the first bracket wc slmll have - I5.r + * 

The possibility of mistake here is to change the sign of — 1. 

It shtmld be noted that-—1 is to be regarded a single 

term (on account of the bar, which has the force of a pair of 
brackets) and the sign of this term has been changed from 

wl to , + * Changing —l will mean changing the term itself, 
which should not be done. 

45. To simplify multiply the numerator and dc- 

nominator by t2 (the L.C.M. of 12. 2 and it). The traction 
then takes the form * £±2. Similarly multiply the numerator 

the next fraction by C (the L C M u | a 
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49 Change each decimal into a vulgar fraction and Or 

equation takes the-lorm of I lie previous tvpe (Questions Nc. 
45 to 4* ) . 


CHAPTER IX 

PROBLEMS LEADING TO SIMPLE EQUATIONS 


50 Symbolical Expressions. 


Simple questions in Arithmetic which can he done at once 
in i single step without any difficulty at all, are apt to 
puzzle a beginner if the figures are replaced by symbols. If is 
desirable to give the students some practice in the symbolical 
expressions arising cut of such simple questions, or mere 
statements, before we proceed to problems. 


Study the following statements and questions very care¬ 
fully. They are given botu in figures as well as svnihols which 
will facilitate their understanding. 


Ex 1. (a) N'mnbei of annas m 3 rupees—3 X 10 = 48 . 

(6) Number of annas in .r rupees = a* x 10= I hr. 

Ex. 2. («) II 3 ;s-taken from •">, what is left ? 

Ans. 3 — 3=2. 

(/4 If <i is taken from b , what is left ? Ans. b—u. 


Ex. 3. ( a ) What must be added to 4 to get 7 ? 

Ans. 7 — 4=3. 

(if) What must be added lo v to get y ? 

Ans. 7 — x. 

Ex. 4. {</) The difference of two numbers is 3 and the 

smaller number is 5 ; find (he other 

.Ans. 5 + 3 = 8. 

[b) The difference of (wo numbers is .r and (he 
smaller number is y , find the other 

Ans. y-\-x. 

Ex 5 (a) The three consecutive numbers, the first of 

which is 4, are 4, a and (J. 

. (i.e.. 4, 4 + 1 an 1 4 + 2.) 

(b) The three consecutive numbers, the first of 
which is a, are a, n + 1 ard a — 2 . 
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Ex. 6. (a) Write down three consecutive even numbers, 

the middle one of which is 10. 

Ans. 3, 10, 12 [i.c., 10-2, 10, 10 + 2.] 

(6). Write down three consecutive even numbers, 
the middle one of which is-2n. 

Ans. 2n—2, 2/t, 2n + 2. 


Ex. 7 (a) The cost of'O bocks at 2 rupees each 

= Rs. 2x6 = Rs. 12. 


Ex. 8. 


Ex. 9. 


(b) The cost of a books at b rupees each 

= Rs. bxa — Rs. ba or Rs. ab. 

\ # * 

(а) A man is 40 years old now. ( i) How old was 

he 5 years ago ? (ii) How old will he be 10 
years hence ? , 

Ans. (i) 40 years — 5 years=35 years. i 

(it) 40 years + 10 years=50 years 

(б) A man is x years old now’, (i) How old was 

be w years ago ? («) How old will he be * 
years hence ? 

Ans. (i) x years— y years — (tf—y) years. 

(it) x yearsH -2 years=(<r+z) years. 

(a) Sinfplc interest on Rs. 200 for 3 years at 5 p.c. 



200x3x5 

100 



30. 


Ex. 10. 

Ex. 11. 


(b) Simple interest*on x rupees for 2 years at y p.c. 



x x 2 x y 

100 




(a) .Distance travelled by a man in 3 hours at 4 
• miles per hour=4 miles x 3=12 miles. 

(b) Distance travelled by a man in a hours at b 

miles per hour=fr miles xa=ab miles. 

{a) Two angles of a triangle are 40 degeees aud 80 
degrees respectively. Find the third angle. 

Sol. Sum of three angles=180 degrees. 

Sum pf the two given angles=40+80 

= 120 degrees. 

The third ang)e= ISO —120=60 degrees. 
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(6) Two angles of a triangle are x degrees and y 
degrees respectively. Find the third angle.' 

Sol. Sum of three angles=:lSO degrees. 

Sum of two angles =n(£+y) degrees. 

The third angle = { 180—(*+y) > degrees 

or (180— x—y) degrees. 

An Important Example : — 

Ex. 12. (a) A number consists of two digits. The digit 

in the tens’ place is 3, and that ia the units* place is 5. Find 
the number. 

Sol. In Arithmetic we have only to write down the 
digits in their proper places. Hence, dearly, the required 
number is 35. 

(b) A number consists of two digits. The digit in the 
teh’s place is x and that in the units’ place is y. Find the 
number. 

Sol. [A beginner is apt to write down the ariswer as xy. 
But this is quite wrong, for, whereas 35 does not mean 3x5, 
xy means x x y. 

The students should note that 85 is only is short way of 
writing 3 tens-f-5 units. i.e., 3x10 anifa+5 units i.e., 

(3 x 10+5) units.) 

The given, number = x tens+y units 

=xx 10 units+y anils 
= (10x-fy) units, qi simply 10 x+y. 

EXERCISE 27 

1 . What must be subtracted from a, so that the re* 
mainder may be b ? 

2. What must be added to x to make 100 ? 

3. By what should x be multiplied to get y as product ? 

4. What number divided by a gives b as quotient ? 

5. In a division sum the divisor is 5, the quotient x and 
the remainder y , find the dividend 

0. W f bat is the excess of 100 over x ? [i.e,, “By how 
much docs 100 exceed x Y” or "By how much it 
100 greater than x ?”] 
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7 What is the defect of 2a trorn 36 9 [i.*„ “By how 

much is 2a less than lib ?”] 

8. SO is divided into two parti. If OLe part is k, what is 
the other ? 

9. If x is one factor of xj , what is the other 1 

10. How many pies are there in x rupees ? 

11. How many pence are there in**a pounds and b shill* 
mi's ' 


12. If r oranges cost one rupee, find the price of n 
oranges. [Hint.] 

iT*. How many rupees will 100 books cost at x annas per 
hook ? 

\4. x years hence a man will be 42 years old. What is 
his present age ? • 

15. m men can do a piece of work in lo days, llow many 
days will n men take to do it ? 

16. How many hours will it take to walk U miles at the 
rate of 3.miles per hour ? 

17. Find the speed of x miles per hour in Icet per second. 

[Hint.] ' 

18. A peon's salary is x rupees per mensem. In the 
month of August he spends y annas dailv* Jj'md his 
savings (in rupees) for that month. 

59. In a class of 5Q boys, x are Hindus, y Muslims, lo 
Sikhs and the remaining Christians. How munv 
Christians are there ? 

' J. Write down 4 consecutive numbers of which a is the 
least. 

21 Write down thr^e consecutive numbers of which k is 
greatest. 

22. Write down threejconsccutive evfen numbers of which 
2» is the largest. 

23. Write down three consecutive odd numbers, the 
middle one being 2n—l. 
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24. The cost price of an article is a rupees ami selling 
price b rupees. Find gain %. [Hint.) 

25. The cost price of an article is x rupees. For what 
price should it he sold to gain y per cent. ? 

26. Find the amount of Ks. .>ctO in 2 years at r per cent 
per annum simple interest. 

27. The area of the (loor of a room is r yds. If its length 
he y feet, find its breadth in inches. 

28. The side of a square room is .r yds. I low many feet 
of carpet y inches wide is required to cover it> (loor Y 

29. The three angles of a quadrilateral are Ml) degrees, a 
degrees and b degrees respectively. Find the fourth 
angle. 

o 

30. The vertical angle of an isosceles triangle is x degrees. 

What is each base angle equal,to ? 

31. A number consists of two digits. If the digit m the 
units’ place tic ."> and that in the tens’ place be n, 
what is the number ? 

32. The digits of a number beginning from the left are j\ 
y and What is the number ? 


HINTS-EX. 27 



Cost of r oranges=Re. 1 


1 orange — Ue. 


I 



etc. 


17. One hour=3<»00 seconds. 
x miles =.rx 1700 x3 ft. 

Distance covered m 3000 seconds =X X 1700 > 3 I t. 
etc. 

24. Clearly, gam on Its. n = Ks, (6-*-«). Find gain on 
Ks. lde. 

51. Problems. 


Problems, which cannot be easily solved by arithmetical 
methods, are extremely simplified by the use of Algebra. 




pk«to simfi.t f.q*'a t t >\*s 
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The method of procedure is a-* follows _ 

(0 Denote the unknnzcn* quantity h>f the teller x. 

(‘O Drprest the other quantities oj the problems oho 
v'jmbolicdU'j ( i.e., m tmvs of x) as explain*! in the last article. 

(Hi) By the conditions of the question . xcrite dozen the relation 
among Ouse quantities in the form of an equation**. 

(re) Solve this equation and get the required value. 

Note. Students must carefully note the above four steos 
in th»tx ; > iC al solutions ot the next exercise, .-tlso, then m'lt 
'* T ‘fj tjuir anszeer m each case. J 

EXERCISE 28 

(I erify your solution in each case) 

Find a numb, r ,uch that jts third may be greater 
than its fifth by l»i. [So/ccrf] cr 

A number exceeds its fifth part by 40 ; find it 

X 2 WCSSCW -“>• i» '■» 

i 5 SSrct ,, ‘jix , ix;»*> *•* 

Find that number the double of which exceeds 7- 

much as the number itself „ below 78. 

isTvide7bv "i n rL" ,,er 4 * t -' ,k< ’ n - a ' ld H>e remamder 
•u d Jiv i i V t l ° < * ,,otlent is t,lcn increased by 8 

S “ , " 1 *'* —“ - t , „UJ the 


1 . 

2 . 

3. 


5. 


Ukt quantity (not that 'who*' n ! ore convenient to denote «on f 

^trfmdiniSiVX todJ***?* ,S "W*** *° ^ found, hy x. 

•Vt solution to Question \*o ITh reqM ' r *‘ d va, " c ° r '■alias fro* 
„ Kr> y >uoa No - o f tl»e next excrete. 

therefore, when fonnin^thr 0 u ' ,Uatjon a relation In-tween port mimics- 
nipces. feet e l*™*™'™* of the quantity 

of x obtained is a ^ al >°* ‘ 

16 years, etc., a£ UTOQ « VaI* ^ l ! ie statements * = • 

Nubstitued for x in tho Nfc °* loe t,ie absurdity if «20 ft Kj* 

>Utement R ^* '*"*“=* ft:-, we get ,< t £ 
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7 A certain number is increased by 5 and then divided 
bv 4 ; the quotient obtained is subtracted from 12 
and the remainder multiplied by G ; the final result is 
12 : find the number. 


8. The sum of two numbers is 74 and difference 12 ; find 
the numbers. [Solved] 

9 The sum of two numbers is 100 and their difference is 
56 ; find them. 

10 Divide 200 into two parts so that half of one part 
may he loss than the other part by .22. 

11. Divide 225 into two parts such that three times one 
part may exceed seven times the other by 45. 

12. D'.ride 120 into two parts such that the difference 
between the greater and 123 may he equal to twice 
the difference between the less and 76. [Hint] 

13 The difference of two numbers is 5 and the difference 
of their squares is 125 : find the numbers. [Hint] 

14 Divide 81 into four parts such that if the first, part he 
diminished by 5, the second increased by 1, the third 
multiplied by 2 and the fourth divided by 3, the 
result in each case may be the same. [Solved] 

15 Divide 178 into 1 parts such that if the first he 
increased by 4. the second diminished by 6, the third 
multiplied by 8 and the fourth divided by 5, the 
result in each case is the same. 

16 The sum of four numbers is 213 ; the first increased 
by 1 2 is the same as the second diminished by 8 or 
the third multiplied by 6 or the fourth divided by 3. 
Find the numbers. 


17. Divide 158 into four parts such that the first may 
exceed the second by 10. the third by 12 and the 
fourth by 20. [Hint] 

18 Divide 11s. 140 among A. B. ( and D so that A may 
get Bs 18 more than B, B Rs. 4 more than C', and C 
Rs 2 less than D. 
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29. A gentleman left Rs. 11000 to be divided among bis 
four sons A, B, C and D ; B was to have twice as 
much as A, C as much as A and B together, and D as 
much as B and C together. How much had each ? 

[Hint] 

20. A sum of money is distributed among three persons 
A, B and C. A and B together - get £108, A and C 
together £05, and B gets £22 less than twice L"s share. 
Kind the share of each. {Hint] 

21. A sum of Rs. 10000 was divided among four persons, 
so that the first and second together received Us. 5(100, 
the first and third together Rs. 5200, and I he first 
and fourth together Rs. 4+00 ; find the share of each. 


22. Kind three consecutive numbers whose?sum is 00. 

. I H'tnl) 

23. Kind five consecutive even numbers whose sum is 100, 

[Hint] 

24. Find six consecutive odd numbers whose sum is 180 . 

• . [Hint] 

25. Find two consecutive numbers, the squares of which 

differ by 41. 

26. Kind two consecutive even numbers yhose squares 
differ by 52. 

27. Kind two consecutive odd numbers whose square's 
differ by 80. 


28. A sum of Rs. 4 Gas. is made up of 180 coins which 
are either annas or pies ; how many are there of 
each ? [/7mf] 

29. A sum of Rs. 13 7as. is made op of 433 coins which 

are either two-anna pieces or pice ; how many coins 
are there of each kind ? - 

3°. A sum of .€810*. was paid in crowns, half crowns and 
shillings, lhe number of half crowns was four times 
the number of crowns and twice the number of 
sniffings I how many were there of each ? 
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33. 

34. 

35. 

36. 

37. 


38. 

39. 

to. 


A person meeting a company of beggars gave four 
annas to each and had one rupee left ; he found that 
he should have required twelve annas more to enable 
him to give the beggars six annas each : how many 
beggars were there ? [Hint ] 


A labourer is engaged for 30 days on (he condition 
that he receives 2s. 6 d. for each day he works and 
loses ljr. for each day he is idle. He receives £2. 7s. 
in all. For how many days was he idle ? [Hint.] 


A is twice as old as B ; 12 years ago he was five times 
as old ; what arc tfieir present ages ? [Solved.] 


A father is four times as old as his son : in 20 years 
he will only be twice as old ; find their ages. 

The sum of the ages of A and B is 00 years, and 1(> 
years hence A will be three times as old as B ; find 
their present ages. 


A father's age is three times the sum of the ages of 
Ins two children, but 20 years hence his age will be 
equal to the sum of their ages ; find his present age. 
[Hint.] 


A father's age is four times as much as the sum of the 
ages of his three children, but six years hence his age 
. will he only double the sum- of their ages ; find his 
present age. 


A and B begin to play each with Rs. 120. If they 
play till A’s monev is doulc B*s, what does A win t 
[Hint.] 

Two persons A*rind B engage at play ; A has Rs. 144> 
and B Rs. 104 when they .begin ; at the end of the 
play A has three times as much money as B has : 
how much did B lose ? 

A and B have Rs. 1G0 between them. If A gives to 
B one-third of his sum, he will be left with one-third 
of what B will then have. How much have A and B 
separately ? 
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41, A has Rs. 500 and B Rs, 240 ; A spends twice as 
much as B does ; then B gives Rs. 45 to A ; now A’s 
money is three times B's money ; find the sum spent 
by each. 

42. A number consists of two digits, the sum of which is 

10 . If IS be added to the number, tl>e digits are 
reversed. Find the number. [-So/m/.] 

43 A nnmber consists of two digits, the sum of which is 

11. If 45 be taken from the number, the digits 
change their places ; find the number. 

44. A number of two digits is subtracted from the number 
formed by reversing tfre digits, and the remainder is 
18. Il the digits differ by 2, .find the number. 

45. A number consists of three digits which decrease by 1 
from left to right. The quotient of the number when 

sum of the digits is 48. Find the 

number. 

• i 

46. A number consists of two digits, the digit in the units’ 
place being greater than that in the tens’ place by 8. 

* ,(digit be annexed to its left equal to'the 
digit in the tens’ place, the new number of three 
digits would be 9 times the original number. Find 
the number. 


47 


48 


49 


SO. 


A person had Rs. 2000, part of which he lent at 4 
per cent and the rest at 5 p.c. ; the whole annual 
interest received was Rs. 88. How much was lent at 
4 p.c. ? ISo/m/.] 

A sum of Rs. 1000 is lent for 8 years, partiv at 4 p.c, 

** 6 P c - simple interest ; the total interest 
received,is Rs. 156 ; find the part lent at 6 p c. 

o » n o !:!!”? ° r . Rs - 2025 « 1 Partly to A for 2 years at 
p.c. simple interest, and partly to B for 3 years at 

A be m jf rest - If interest received from 

find fi 8re te, J fc ^ an that received from B by Rs. 18, 
find the sum lent to each. * 

ir P „ erS i 0n . ?? ent Rs ' 5134 in Wi»8 tables and chairs 
If eaeb table cost Rs. 7 and each chair Rs. 3, and the 
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total number of articles bought was 108, how many 
of each did he buv ? 

51. A person bought two cars for Rs. 0000. He sold one 
at again of 10% and the other at a loss of 8%. If 
he gained Rs. *216 on the whole, find the cost price of 
each car. 

52. A person bought 102 eggs, partly at 3 for an anna 
and partly at 2 for an anna ; by selling all at the rate 
S annas per dozen, he gained Rs. 1. lOas. ; find the 
number of eggs bought in each lot. 

53. By investing Rs. 4000 partly in 6 per cent stock at 
120 and partly in 4 p.c. stock at 88 I get an annual 
income of Rs. 187, 8as. How much, do I invest in 
each kind of stock ? 

54. A man travelled a distance of 40 miles in 0 hours and 
40 minutes, partly on foot at the rate of 3 miles per 
lioui 9 and partly on bicycle at the rate of 7 miles per 
hour. Find the distance travelled on foot. 

55. 280 candidates appeared at an examination : the pass 
percentage of boys was 70 and that of girls 33, whlie 
the general pass percentage was GO ; find the total, 
number of girl candidates. 

I 

. t 

56. How many pounds of tea at 2s. 3d. per lb. must he 
mixed with 12 lbs. of tea at 2s. 11 d. per lb. so that 
on selling the mixture at 2s. 9 d. per lb. there may be 
a gain of 10 % ? 


57. The length of a room is greater than its breadth by 
8 feet. If the length be increased by 2 feet and the 
breadth decreased by 3 feet, the area decreases by 
50 sq. ft. .Find the length and breadth. 

58. The length of a room exceeds its breadth by 7 ft. If 
the length be increased by 5 ft. and breadth diminish¬ 
ed by 3 ft., the area remains unaltered. Find the 
dimensions of the room. 



PROBLEMS LEADING TO SIMPLE EQUATIONS 

59. If a man walks at the rate of 3 miles per hour, ho 

reaches his destination 10 minutes too late : li r.e 

walks at the rate of 4 miles per hour, he reaches l.» 

minutes too soon ; how far is his destination ? [Hint .] 
♦ 

60. Each base angle of an isosceles triangle is double the 
vertical angle ;• find the vertical angle. [Hint.] 

61. Three of the angles of a quadrilateral are proportional 
to the numbers 2, 3 and 4 and their sum is four times 
the fourth angle. Find all its angles. 

62. ABC is a triangle ; AD is the bisector of angle A and 
AE the perpendicular to BC. Prove that angle DAE 
is equal to half the difference of angles B and C. 
[Solved.] 

63. In a triangle ABC, the internal bisector of angle B 
and the external bisector of angle C meet in D. 
Prove that angle BDC is half of angle A. 

64. ABCD is a cyclic quadrilateral ; angle A is twice 
angle B and four times angle C ; calculate the angles 
of the quadrilateral. [Hint.] 


SOLUTIONS & HINTS—EXERCISE 28 

Step (/) Let the required number be x. 

Step (if) Third part of the number=-~. 

Fifth part of the number — -.-. 

5 

Step (iit) By the condition of the question — is 

8 

greater than by 1G. 

Therefore, if we add 16 to it will become equal to —. 
Hence we have ^ 
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Step (iv) Let us solve the above equation. We have :_ 

5ar=3^-f 240 [Multiplying both sides 

by 15] 

or 5^-3.7=240 [By suitable transposition] 
or 2.7=240 [Simplifying L.H.S.] 

240 

°r x= ~ [Dividing both sides by 2] 

= 120 

The reqd. numbcr= 120. Ans. 

0, ' c - th , i «l of )20i S 40 and one-fifth is 24 
"seor^t S ® " a " 2 y10, therefore thc solution 

6. Let the reqd. number be r. 

Taking 4 from a: we get the remainder *-4. 

Dividing the remainder by 3 we get the quotient *—* 

Increasing the quotient by 8 we get 

Dividing this result bv 5 we get the quotient 

) 

. J )ut this result equal to 4 and solve the equation thus 
on tamed. | 

8. Step (t) Let the smaller number be x. 

' Step (ii) The other number is greater than this bv 

12. Therefore it is x+ 12. 

Also, sum of the two numbers=a*-r/.r4-l‘>l 

= 2.r+12. 1 ' 

Step (tit) By the condition of the question * 

2^+12=74. 


Step (tv) 


L>X ~r 2~ 12 transposition] 

02 

x ~ [Dividing both sides by 2] 
«31. 


4 
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The smaller number=31 ) 

and greater number=31+ 12=43 \ Ans. 

Verification. Sum of 43 and 31 is 74, and difference is 12, 
therefore the solution is correct. 

12. A hit of common sense has to be used in the question. 
Suppose the greater part is x. Now, what is the difference 
(Arithmetical difference, of course ; not Algebraical) between 
a: and 12S ? Is it «r—128 or 128—a: ? Clearly, x is less than 
the whole (120) and therefore it must be less than 12*. 
Hence this difference is 128— x. Similarly, consider the othei 
difference, 

13. If one number is x, the other must be ,r+5. 

• • 

14. Step ( i ) Here it is more convenient to suppose the 

• result in each case* to be x. [See Foot 
Note, Art. 51]. 

Step (it) First part—5=®, whence First part 

=®+5. 

Second part+l=®, whence Second part 
' . * —x — 1. 

Third part x 2=2, whence Third part 

_ x 

. 2 

Fourth part+3=.r, whence Fourth part 

— 3x. 

Step [Hi) The sum of the four parts should be equal 

to 81. 

(£+ 5)4 (*— 1 ) H —-- + 3®=81 . 

Step (iv) or 2,r+10+2.T-2+*+6*=162 [Multiply¬ 
ing by 2] 

or 2®+2®+®+6®=162 — 10+2 [By trans¬ 
position] 

or 11®= 154 [Simplifying both sides] 
or ,t=14 
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V First. part= 14-4-5 = 19' 

Second part = 14 —1=13 

Third part= y = 7 j* 

Fourth part = 3x 14 = 42 j Ans. 

[ Verify the t-olulion]. 

17 . Let the first part be x. 

fhen, the second part *=.r—10 (V the second is less 

, than the first by 10) 

Similarly, the third part = a:—12 
and the fourth part=.r—20. 

19 . Suppose A got R s . x 
Then, B „ Rs. 2x 

V ,, Rs. (x-}-2x)=Rs. 3x 
19 ,, Rs. (2.r-f-3x) = Rs. 5.v 

etc., etc. 

20. Suppose A gets £x 

R >> £(108— x) ('.' A and B get *108] 
and C „ £(95—x) [v A and C „ £95] 

twice C‘s share=£2(95 —x). 

B gets £22 less than this. Hence, if we subtract £22 
from it, the remainder must be equal to B's share. This 
gives us an equation. 


22. Let the consecutive numbers be x, a; 4-1 and x~2 
for, better, x—1, x and a?+l. Attempt both ways.] 

23. Let the consecutive even numbers be 2u., 2.r-*-2. 2x-f-4, 
2x-f6, 2x +8 [or, much better, 2x —4, 2x—2, 2x, 2x-f-2, 2X-J-4], 
where x is an integer. 

Note that each of the numbers supposed must be divisible 
by 2. Also each number must be greater than the previous 
one by 2. 


24. Let the consecutive odd numbers be 21-4-1,2x4-3, 
2.r4-5, 2x4-7, 2x4-9, 2x4-11, [or, much better, 2x — 5, 2z — 3, 
2.r— 1, 2x4-1, 2x4-3, 2x4-5], where x is an integer. 
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Mote that each of the numbers supposed miict leave:» 
remainder i when dh.u.d by 2. Also each r.umh-f must 
be greater than the previous one by i. 

25. Let the number of annas be .r 

Then, the number of pies = 180 -x. 

Write down the value of ,r annas in pies ; add tb:* to 
ISO—.r pies ; the sum obtained is equal to the number ot 

pies in Us. -i, Cas. 

31. Let the number of beggars be ,r. 

The sum given away to bcggavs=las. x a = 4.r as. 
Sum left=16as. 

/. The sum he had=(kr-r 1C) annas. 

Similarly, find the sum he had, from the ether condition 
of the question. 

Equate the t'.vo. 

22. . Suppose he was idle for a 1 days; 

therefore he woiked for (30— Sc) days. 

His wages for 1 working day =Goe/. 

„ „ (30— x) „ =30(30-.rM. (!) 

Fine for one day’s absence =12 </. 

». *» ® *» »i =1 2x d. ......(?0 

Subtracting (it) from ( i) we get the sum be received. 
Kqu »te this to the given sum. 


33. ‘Step (i) Let B’s present ng. b? .r years. 

‘ Slip (ii) A’s present age ~xx 2 or 2,: years. 

A’s age 12 years ago=(2x—12) years. 

and B’s „ „ „ 12) years. 

# 

Step (iii) By the condition of the question (2a:— 12) is 

five times (#-1^2). Therefore if wc multiply 
a ;—12 by 5 it will beco.ne equal to 2a: —12. 
Hence wc have :— 

2#—12=5(*r— 12) 
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Step (tr) 


.. 2x—V2— ox— 60 [Opening the bracket] 

or 2x — 5x= — 60+12 [By suitable trans¬ 
position] 

or — 3x=— 48 [Simplifying both sides] 

_48 

or x = [Dividing both sides by -3] 


= iq 

B’s present age = 16 years > 

and A’s present age=16x2 or 32 years. [Ans. [Verify.] 

36. Suppose the father’s present age=x years. 

The sum of the ages of ihe two children = -- vears 

3 • 

20 years hence, the father’s age = 2 + 20 years 
and the sum of the ages of the two children 


etc. etc. 



— ^ —h +0 jyears 

20 )yearsJ(\Vhy ? ) 


38. Suppose A won x rupees. • 

A’s money atjthe end of the game = Rs. (120 + x) 
and B’s „ „ ^ =R S . 120—*) 

etc. etc. 

# 

42. Step (i) Let the digit in the tens’ place be x. 

Step (it) The digit in the unit’s place= 10 — x. 

The value of the numbers* tens+(10— x) units 

^ • 

f For fuller explanation ^ =10* units + (10— x) units 
{ of the st (t\), see Art. 50, S-=(10 x +lg-x) units 
l solved Example No. 12. J =(9* + 10) units, i.e., 9*+ 10. 


When 18 is added to it, the result=9* +10+ 18 = 9*+28 



Also, if the digit* are reversed, that is, if x goes to the 
unit’s place and 10-x to the ten’s place, the vahie of the 
th.» numbers 10(10—*)+*= 100 — 10x+a = l 00 - 9 x .(M 
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Step (Hi) By the condition of the question, the results 

(a) and (6) are equal. Hence we have ; — 

9^ + 28=100 — 9^. 

Step (iv) 9,r+9:r=100 — 28 [By suitable transposition] 
or I8x=72 [Simplifying both sides] 


or 


72 

x = — [Dividing both sides by 18 
18 

= 4 


The digit in the ten's place = 4- 
and „ unit's ,, =10 — 4 = 6 

The reqd. number =46. Ans. 

[ Verify the solution.) 

*7. Step (i) Suppose the sum lent at 4 per cent =’Is. x. 
Step (i() /. The sum lent at 5 per cent = Rs. (2000— x) 
The annual interest received from the former 

= Ks - Tor = Rs -25- 

The annual interest received from the latter 

(2000 —j) X 5 X 1 _ 2000— .r 

166 ' ~ “ KS * 20 " ' 
Total annual interest received 

n / x a,2000— d'\ 

-Rs ‘ (25 + 20 )• 

Step (Hi) Clearly, by the condition of the question — 

~— == 88 . 


2d 


20 


Step ( iv ) 4*+l0000-51!=8.800 (Multiplying by 100] 

or 4x —5.t= 8800—10000 [By transposition] 
or — x =—1200 [By simplifying both 

sides] 

or #=1200. 

The sum lent at 4 per cent = Rs. 1200. Ans. 

[Verify the solution.] 

$9. Let*the destination be at a distance of x miles. 

Time taken to cover x ritiles at 3 m. p. h.=-^ hours 
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... ,, . — 20/e minutes 

Sji!ni,ar, y » j> 4 „ —15a: minutes 

The proper time which should have been spent is found 
either by subtracting 10 minutes from 20.r minutes oi adding 
15 minutes to 15a: minutes. Equate these two values 

60. Suppose, tl»e.vertical angle=.r degrees. 

Each base angle =2.r degrees 
The sum of the three anglcs = lSO degrees 
The equation is obvious. 

62. Let ' a 

ZDAE-.r * 

* degrees ^N. 

Z B =™ / \X 

zc= " -• A x\ # °X 

[Note that m / ? \ ^X. 

and u arc.known J y \ <- n. 

quantities] / <* • \ 

In A AED, / \ X. 

/ AKD-00 / A \ 


x 


c‘eg fees 


-YY^ 




/ \ HE = *— 1 -:-----I-X 

( .0-,) degrees £> E S> C 

Similarly, ABAE = (90—m) degrees 

Also, side CD of A ADC is produced, 

ZDAC=ZADE-AC 

= (00—a — n) degrees 

Now, *.* AD is the bisector of ABAC, 

ABAE-f AKAD= ADAC 
Y (00—m)+a:=90— x—n 

or x-\- ,rs=90 — n—90+>» [By transposition] 

or 2x=m — n [Simplifying both sides] 

or x= m ~ 1 1 [Dividing both sides by 2] 

ml 

ABAE=lmlf the difference of angles B and C 

[Q.E.D.] 

64. Note that AA+AC=180 degrees, 
and' AB + A D = ISO degrees. 
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CHAPTER X 

SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE 
WITH TWO UNKNOWN QUANTITIES 

52. Given an equation m two unknown quantities, we 
tan rind ns many pairs of values of those quantities satisfying 
the equation as we please 

Take, for an example, the equation .t + 2i j—5, or. which 
is the same thing. x~5—'Zy 

l r we put y=0. wc get x=o , therefore the values j=5, 
y ~0 satisfy the equation. 

If we put y=l, we get a=3 . therefore the value> u =3, 
y= I also satisfy the equation. 

Similarly, by giving any other value to y we eun ««■» the 
ooriesponding value of x, so that the pa.r of ,Jue> thus 
determined satisfy the given equation 

53. Now suppose wc arc given two equations in the same 
two unknown quantities. Then, the pairs of values of these 

quantities which satisfy, both these equations are limited in 

and if the equations are of the first degree in those 
equrtlons 8 ’ ^ ^ ^ ?air °f valuc * s,,tisf > ing the two 

^ Consider the equations x+ 2r/=5 and 7a:-3y=rl 
equations'are V x=l* y= 2 . * Whlch S “ tisf >' bot “ 

articles'^ ! ° SUCh Vahie * * CX J >,ai ' ?d the following 

This is an example of Simultaneous equations of the fir*i 
degree with two unknown quantities. J * 

Can , huve sim ^taneous equations of the 
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Wc shall illustrate them hy solving the equations of the last 
article, viz. • — 


x + 2y — 5 
Tx—3y= r 


(O 


Method I. 


From (i) we have r=5— 2y [By transposing 2y\ 

Substituting this value of x in (if) we get 
7(5— 2y) —3y— I 
or 35-14?(-3f(=l 

or -!4y—%=l-:i5 

or —17;/——:J4 

or v—- 

Substituting the value of y in[(t) we have :— 

*+?y?=5 
or x+4=5 

or r=5 —4=1 


x=l J 


Ans. 


Wc may state the above method in words :— 

Step (£) From either equation express one of the unknown 
quantities in terms of the other. 

Step (ii) Substitute this value in the other equation 

Step (Hi) Solve the resulting simple equation . thus getting 
th * value of the unknown quantity involved. 

Step ( iv ) Substitute this value in either of the given equations 
and get the value of the other unknown quantity . 

Method 2 


From (i) r 
From («) 7x 


5 — 2ff 
I 4- 3t/ 

»+a» 

7 


( til ) 


(iv) 




simultaneous equations 


> 


* 


Equating the two values of x from (ui) and (io) ;— 

5 - 2 »=^ 

or 35—i4y= 1 -\-Sy [Multiplying by 7] 

or—14y—3y=I—35 
or — L7y== —84 
or y=2 

The value of x can now be found as in Method 1 

This jnethod, stated in words, is as follows :_ 

Step (t) Express-either of the unJcnoion quantities in 
of the other from each equation. *' 

Step (m) Equate the two expressions thus obtained. 
Steps (iii) and (ir) as in Method 1. * 

Method 3. 


terms 


Eq. (0 x 7 gives 7x4-14t/=35 
Eq. (ii) is 7.r— 3y=l 

Eq. (3) - Eq. (4) gives 17^=34 

y =2 

The value of x can be found, as 
this value of y in (t).or {ii). 

Or thus :— 

Eq* (0X3 gives 3a?+6f/ = i5 
Eq- (u) X 2 

Eq. (5)+Eq. (6) gives 17.r=l7 


(3) 

(*> 


before, by- substituting* 

a O 





substituting this value of x in (i) we get 

44-2y=5 

or 2^=5—1=4 

or J /=2 

™ l^ph^Eq" (7)"by ^so that the^T ^ thiS Method - We 

■**"“ ^ ssri-sf’sti; t£.s 
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the two equations so that the terms in x may disappear and 
ue may be left )vith only one unknown quantity whose value 
can be found by the methods of the last chapter. 

In the second solution wc tried to get rid of y [how ?] 
and proceeded similarly. 

lienee Method 3 may be stated as follows :— 

Step (i) Multiply the equations by such numbers as will 
make the coefficients of otic of the unknown quantities in the 
resulting equations nunierically equal. 

Step (ii) Add or subtract the resulting equations to get rid of 
of that unknown quantity. 

Step (tit) and (tv) as before. 

Note. It depends upon the nature of the given equations 
: as to which of the above three methods should be preferred. 
However, Method 3 is generally found most convenient.- This 
point can be understood in detail by a careful study of the 
typical solutions of the next exercise. 

Method 4 will be discussed ip the next artiele. 

EXERCISE 29 . i 

Solve the following simultaneous equations and verify your 
solution in each case :— 


4*—3f/=5 

3a:—6 =0. [Solved] 

%=«• 

i 

2.T—8//-p3=0 

•>T * 

iX -2 = 0 . 


11. 


&v—4y=l 
Ax— 12=0. 


2*+3y—10=0 

*+4=0 / 


—2x+’6y=l4. 


$ 




2x—y=7 8. 

3*4-//= 3 . [Solved] 
8x-ry= — 1 . , 10 

4.u4-$/=6. [Hint] 

x— 31/4-10=0 12 

Ay—x —24 = 0. [Hint] 


3x4-.v=10 n « 

2x — y— 10. r ? 

*+ 2 "=S I | 

x+5y=0. U <. 

3a?— 7 =18 r ; ^ 

y-2x=- it'* 


>- 

a 

< 

ex 

CD 


o. 


55 
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IOJ 


.13 

a r—20=20 

14. 

2x-f 30 : 

= 18 



304-4x-4 = 0. [Sofettf) 


5r-%-7 

= 0. - 


15 

r- 

II 

a 

1 

s 

16. 

3x-‘2iy: 

= 19 



5x— %—4 = 0 

7 x+%—*23= 

=0. 


17 

3i/-7x-r 10=0 

18 

4r-4-3v: 

V . 

=22 



jc —20—3=0 . - 


5i/-^3x-f 2 = 

= 0.' 


IV 

ax~2//=7 

20. 

2x4-30--4=0 



5»/-r4x=17. 


5y4-7z=25. 


21 

1 -r 7 1 /—5x=0 

22. 

7 x — 3y=~-*- 30=8 


4 

-1 

h 

1 

11 

O 

• 





23 

x-H-2y+10=7ff—5i/ + 13 = 0. 



24 

3x 4- //=2x—5 y = 17. 





25. 

ox— 1004-9 = 10x4-140 

-31 

t-O. 



26 

4x—2//=Ur 4-20—1=7 





27 

43w— 15x4-2=0 

28. 

. 34x4-131/ 

= 178 



25x—530=22. [Hint) 

51 x—Ity 

=330. 


29. 

332 —17 y = 32 

30. 

150-10X 

-r3 = 

O 


44x—190=50. 


24x—170 

-21 = 

0 

31 

1 -t-17x-|-180 = 0 

32 

212 — l9t/ 

— K = 

0 

• 

% 

•>4-240-j-19x=O. 

4 


230— 2Sx 

-f 20= 

0. 

33. 

/x- r 4i/= 11 

34. 

4(x—0)= 

3x-»-0 

-7 


35 


36. 


[Hint) 


■ V' -* 27 

5a*-f// = 6 j — l 

3 2 “ 3 (Wm/J 


3(x-3)-^+'=0- t .3= i * — 

i) 

-- 13x —50 _‘ 6 {fcx- 0 ) . 

37 * —o—- 6 —— 

38. 9*—f( 0 —2)=5x—$( 3 - 0 )= 6 . 

39 i( 4 x- 3 y) 4 - 5 = «(x-3) 40. ftr-i/)-4(*+i/) 

* A(5a—2 j/)4-8=10(i/- 3). i '(ar+r/)+ 1 *(.r-i/)4-Xg 

41 »( 2 x+i/+l )=0 ' 

4 -3<*-»/)=2(x-40) 


* 

0 



K» 

42 

43 . 

44. 
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l(4^-3/,) + J=6(5j--2t/). 

K* -T- 3^) - £(Zr 4 %) + = 0 

h( x +y) + My + 5) -6 =(j. 

2*-1(%- 1) =3.^ 4- l(ar- 2v) 

♦y-i(5-ar)=C-i(3-2v). ‘ 


45 


47. 


49 


51 


53. 


8 

t +2» = 7 

46. 

f + % = 8 

~-%=C. 

-10?/=56 

X • 

15 

— -4y= I 

~+ 7 n- J - 

48. 

•% 

f % 

2a:— — =28 

y 

n 

4j+ — = -9 

y 

o 

2a-+ c=2 

y 

50. 


5x+~ —55=0. 

y 6 


^-+- 6;,=2J. [ Hint) 

-L+JL q5 

5* + 9 

52. 

1 + i -H- 

—!—f- JL c= i4 
&r ^ 


5 X + a; 32=0. 

C T> 

II 

m 1 J5> 

1 

W |S 

54. 

3 + 2 -» 
x y 20 

to + “0- {-SotorrfJ 

±4- “-f 
* y 

- - - — =7 

a* y 

56. 

2 + — 
x 2y r 

5 9 

— + —+AA=0. 
a- y 

- 

I + _L =u 

!/ ar y 


55. 
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i7 J-- 

y 

2 —29 sa 

X 

5 

2x 


3 

4X 

1 -f-4 —o 

2r/ 

8 

X 

- ±=14j. 
I0y * 

SOLUTIONS & HINTS—EXERCISE 29 

1 4x— 

•3rr=5 

• 4 

.(0 

3x— 

0 =0 


.<*> 


From (ii) 3x=6 [By transposition j 

Substituting this value of x m (?) we have 
S—3 y=5 

or — 3y=5~H~ —3 

or y=l. 

'• »=i I *»■ 

Verification :— 

When x=2 and y= I, 

L.H.S. of Eq. (t)—4X2—3X1-K-3 — 6. which 
to B.H.S. 

/. Eq. (?) is satisfied. 

Again, L.H.S. of Eq. (ii)=3x 2—6=G—0=0, 
equal to R.H.S. 

/. Eq. (it) is also satisfied. 

Hence the solution is correct. 


2x-y=7 .(i) 

3 .(ii) 


Adding (i) and (ii) we have 

5x=10 

x=2. 

Substituting this valne of x in Eq. (ii) we get: 
3x2+y=8 




is equal 


which is 
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6-f j/=3 

y=3—6= -3 

#= -3 I Ans ' 

Verification :— 

When «r=2 and y—— 3, 

L.H.S. of Eq. (£)=2 x 2—(—3)=4+3=7, which is equal 
to R.H.S. 

Eq. (i) is satisfied. 

Also, L.II.S. of Eq. (ii)=3 x2+(—3)=6—3=3, which is 
equal <*o R.H.S. 

/. Eq. (it) is also satisfied. 

.’. The solution is correct. 

9. Subtract the equations so that y may cancel out. 

11. Arrange the second equation properly, that is, write 
it as :— 



—jH-4v-24=0. 
— * 


13. 3x_2i/=20 .(t) 

. 4j?-f 3»/=4 .(ii) [After suitable arrangement) 

Eq. (0*3 gives i)x—6y— GO* . (Hi) 

Eq. (it) X2 „ 8x+6i/=8 .(tw> 


Eq. (m)q-Eq. (*u) gives I7;r=f>8 

a*=4 

Substituting this value of x in (ii) we get :— 

16+3y=4 


• 0 


Verification :— 

When x 
L.H.S. of (i) 


3y =4 — 16=—12 
>=-* 

1=4 [ Ans. ' 

y= —4 \ 


4 and //=— 4, 

12—2(—4)=12■4-8=20 

R.H.S. 
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V. Eq: ( i ) is satisfied. . 

Also, L.H.S. of («) = 16—12=4=R.H 
Eq. (ii) is also satisfied. 

The solution is correct. 

22. The two given equations are :— 

7x—3t/=8 ) 
x+3y—8 f 

27. The given equations are 

-15x-f-43t/=—2 .(i) [After suitable arrangement] 

25x-5dy.=22 . (ii) 

To get rid of y we have to multiply the equations by large 
numbers, viz., 53 and 43 respectively. Therefore we try to 
«et rid of x. .For this purpose we need not multiply by 25 
and 15. Take the L.C.M. of 15 and 25. It is 75. Multiply 
the equations by'such numbers as to make 'the coefficient of 
x in each equation equal to 75 (disregarding the sign.) These 
numbers arc evidently 5 and 3, etc., etc. 

33. Simplify the second equation after removing brackets 
and put it in the form .of the first equation. 



We may take any one of the following pairs of 
equations :— 

Or Or 



Suppose we take the first pair. 

Multiply the first Eq. by 6 toget rid of fractions, simplify, 
and arrange suitably. 

Similarly deal with the second equation 
Then solve as before. 
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45. 


£ 

x 


\-2y=7 


to 


—- 8 i /=6 . (*0 

x • 

[It is quite apparent that we can get rid of y more 
conveniently.) 


Eq. (t) X 4 gives 

12 

y 

+Sy=28 

.(iii) 

Eq. (it) is 

5 

X 

<0 

II • 

00 

1 

. (iv) 

.» 

By addition 

17 

~x 

=34 


* • 

1 

X 

II 

[Dividing by 17] 

» • 

X 

II H 

• 

[Inverting both si 


Or, after addition, we may proceed thus :— 
By cross multiplication, 34a:=17 X1 

*=jj=i 

Substituting this value of x in (i) we get:— 


or 

or 

or 


Y + 2 y= 7 

6+2y=7 

2 ^= 7 — 6=1 

‘ y=h 

l 

v Ans 


Verification :— 


When x={ v y=\ r 

L. H.S. of (a) =-f-2 x f=6rf I=*T=R. H. SL 
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.*. Eq. (t) is satisfied 

Also L. H. S. of («) = - -S x ^ 10-4 H S 

.. * Eq ( ii ) is also satisfied 
.*. The solution is correct 

50 Multiply Eq. (i) by 3 and Eq. {it) by 5 to get rid *>f 
numerical fractions. Then proceed as before. 


53. -A - -_ 5 - = ?, .(i) 

5x 7 y k 9 

2 | 15 «e # ... 

+ .<"» 

Eq. (0 x 35 gives —y =2 . (Hi) 

Eq. (i*) X 86 „ —+™ 5 «35 .(io> 

x y 

(L. C. M. of 25 and 135 is 675 ; To get 075 ut have to 
.nultiply 25 by 27 and 135 by 5} 

Eq '(iii) X27 gives "54 . . .. .{v) 

Eq fir) v 5 .. ~4-^ = i75 

z y 1 ' 

Eq. (v) 4- Eq. (vi) gives 

fiy cross multiplication 229x«=€87 

*=Ui=» 

Substituting this value of x in (its) u-e get • 
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or 

*8 IS 

II 

|Changing signs of noth sides) 

or 

O 

ll 

o' 

|Rv cross multiplication) 

or 

II 



s 

II II 

o» CO 

* 

i Ans 

Verification 

— 


Whe'n r—3 

and y—5. 


L H S <>f 

(>)-_ 3 - 
oX3 

= * -4 = ^=H. K S. 

7 y ;> • • 


Eq. U) is satisfied 


Also, L H S. 0 f(i/)= i ^-+ i -^L=g + J=|g=B. H. S. 


Eq. (ii) is also satisfied 
The solution is correct. 


55. Method of Cross Multiplication. 

This is the fourth method of solving the equations of this 
chapter. We shall explain it by solving the equations .— 

ax+by+c—0 .(i) 

lx-~rny-\-n—0 ..(ii) 


Where the coefficients a, b, c. /. m. n stand for known 
quantities. 

Set down these coefficients a** in the scheme below :— 


(3) 

(1) 


X 



(3) 

( 1 ) 


i 

[Note that in each line we have begun with the second 
coefficient, which is followed by the third, first, and second 
again. That is. the coefficients have been written down 
in order beginning and ending with the 2nd This can be easily 
memorised by the aid of the number 2312 There is „o harm 
i 1 the method is nick-named " 2312 Method ”] 
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Now multiply the coefficients across in the way indicated 
by the arrows/and subtract the product formed vnascendxng. 
from the product formed in descending. We get . 

' bn-cm, cl—an, am-bl. 

Put down these expressions as the denominators of*, y 
and 1 and equate the fractions thus obtained ; this gives 


x 


_ y 


bn—cm cl—an am bl 


From these wc easily get 


x— 


bn—cm T 
ain—bl 


cl—an 


Ans 


^ . am—bT 





' 

[Explanation of the last step. V ' Sm^bt 

\ 

by transferring bn — cm to R. H. S., where it must 


bn—cm 

appear in the numerator, we have Q m 'Z_bf * 


Similarly, from 


y _ i 

cl—an am—bl 


we have 


cl—an 
am—bl 



Proof :— 

Multiplying equation («) by in and (it) by b we get :— 
amx+b m y + cm—0 
blx -f- bm y + bn =0 

By subtraction, 

amx—blx -pcwi— bn=0 

’ »' .t* J f - • • • 

or \amx—blx=bn—cm [By transposition] 

or (am —bl)x=(bn —citi) 

x . _ 1 [By transferring am—bl to 

Im—cni am—bl R*H.S. and bn— an to L.H.S. 



no 
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Similarly, 


y _ 


1 


cl—an am—bl 


bn—cm cl—an am—bl' 

*6. We shall now illustrate the above method by solving 
some particular cases. 

Example 1. Solve the equations :— 

4.r—5r/=22 

4y+3z=l 
Solution : — 


IWc must put the equations in the same form as the 
equations of the last ariticle : that is. R. H. S. of each should 
be 0 and like terms should be in the same column. This step is 
very important and should be carefully understood.) 

Re-arranging the terms we have 
*r-5y-22=0 (-5) (-22) ( 4 ) (_*, 

Zx+iy- 1 =0 (4) ( 1 - 1 ) ^^( 3 ) "^( 4 ) 

By cross multiplication. 


_ ± _ _ _ y __ 1 

( —5)( —1)—(—22)(«) (-22)(3)-(4)(-lf (4)(4)-(-5)(31 


or 

or 


_ y 


5 + 88 
x _ 

93 “ 


-66+4 

iL = l. 

62 3 * 


I 

10+15 



Note. If the coefficients are put within brackets alone 
oith their i gnt in their arrangement for cross multiplication 
probable mistakes of signs in the products will be avoided 

Example 2. Solve the equations :_ 
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Solution 

Here we should temporarily regard as the, first un¬ 

known quantity 

lie-arranging the first equation and multiplying the second 
by 8 we get 


~+%-!l=0 

-+ y+ o=o 


( 2 ) 

<-») 


(—45) 

(-42) 



>v 

■r 

1 


(24) 

(2) 


„ , x 

/ 


(15) 

(-8) 

i 

X 

and y. 

_> 


By cross multiplication. 

I_ 

x y __1_ 

( 3)(0)_('lli(T) _ (—11)(8)—(2)(0) = (U)ll)—(8i(8> 

I 

x __ ,V __ 1 ■ 

0-fli -88—0 2—24 

\ 

x „ ?/ _ _ l _ 

11 —88 -22 


and 


— i, whence £= —2 
x -22 2 

-88 

» = -22 = * 


Ana. 


[Note that the constant term in the second equation is 
nissing, therefore we take it equal to OJ. 

Example 3. Solve the equations :• - 


* 

• •• ••(!) 

4 

=- =4* 

oy 

. 
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Solution :— . . «, 

Multiplying (i) by 6 and (££) by 10 we have, after suitable 
re-arrangement :—[This step is to make the coefficients, 
integral ) • ' ' 


24 , 2 


-45 = 0 


t 

»:!> 


We have arranged the coefficients of and -i 

•r v 

% 

Bv cross multiplication. f ; 


(2)(-42)-(-45)(-8) (—45)(15) —(24)(—.42) 

' _ 1 
‘ ' ~(24)(-8)-(2)(15) 

1 . 1 

x _ y _ 1 

84-3G0 — 075 +1008 -192—80 


x _ 1 

—444 333 —222 


• ' • I —444 

---_ 2 - 22 = +2. whence *=4 

"* nd = whence . w =* 

57. In addition to questions on cross multiplication thr 
next exercise contains some questions on easy miscellaneous 
types, wherein the students won’t feel anv difficulty, because 
peccRRarv hints and solutions have been provided with 





EXERCISE 


Solve by the method of cross multiplication : 


2. 5x+2y = 8 

7x+Sy=±6. 

4. + 

7y=G — U\ 

6. 20-ai/=2» 

' 30—4r/=3ar. 


1. 2a?-f : 3t/^8 . 

• 5y-4a;=6. [//ml] 

3. 3^+8y4-l2—0 

3y+7x =19 

5. 13-5y=3x 

15—9i/=4a;. 

7.-26. as in Ex. 29 (same Nos.) 

27,-40. as in Ex. 29 (Nos. 45—58). 

Solve the following equations :— 

41. $x+4y=)$xy 9 42. 5x-\-4y=4lxy 

S*—i2f+V*y=0. [//in/] 2x— 3i/+2an/=0. 

4x4-3j/-5a:i/=Q 
«/ 2a; ., 

- 2 -— 


44. 


4 +4 =o 


3 4 

3i/ +2.r =o-j/. 


45. 




46. 2y-\-x=0=7y—x—3Gxy. 
47 te » 


___ 6 

3a:d-4w g ’ 


48. 


5xy 


2x—6 y 


= 1 , 


5Z|- 

4a:—3 j/ 2 1 J 

2xy 


8*r—3 // 


- =- 2 . 


49 


4 + * =41 


50 


«/-$ 
.-3L+_L„_ 2 
*-rH w 


51. 2(x-l) 


=3 




52 


2(« + l) + 
8(*+l)+ 


J/4-1 

2 

sH-i 


= 4 


= 5. 


a:+2 
5 

x4-2 


- 2(y—2) = 11 
4-14(i/-2) = l. 
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53 - V + xT5= l l 
# F + I T»= Ii ' 


55. 


57 


59 


60 


"•‘•( sW *)" 1 

3(*+2)+2(t/+8)=2(*-f2)(t/-f8). 


148<c-f-231j/ = 527 56. 

231x + 148i/=GI0. [Solved] 

57x — 7Sy = 2o 58. 

~3x— 5T = 105. 

67 83 

83x-= 150 = 6/ x - 

y y 

!*Z~™=557 

* y 

-?? - 137 = 493. 
x 1/ 


31x+43t/=117 
43x + 31t/=105. 

j § 3 z+* 2 9 -i/=301 

^+ A 8 s y*«05. 


1 


SOLUTIONS & HINTS—EXERCISE 30 

1. The equations mu 6 t be written as :— 

2x-f 3// —8 = 0 ) 

4x—5t/ + 6=0 \ 

41. Dividing each equation by xy we get : 

4 ~+—= 

3 y x - 

4 3 r 

—+*a=o ; 

5// 2x 6 J 

and these equations are exactly the same as in solved 
Example 3 of Art. 56. 

47 Inverting both sides of the first equation we get 

3x+4y _ 5 

Qxy * 


or 


Ji + *jl =-a 

Qxy Qxy - 6 


I 


2 


•L. 
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Similarly, we get another equation of this form from the 
second equation. 

* 

These two equations can be solved easily. 

.» 


49. 


4 , 5 

;— 7 + o—41 

y-i 

3 + 2 


— _9 

— 


(u) 


*-r ?/—i 

' lite 7/i for *-l and n for y-§ ; the equations become 
'45 

^r + ir =41 
— 2 

% 

Solving these equations we get t/i—n=J-. 
have 1 ' 1 ! 1 ' 11 ' 1 ''’ 8 thC ValUCS ° f ” and ’* in these results we 


These equations give = 3 ) 

and y={+$=l { Ans. 


■(*) 

(u) 


55. 148*4- 23 Iff=527 
*231*J-148y—C10 

Solution :— 

[Equalising (lie coefficients of a; or of y here is very incon¬ 
venient. But we note that the coefficient of x in (0 is the 
same ns the coefficient of y in (ii) an d vice versa. In such 
noises the artifice given here is very useful.] 

Eq. ( i) 4-Eq. («) gives 879*4-379//= 1137 * 

or *4 -t/= 3 ....(!*«) [Dividing by 379) 

Eq. (t) —Eq. (it) gives —88*4-83// =—83 

• or x-y= 1 .(fo) [Dividi. e by-831 

Eq. (m)4-Eq. (u>) gives 2*=4 

»- X=2. 
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Substituting tins value of x in (ni) we have 

2 + t/ = 3 

,, = 3-2 = 1 

*=* ! 

y= I \ Ans. 


CHAPTER XI 

SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE 
WITH MORE THAN TWO UNKNOWN QUANTITIES 

58. We have already seen that one equation is enough 
to give us the value of one unknown quantity, but two 
equations are required if the number of unknown quantities 
be two. It must now be remembered that in general, the 
number of equations iequirfd is equal to the number of 
unknown quantities involved. Thus, we con find the values 
of five unknown quantities if wc are given five equations 
involving those quantities. 

59 The principle underlying the solution of equations o 
this chapter will be explained by supposing that we are given 
five equations involving five unknown quantities x, y , z, t, u. 

Let the five equations*, denoted symbolically, be 

E, (x, y, z, t, u)= 0 
Eo (tf, y, z, t, u)= 0 
Eg {x,y,z,t,u)=0 y Group I 
E 4 (.r, y, z, l, u)= 0 | 

E* (x, y, z, l, u)=0 J 

•E, (x. y. 2, t, u) = 0 means any equation involving x, y, z, t, u. It 
maybe 2i—3y + 63+*-10u + 15 = 0, or any other such equation with 
any known coefficients. Some of these coefficients may even be 0, that 
is, some of the terms may be missing. The other four equations are also 
of a similar type. 

Select any two equations from Group 1, equalise the co¬ 
efficients of any unknown quality (say, u) and by addition 
or subtraction get rid of this quantity u. Thus we get an 
equation which Involves x, y, z and t only. It may be denoted 
by E, l x , y, z, t)= 0. * 
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Similarly, select three more pairs *of equations from 
Group 1, all dilfecent from one another, and get similar 
equations in x, y, z f t. Thus wc have :— 

E a (*, y, z, 0=01 

E 7 (x, y, z, 0=0 ^ _ 

E ? . («, l z, ()—0 l Grou P * 

E 9 (x, y, z, 0=0 j 

Similarly, by eliminating another unknown quantity (say 0 
from Group 2 we can have :— 

E 10 (*, V, 0=01 

e ii (*. V> 0=0 Group 3 

E i2 {x, 0=0 J 

And, from Group .3, we get :— 

E la lx , i/)=01 ~ 

e 14 (V»)=o ] Grou P *• 

And, from Group 4 :— 

E 15 (x)~0 

This last equation contains only one unknown quantity, 
x, and can be easily solved. 

Having obtained the value of x wc substitute it in either 
of the equations of Group 4 , and get the value of y . 

Having thus obtained the values of x and y, we substitute 
them m any equation of Group .3 and get the value of z. 

+• substitution of the values of x, y and z in any equa¬ 
tion of Group 2 gives us the value of t. 

“l 1, " c substituta these values of *, y, z and / in 
one of the equations of Group 1 and get the value of u. 

mined US ^ un ^ nown quantities are completely deter- 

a «„^L I 'e' The unkr ! own quantities can be eliminated in 
Tor Vot ,/or ® Xampl< '’ wc ma y form Group 2 by eliminating 

hav^n'n, 2 ' In the 0risinal e tou P ('•«■. Group 1) we may 
m “s S ;° q “ r equations in which the same letter is 
®" So much the better. These equations can be put 
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and , thk 2 ro,ip completed by obtaining requisite 
number of similar equations from Group 1 . 

H . hi !I 0 '* 3 . 0r . ou P 4 r ° ntain s two equations in x and y 

but iL * ", y the ,nctl,0<h of ‘I'C previous chapter: 
l ut here, too we have given one of the methods of that 

r ’“ e f Art 34 - In fact ' the n.ethod 

Art 54 d “ S ar ' r t ' S cxtensio " of Method 3 of 

Jl' C P , articU,ar ca . s P °{ the last article w hen the 
number °f unknoini quantities is three (beyond which the 

•Jcandidates generally do not go although there 
no such limitation set down in the University syllabus) is 
now quite easy to understand. To begin with we have 

E i [x, y, c)= 0 '| 

E 2 (*. y,z) = o )■ Group l. 

E 3 (x, y . 2) = 0.J 

have^ UC eliminate 0,10 t * ,c unknown quantities, say c. we 

e! (*;$=S) Group 2. 

This group may now be solved by any method of the 
ast chapter. Suppose we eliminate y, thus 

E ti (x)=0. 

This gives the value of x. 

Substituting the value of x in anv equation of Group 2. 
we get the value of y. 

Substituting the values of x and y in any eqtiation of 
Group 1, we get the value of z. 

Thus the given equations are completely solved. 

Note. Notes 1, 2 and 3 of the last article uhould be 
read again very carefully. We wish to illustrate Note 2 in 
a particular case. 

Suppose the equations arc :— 

E, (x,y.z) = 0^1 

E s (x. y, z)=Q > Group]. 

E, (y, z) =0 J 
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That is to say, x is missing in the third equation. 

So much the better. We can put tfie third equation, as 
it stands, in Group 2. The other equation for this group can 
be obtained by eliminating x between the first two equations. 

are L -^ US have anotrher il,ustration - Suppose the equations 


Ei(*,y)=<n 

^2 (y> z) = 0 Group I. 

E 3 (z, *)=o J ^ 

nmy put any ono of the fi* v €n equations 
Group 2, and get the other equation for that group from 

remaining two equations. Thus we may have 


Group 2 


f E , (*, «/)=0 
\ E 4 ( x, y) = 0, obtained by eliminating z between 
l the second and third equations 

Or 


Group 2 


|E 2 (y, z)=0. 


Group 2 


E 4 (y, z)_0, obtained by eliminating x between 
L the first and third equations. 

Or 

fE 3 (z,x)=0 

1 obtained by eliminating y between 

^ the first two equations. 

s& SSSarrS* t»s\t 

2wr.«»st £25 i sr- *?■“ t re 

oot mean that the weaklings are goin- to be » Cg % Th ‘ S f° eS 
anyway. Typical questions of * and,ca PI>ed in 

exercise have been solved and d d,f . r,cult y »'» the next 

^ual. The studentsare provided >*s 
■oh'tions or hints only when thev’ r ;i *°. consuIt these 
attempts after the study of the abo!e articles. 0 " inde ‘ )enc,ent 
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EXERCISE 31 

Solve the following equations and verify your result in 
each case :— 


1 . 

5*4- //4-7 = 0 

2 . 

x—' 74 - 7=2 


2x4- V—= 


3x4- 74-7 = 12 


3x—2 74-7 = 2 . [Solved] 


4x4-37—7=17 


2x 4 - 74-22 = 10 

4. 

x 4 - 2 . 74 - 37=6 


3x —7 — 22=0 

% 

x— 374 - 47=2 


ox- f- 1/ — 3~ — f i. 


— X 4 - 47 —07=0. 

5. 

3x- 74-22 = 1 

6 . 

x4-374*27 = ll 


4x4- 3//-32 = 14 


2x4- 74-32 = 14 


Zv — 4//4-52— — 7. [.Vo/xed] 

3 x 4 - 27 — 2 = 5. 

7. 

2x4- 7—42= -14 

8 . 

5X-374-22=13 


7x4-47-37=19 


4x— 574 - z = 6 


5x —074-47== l. r >. 


x+ 74-32 = 12 . 

9. 

x-f* 7 4- 2=10 

10 . 

2x— 7 — 2 = — 3 


2x4-3//4-4:=33 


2x4-37—52=—7 


3x— 74 - 2 = 8 . [P.r. 7976] 

4x-574-72=21. 

11 . 

2x- .7-37=-13 

12 . 

3 x 4 - 27 + 42=-1 


x—2//-*- 7=0 


32 4- x— 37=0 


5.7 — 3.r— 4 . 7 = 0 . [//inf] 


1074 - 4 x 4 - 7 = 0 . 

13. 

3 x 4-22 — 47-17=0 

14. 

7x— 574 - 97=32 


5x— 2—3 7 =0 


37-1174-11^=4 


8x4” 5 7— 37 4-35=0. 


152-17x4- 27 = *9. 

15. 

3x4-2//4- 7 = 8 

16. 

G.r—32=8 

•/ 


4x4-5 */—102 = 15 


• 3.r —77 4-14 = 0 


0 x 4 - 77 - 0 = 0 . [//inf] 

• 

,4.r — 57 — 3=0. 

17. 

3x— 47—52 — 22 =0 

18. 

5x —67 — 72 = 8 


47 — 92 = 07 — 112 = 1 . 


57-3x4-4=07 — 5x4-0 = 9. 

19. 

3x4-474-32 = 20 

20 . 

4x4-3// — 27= 5 x — 474-8 


7x— 37 — 15=0 

72 - 474 - 1=0. [//in/] 


= 43-2 = 0. 
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21. 5ar—4y-fI3=0 
7a?—8c—37=0 
5y + 9z —17 = 0, 


22. $*/+*—4=5s+2y—2 

— 3a?—2?—3 — k ). 


23. *r+l(y+s) = 32 

y+$(a?+s)=5 

*+K’/+*)=6j. [Hint] 


^(a:—l)-f - - 


1 — 2 ) 


• 

25. _£._gy-g _ 2a? .y+g+S g-3t/—4z o ^ 

2 3 3 6 6-+2 = 0. 

26. 2 £_+%^ 3-r- 2 y _ 4a?-f-6y _ 

88 —4« 26 —5s 21 -f- 3s *~ 1, 
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33. f.r// — 2x -f //=0 
//-— y+ z—o 
Urr-3:-2.r = 0. [Hint] 


34. 


0 

\0i 


1 

% 


1 


3^ 

l Oar 


2z 

= JL+i-=i 

10r/ 4s • 


35. 5a?+4//-*-3s + 21=3 
2(:Vt+2 !/ ) = 5z + U=2 

3iy 4*3= — 1 . 

• 

36 r -i- 2// -j- 33 -f 4/ = I 

3z+2r/=6 

4;/-f- 3=1 

: te + /=2 

36. Solve for a, b, c. d and e :— 

r/4-6-4-c-t-d-+-e = 15 
2n -4-6=4 
3 b—c=3 
4c-f</=16 


(£o/red] 

37. x+ 2//-3=6 
y-f 3z—/ = -2 
3 + 4/—x = — 4 
/ + 5x— // = 14. 


3c—15=0. 

3V. Solve for p, r, 5 , / and u 

3p—q=5q—T=q+s—2t—q — ?> 

2^ — 3/—4r+1 =0. 
40. Solve for /, m, 72 , p y q :— 

2/ -f3m =3n + 4/7 = Gq +p = 6 
/+m+n=3m+4n—30=5. 


SOLUTIONS & HINTS—EXERCISE 31 

1 . x+ y + z = (\ .(») -j 

2 .r+ ?/ —- = 1 .(»i) Group 1. 

3x-2i/+- = 2 . ( Ui) j 

[Group 2 can be most easily obtained by eliminating c, for 
tlie coefficients of this letter arc 1 or —1 and elimination can 
be performed by simple addition or subtraction of the given 
equations without multiplying them by any numbers.] 
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Eq. (*) -f- Eq. (») gives 3x-f-2w=7 . (iv) I 

Eq. (») + Eq. (Hi) „ 5x- t/ = 3 .!(») | Grou P ^ 

[Group 2 may now be solved by any method of the last' 
chapter. We propose to solve it by eliminating «, ] j 

Eq. (v) x 2 gives lOx—2y—6 
Eq. (iv) K 9a+2y=7. 

By addition Ifi* —13 

* = 1 . 

Substituting this value of x in cq. (u) we get 

5-2/=3 

or — y=3— 5=— 2 

or 2 /—2. 

Substituting the values of x and t/ in eq. (i) wo get 

14-2+2=6 

-=6—2— 1 =3. 


*r=U 

.V=2 }» Ans. 

2 = 3 1 

Verificion. When *=1, j, = 2,\ = 3. we have 

. of (0 = 1+2+3=6 = 11. H.S. of (,) 

J" H. S. of («)=2+2-3 = i = r. H. S. of («j 
L. H. S. of (ti!) = 3-4+3 = 2=R. H. S. of (hi) 

.. the solution is correct. 


3x ~ 2/—22=1 
4^ + 3i/-32=U 
i 2x~4y-i-5z=s~7 


—(01 

%•(**) y Group 1 


.asiy^orth^ sale U of k Xa n „ <1Uan r itieS Ca, ‘ be <*""'>ated 

propose to eliminate t/, partly ‘ To? ^chT WeVcr » we 

observing that if , i A . - v . 8 change and partly on 

shall have to alter only one equatTon » and 0'**) we 

“* " b . v »» appropriate number.] ' ’ "' SC ^ multi P'J'- 
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Eq. (t) x 8 gives 
Eq. (it) is 

By addition 
Eq. (i) >c 4 gives 
Eq. (iii) ,s 

By subtraction 


93— 8 ij + 62=a 
43-1-3?/—3s — 14 
133 r3:—17 

123—4?/4-82= i 
23—47/4.02= —? 
103 t32«=11 


Thus, we have 133+32=17 

103 + 32=11 ( . 
Now Eq (it;)—Eq. (v) gives 33=0 


(iv) 

•(*>) 


....( iv ) 

. .(y) 
Group 2. 


.. 3 

Substituting this value of x in (iv) 

26+82 


-O 

we have i— 
=,17 


or 32=17-26=-0 


or z = — 3 

Substituting the values of 3 and 2 in (t) we get :— 

0-7/-C=l 
or -//= 1 

or u =-1 

3=2, ;/= — 1, 2 =*— 3. Ans. 


Verification. When 3=2, ?/= — 1, 2 =—3, 

L. II. S. of (i) = 6 + l- 6=1 =R. H. S. of (i) 

L. II. S. of (i0=8 —3+ 9=14 =R. H. S. of (ii) 

L II. S. of (iii) = 4 + 4— 15= —7 = R. H. S. of (iii) 

The solution is correct. 

11 Arrange the third equation properly, that is, write it 
as — 33 — 4 t/ + o 2 = 0 or 33+4?/ — 52 = 0. 

15 The third equation does not contain 2 , therefore it can 
be put in Group 2. Another such equation can be 
obtained by eliminating - between first two 

equations. 

19 We may cither p*it equation (ii) in Group 2 and 
eliminate z between equations (?) and (iii) to get 
another equation of that form, or put cq. .(lit) in 
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Group 2 and eliminate * between equations (i) and (») 
to get another equation ot that form. 

23. Get rid of fractions and brackets and arrange the 
equations in tHe same* form. 

27 We notice that both sides of eq. (Hi) can be divi e 
by 3 . Doing this and re-arranging suitably we have : 

A 1=2 (0 | 

.•?+!-!-u .no [ Gro,,[)l 

x y z 

» _* + - 8 —3 (**«) \ 

x If Z > 

(The letter that can be eliminated most easily is t/.j 

Eq. (i) < 2 gives - —++ “ = * 

.. » 

21 33 • *1 

By subtraction -— . 4--—= — 10 j 

Also, eq. (t)+eq. (iii) gives \ 

--- + — =5 j 

x z J 

Re-writing Group 2 :— 

r*!+JL +l o-o 
* 2 

-1 ^18 =(i 

«T 2 

By cross multiplication ;— 

j_ _! 

X _ _ 2 _ 

(33)(-5)-(l»H 10 ) 110)(-l)-(-21)(-5) 

_ 1 

“(-21)(18)-(-l)(33) 


Group 2 
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— 165—180 —10 — 105 -378+33 

1 1 


and 


-345 —115 —345 

1 —345 _ , , 

—-=-=1. whence x— 1 

x -345 
1 -115 , . _ 


— 345 


= $, whence 2=3. 


Substituting these values <c and z in eq. (i), we get : 


or 


=2 + 4 —5 = 1 

y 


or^ y =2 ; 

x=l, y=2, z=3. Ans. 

Test :— 

When ar=l, y= 2, 2=3, we have 

L.H.s.of (i)=-Hi+ J 3“=- 4 + 1 + 5 = 2=RH -S- of 
L.H.S. of («)=¥+*-2 = 13+2-l = ll=R.H.S. of <«) 
L. H. S. of (m)= i-t+l = 3-1 + 1= 3=R.H.S. of (m) 

The solution is correct. 

33. Dividing equation (t) by xy we get 

2 1 12. 

4 -— + -- =0 or ———=— 4. 

* t / x x y 

Similarly, divide cq. (u) by yz and cq. (tit) by zr ; we get 

11 . 1 

three equations ,n ana 2 * 


35. 5;e + 4j/+3z+2/ — 8 

3.r+2;/ =1 

5s+4/=2 

3y+« = “ A 


.•(t) 

.(«) 

.(W) 


Group 1 
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.(?) V 

(i») Group 3 


[Note. The second equation, viz., 2(3x-f 2y)—2 has been 
simplified by cancelling the common factor 2.] 

Preliminary observations :— 

There arc four alternatives before us (1) to get Group 2 
free from x ; in this case we can put equations (m) and (is) 

in that group, (2) to get Group 2 free from y, in which case 
we can put eq. (Hi) in that group, etc. etc. 

We choose the fourth alternative, viz., getting Group 2 
free from t for reasons which are quite obvious. 

Solution :— 

Eq. (») X 2 gives 10r48f/4<32 4 4t=6 

Eq. (tit) is 5s-r'4/==2. 

By subtraction, 10x48!/42 = A 

Also, 3a>42// =1 ... 

and 3t/4-2—— 1 .. .(tv) j 

[We now note that eq. (ft) is free from z and the same 
letter can be easily eliminated between (v) and (ii>). hence we 
obtain Group 3 free from c.] 

Eq. (v) -Eq (it/) gives 10x + 5y=5 ) r „ 

Also, Eq. (u) is 9x + 2y = l { Grou P 3 

Solving Group 3 as usual we havex=l, y—— 1. 

Substituting the value of y in Eq. (tv) [Group 2), we have . 

- 342=—1 

or . z= —143 = 2 . 

Substituting this value of s in Eq. {in) (Group 1 ), we have : 

1044t = 2 

or 4f=2—10= —8 

or t= — 2 . 

x=l, y— — 1, z—2, t — —2. Ans. 

Verification of the result is left to the students as an 
exercise. 

62. Some Special Methods and Devices can be used with 
advantage for the solutions of equations of the next cxer ise. 
They will be-cxplained in the typical solutions. 





EXERCISE 32 


Solve tb. 'ollowing equations :— 


I. 4x—2t/—53=0 

5x—8 t/4-22=0 
72—5t/—32=14. 

3. 5x— 7 t/—42=0 

9x—12t/—9z=0 
3x— 3y+5z=ll. 

5. 6x—7i/4-23=0 
5z—3x—4?/=0 
7x+Sy +93 =49. 

7. 5x— y—22=0 
3x—7y+6z=0 

7x -f 5y— 83 = 8 . 



2x4-3?/4-43=6. 



x y x 

6^_3^_8_ 0 

a: y z ~ 


2. 2—2t/4- 2=0 

62 — 81 / 4 - 32=0 

2*+3j/+52=38. 

4 . Ax—\3y+ 83=0 
62 —17?/ -fl02=0 
5x+ 7?/— 52=36. 

6. 8x+7y-{-2z =0 

22—5?/—43 =0 

3x4-4*/—52 —10=0. 




[Him] 




10x4-3?/—33=0 
62—4?/—72=1. 





13. 42—3 y =0 14. 

224-33 =0 

5x-f #4-22=15. [Hint] 


5x—2 y =0 
7y —52 =0 
6x4-57/ — 53=4. 


15. 5x4-7t/ =0 16. 5x—93 = 

Sy—5z =0 57/4-72 = 

3x4-2t/4-424-I -0. 24-27/4-32—10 = 


© © © 
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17. 

19. 


2^—3?/=42 

*+ 2 /-32=5. [£Ti«<] 

6x== — 4y=3z 
6 X ~h 5^4s = 13. 


18 . 

20 . 


12.r = 20y = 152 

3u —23+ 14 = 0- 



—3?/ + 43— 1 ■ 


i 



23. 

25. 

27. 





*+!/=* 10 
t/+2=6 

z + a:=8. (So/itfd) 


-i/=2 
- 2 — —10 
-a:=4. 



3 

•1 


r42 = r 

• *=§. [Him] 

•% 

4 


t-i = 


y 

JL^ 

2 

1 

fr. 





2^+i -5 * [Hi»«] 

6(*+[/)=z»/ 

12(2/+2)=-i/2 

4(2+ x) =32*. [Hint] 


ff—y+z=4 
. y+z—ar=0 
*+$/— s=6. [Hinl] 


22. * + ?/=!- 
7/4-2=18 
2+41 = 14. 


24. r-+r+t/)=5 

24(j/+2)=T 
8(2 + iT) = 3. 

26. 3.t+4t/==« 

4y+53== — T2 
52+32=4. 




32 . 

34 . 


i 

10(®*+j/) 

ny _ i 

80(j/+2) 

23J __ 

3(2+x) " * [Hint] 

?(!/+=)=!/* 

$(2+2)=2X 

§(*+</) = *!/• 

a:+j/+2 = 12 

a:—1/+2=4 

«+*/—2=0. 

\ 


35 . a ?«/=12 36 . o ' aj =\ 

7/2 = 20 1/2=4 

21=15. [Soloed] 2^=2^ 
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37 xy=l 

y*=-i 

^=-13* 

39. x(y+z)=27 

!/(*+*)■=32 
£ (^ + i/) = y5. 


38. £(i/+z)=33 
2 /( 2+*)=40 
•c(z+t/)=49. (//inf) 



SOLUTIONS & HINTS—EXERCISE 32 
1. 4x — 2y—5z=0 ...({) 

5x-8//+2==0 ...(») 

7x—5y —3z=14 ...(tit) 

From equations (t) and (it) we have by cross * multiplica 
tion :— 


_ x _ = _ y __ z 

(-2)(2)-(-5)(-8) ( 5)(5)—(4)(2) (4)(-8)-(-2)(5) 



— 4 — 40 —25 — 8 —32+10 


or 


* JJ __ 3 

— 44 -33 —22 



[Multiplying each fraction by —11] 


Lot each of these fractions be equal to k. 

Then **, x=*k, y=3k, z=2k ...(»») 

~~ ---M M I ■ 11 ■ I — • 

* In these equations, instead of the usqal constant terms we have 
terms containing z. The method is, however, applicable. Only instead 
of the form x = y — 1 , we have jc — y = z . This can be 
easily proved as in Article 55. 

*• 4 ~ =*•' ; Multiplying both sides by 4, we get *=»44 

Similarly y = 3 k> z=2k. 


SIMULTANEOUS equations 

9 

Substituting these values of x, y, z in Eq. («<») w* havc : ~ 
7(4fc) — ■ 5(3A) —:i(2A;) = 14 
or 28/.—15 fr-6/. —14 

or « = “ 

or t_ ” 

Substituting this value of k in results (if) we have : — 

r = tx2=8, .,=3X2=6, ==2x2 = 4. 

,r=S, f/=6, 2=?4. Ans. 

9. Applying the method of cross multiplication to the 
first two equations we have :— 

111 


T ==m T = "T =k ( suppose) 


-- —2k, 
x 


y 


—3k, 


= 4 k. 


or 


x— 


1 




i 

ik 


'ik * y “ 3/i * - 

Substitute these values of x, y, z in the third equation and 
get the value of k as before. 

13. The first two equations may be written 

Ax — 3t/4-0 =0 
2 a?+0 4-32=0 

Cross-multiply and proceed as before. 

17. 2x=3y—Az=k (suppose). 


• * 


x— 


k 

2 * 


y= 


k 

z =-v 


• » 

Substitute these values in the third equation and ^et the 
'value of k as before. 

21. *4-t/=10 ...(i) 

...(ii) 

s+a;==8 ...(tii) 

Adding these three equations we have :— 

2x 4-2i/4-2?=24, 
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or x-'ry+z = l2 ...(iv) [dividing both sides bv 2] 

Eq. (iv)— Eq. (it) gives a:=12—6=6 'l 
Exj. (ii’)-Eq. (tit) „ y =12 —8 = 4 J- Ans. 

Eq. (w) —Eq. (*) „ - = 12 — 10=2 J 


25. If we add the three equations after multiplying the 

third equation by 2, we get :— 

4 l r+6y+82 = i5 + S + J=^=V-- 

Divide both sides by 2 and then proceed as in Q. 21. 

27. Proceed exactly as in Q. 21 getting the value of'.:— 


— + —4* — and then subtracting’ the^givei 
xyz . * 

equations from this result in turn. 

29. Inverting both sides of the first equation we get 



®4-v_ 3 


X'J " 

or 

xy 

or 

— 4 — — : 

y x 

Get two other simi 


_ * 

— 2 


30. The first equation may be written as :— 

~ =-V- [transfering 7 and 10 to R. H. S. ] 

x +y 

Rewrite the other equations similarly and proceed as in 
the last question. 

31. The first equation may be written as :— 

= 1 [transferring xy to L.H.S. and 6 to R.H.S.] 
xy 

Rewrite the other equations similarly and proceed as in 
the last two questions. ' 

33. Adding the three given equations we get ;— 
x+y+z=10 
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From this equation subtract the given equations m turn. 

35 xy=V2 -(0 

t/z = 20 ...(n) 

mj—15 ...(zii) 

1 

Multiplying the three equations we get :— 
x~y t z i = \2 X 20 X 15=3600 
Taking sq. root of both sides we have •— 

^ 1 / 2=60 

Dividing Eq. [iv) by Eq. ( ii) we have :— 


Similarly, 

and 


-~ Z =o§> or r=3 
uz 


z=5 J 


^ Ans. 


Note, xyz can also be equal to —60, for the square of 
— GO is also 4-3G00. If we take this value of xyz, we get 

—3, //= —4, £— —5. Ans. 

Verify these values by substitution. 

38. Add up the equations ; divide the resulting equation 
t*y 2 ; from this result subtract the given equations in turn. 
As a result we get equations similar to those of Q. 35. 


CHAPTER XII 

PROBLEMS LEADING TO SIMULTANEOUS? EQUATIONS 

63. In many problems, for the sake of convenience, we 
denote more than one unknown quantities by the letters 
■^i V • ^ etc. In such cases we should be able to form as many 
independent equations from the statement of the question as 
the number of unknown, quantities to be determined [See 
Art. 58]. 

EXERCISE 33 

[ Verify your solution in each ense] 

yi»e sum of two numbers is 54 and their difference u 
; find the numbers. [So/i>a/J 
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2. The sum of two numbers is 100 and their difference is 
56 ; find the numbers. 

3. One third of the sum of two numbers is 28 and one- 
h&lf of their difference is 8 ; find the numbers. 

4 . Half of the sum of two numbers is 60 and three times 
their difference is 54 ; find the numbers. 

5. Find two numbers such that three times the first 
added to four times the second is equal to 93 and three time$ 
the second exceeds four times the first by 1. 

6. Find two numbers such that the first with half the 
second may make 40, and also the second with a third 
of the first may make 40. 

7. Find two numbers such that half the first with a third 
of the second may make 96, and that a fourth of the first 
with a fifth of the second may make 54. 

8. A number is divided into two parts such ‘that one- 
third of the smaller exceeds one-fifth of the greater by 6, and 
twicte the smaller exceeds the greater by 75. Find the number 
and its parts 

# 9. Two numbers are in the ratio 4 : 5 ; if half of the first 
be added to one-third of the second, the result is 33 ; find the 
numbers. [Hint] 

10. Two numbers are in the ratio § : J ; if one-fourth of 
the first be subtracted from one-third of the second, the 
remainder is 6 ; find the numbers. 

11. A number is divided into two parts in the ratio 5 : 7. 
If 9 times the larger part together with 13 times the smaller 
exceed 11 times the whole by 36, find the number and its 
parts. 

* 12. The sum of two numbers is 27 and the difference of 
their squares is 81 ; find the numbers. [Hint] 

13. The difference of two numbers is 5 and the difference 
of their squares is 135 ; find the numbers. 

14. Find two numbers whose difference is 34, such that 
the larger divided bv the smaller gives a quotient 3 and a 
remainder 2 [Hint] 
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15. A number is divided by anethcr; the quo t ient 

is 5 but the remainder is the same as before ; find the 
numbers. 


16. The value of a fraction not in its lowest terms is *5 
if 3 be added to the numerator the value becomes f, ; find the 

fraction. [Hint] 

17. The value of a fraction, not in.its lowest terms, is > ; 
if 8 be subtracted from the numerator, the value becomes $ ; 
find the fraction. 

18. The value of a fraction not in its lowest terms is g. 

If 12 be subtracted from the numerator and 8 added to the 
denominator, the value becomes $ ; find the fraction. 

19. Two numbers arc in the ratio 3:5. If 5 be added 
to each the ratio becomes 5 : 8. Find the numbers. [Hint] 

20. Two numbers are in the ratio 7:5. If the first be 
increased by 4 and the second decreased by 4, the ratio 
becomes 3:3; find the numbers. 

21. A fraction becomes equal to £ when 1 is added to its 1 
numerator and equal to £ when 10 added to its denominator ; 
find the fraction. 

22. The denominator of a fraction exceeds the numerator 
by 11. If the numerator is increased by 2, the fraction 
becomes equal to Find the fraction. 

23. Find the fraction which is doubled when 2 is added 
to both the numerator and the denominator and trebled when 
8 is added to each. 

24. The denominator of a fraction exceeds the numerator 
by 5. If the numerator be increased by 2 and the denomina¬ 
tor decreased by 2 the value of the fraction becomes Find 
the fraction. 

25. If \ be added to the numerator of a certain fraction, 
the fraction is increased by g* 0 , and if be subtracted 
from the denominator its Value becomes J ; it. 
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26. A certain number of two digits is five times the 
sum of its digits, and if 9 be added to it the * digits will be 
interchanged ; find the number. [Hint] 

27. A certain number of two digits is four times the sum 

c F its digits, and if 27 be added to it the digits will bp 
reversed : find the number. . 

28. A certain number between 10 and 100 is 8 times the 
sum of »ts digits ; and if the sum of the digits be added to the 
number the result is 81 ; find the number. 

29. The sum of a number of two digits and of the number 
formed by reversing the digits is 1G5 and the difference of the 
digits is 1 ; find the number. 

30. A number of two digits is 12 times the difference of 
tlie digits and is less than the number formed by nvvcmng the 
digits by 36 ; find the number. 

31. A number consists of three digfrs whose sum is 15. 
If the left-hand and middle digits be interchanged the number 
is increased by 90. If the left-hand digit he halved afid the 
other two digits interchanged the number is d-minished by 
315. Find the number, [//in/] 

32. A number consists of three digits. The left-hand 
digit is greater than the middle one by 2. If 99 be subtracted 
firom the.number the extreme digits change their places and 
if the number be divided by the”sum of the digits, the quotient 
is 41 and remainder G. Find the number. 


33. Five tallies and three chairs cost Rs. 84, a id four 
tables and five chairs cost Rs. 88 ; find the cost of each 
article. [Hint] 

34. Three clocks and four watches cost Rs. 220, while five 
clocks and seven watches cost Rs. 875 ; find the cost of each 
article. 

35. Six horses and seven cows can be bought for £500, 
and thirteen cows and eleven horses can be bought for £922. 
What is the value of each animal ? 

'.36 8 pens and 7 pencils cost Rs. 8, 5$. and G pens and 
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10 peucils cost fts. 3, 6a.. what will 4 per.6 and 5 pencils 
cost?' [//inf] 

37. The cost of two coats exceeds the cost of 12 shirks by 

Bs. 4, while the cost of 3 Coats and- 4 shirts is Rs. 18? ; find 
the cost of 4 coats and 5 shirts. * 

* _ 

% 

38 . Six years ago a man was six times as old as his son ; 
four years hence thrice his ago will be equal to eight times 
his son’s ; hnd their present ages, [dint] 

39 . Eight years ago a man was four times as old as his 
son and two years hence their ages v?ill be in the ratio 5:2; 
find their present ages. 

40. Four time* B’s age exceeds A’s age by 20 years ; 8 
years hence A will be twice as old as B ; find their present 
ages. 

41. Twice B’s age is equal to what A’s age was thirteen 
years ago ; nineteen years ago A was eighteen times as old as 
B was ; find their present ages. 

42. Ten years ago a father’s age was five times the sum 
of the ages of his two children ; and 10 years hence his age 
will be to the sum of their ages as 7 is to 5 ; find his present 
age. 

43. « I am thrice as old as you were when I was as old 
as you are,” said Krishna to Han. '‘Three years hence 1 
shall be as old as you wqre three years ago,” replied Harr. 
Find their present ages. [Hint] 

44. “ When I was as old as you are, I was six times as 
old as you were,” said A to B. “ Ip eighteen years’ time 
I shall be only three-fourth of your age ” replied B. Find 
their present ages. 


^5. The sum of three numbers is 77. Three times the 
first added to the third is less than four times the second by 
8, and the excess of the third over the second is 18. Find 
the numbers. [Hint] , 

46 , The sum of three numbers is 1?7 ; the first is to the 
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second as 3 is to 4 and the second is to the third as 5 is to 6 ; 
find the numbers. 

47. Divide Rs. 750 among A. B and C so that A gets 
twice as much as B, and B gets Rs. 350 less thaa the joint 
share of A and C. 

48 Divide Rs. 210 among three persons A, B and C so 
that A's share may exceed the joint share of B and C by 
Rs. 30 and also twice the share of B may exceed the difference 
between A and C s shares by Rs. 20. 

49. A, B, C and D have Rs. 580 between them ; A has 
twice as much as C and B has three times as much as D ; 
also C and D together have Rs. 100 less than A. Find how 
much each has. [Hint] 

50. A, B, C and D have Rs. S10 between them ; A has 
three times as much ns C, and B five times as much as D ; 
also A and B together have Rs. 150 less than eight times 
what C has. Find how much each has. 


51. If B were to give Rs. 50 to A they would have equal 
sums of money ; if A were to give Rs. 44 to B, the money of 
B would be double that of A ; find the money which each 
actually has. [Hint] 

52. A says to B, “ Give me 16 rupees and I shall have 
1 as much money as you will then have.” B replies, “ Give me 

24 rupees and I shall have twice as much as you will have. 
How much money has each ? 

53. A and B lay a wager of 40 rupees ; if A loses he will 
have as much as B will then have ; if B loses he will have 
half of what A will then have ; find the money of each. 

54. If B gives Rs. 20 to A he is left with of what A 
then has ; but if A gives Rs. 24 to B he is left with $ of what 
B then has. Find how much each has. 


Miscellaneous Problems :— 

55. A man buys 4 horses and 0 cows for Rs. 670. He 
sells the horses at a profit .of 10 p. c. and the cows at a profit 
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-Of 20 p. c.; his whole gain is Rs. 91 ; what price did he pay 
for a horse ? [Hin/] 

56. Two pounds of tea and eight pounds of sugar cost 
Rs. 6 ; but if tea rose 50 p. c. and sugar 25 p. c.. they would 
cost Rs. 8. Find the prices of tea and sugar per pound. 

57 . 8 lbs. of tea and 10 lbs. of coffee together cost 
£1, 165. 8 d, ; but if tea were’to rise 10 p. c. and coffee to fall 
12J p. e., the same quantities wnuld cost £4, 16s. 7a. find 
the prices of tea and cofTee per lb. 

58. A party of travellers coming to a hotel find that there 
are two rooms too few for each to have one. If they sleep 
two in a room. 2 rooms are left empty. How many rooms 
will be left empty if they sleep four in a room ? [Hint] 

59. A and B can together do a piece of work in 8 days. 
A does twice as much work as B in the same time. How long 
will it take them to do the work separately. [Hint] 

60. 2 men and 3 boys can do a piece of work in 8 days 
and 4 men and 2 boys can do it in 2J days. How long will 
3 men and 3 boys take to do it ? [HtniJ 

61. A and B working together can earn Rs. 11 in two 
days ; B and C Rs. 51 in 8 days and C and A Rs. 20 in 4 
days ; find what each man can earn alone per day. 

62. A purse contains a number of crowns and sovereigns ; 
the number of sovereigns is one more than £ of the number 
of crowns, and the total value of sovereigns is the same as 
the value of the crowns. Find the number of each. 

63. A certain sum of money is divided equally among a 
certain number of men. Had there been 8 men more each 
would have got Re. 1 less, and had there been 2 fewer, each 
would have received Re. 1 more. Find the number of men 
and tl'c sum of money. [Hint] 

64. If the length and breadth of a rectangular courtyard 
were increased by 5 yards each, the area would be increased 
by 250 sq. yds. If the length were decreased by 3 yards and 
breadth increased by 2 yards, the area would be diminished 
by 16 sq. y ’ Find the length and breadth of the courtyard. 
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65. Two persons. miles apart, setting out at the same 
time are together in 5£ hours if they walk in the same direc¬ 
tion. and in 30 minutes if they walk in opposite directions. 
Find their rates of walking, [//inf] 

66. A takes l£ hours longer than B to walk 15 miles ; 
hut il he doubles his pace he takes one hour less time than B ; 
find their rates of walking. 

67. A traveller walks a certain distance at a Certain rate , 
had he gone one mile an hour faster, he would have walked 

• t in three-fourths of the time ; had he gone one mile an hour, 
slower he would have been 2 hours longer on the road. Find 
the distance and Ins rate of walking. [Hint] 

68. A boat goes up-stream 30 miles and down-stream 44 
miles m 10 hours It also goes up-stream 40 miles and down¬ 
stream 55 miles in 13 hours. Find the rate of the stream and 
ol the boat m still water. [Hint] 

69. A person lent two sums of money at simple interest ; 
one to A for 3 years at 4 p. c. and the other to B for 4 years 
at 5 p. e. The total amount paid bv A was greater than that 
paid by B by Us. 204, and the sum borrowed by A was nine 
times the interest paid by B. Find tlie two principal sums. 

70. If I lend a sum of money at 12 p. c. simple interest, 
the interest for a certain time exceeds the loan by Rs. 150 ; 
but if I lend it at 8 p. c. for half the time, the loan exceeds 
the interest by Rs. 450. How much do I lend ? 


71. In a triangle ABC, angle A is five times the difference 
of angles B and C and also one-fifth of their sum : find the 
angles, supposing angle B to be greater than angle C. [Hint] 

72. In a quadrilateral ABCD, angle A is half the sum of 
angles B and C ; angle B is less than the sum of angles C and 
D by 100 degrees ; and angle D is to B as 4 is to 3 ; find the 
angles. 

73. ABCD is a cyclic quadrilateral ; angle A is to B as 
3 : 4 and angle C is to D as 21 : 1G. Find the angles. 

74. An exterior angle of a regular polygon ns to an 
exterior angle of another as 2 : 5 but the sum of the interior 
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SOLUTIONS & HINTS-EXERCISE 33 

1 Let the numbers be * and y. x being the greater. 

The sum of the numbers is given equal to 54 

£-^.y = 54 •••(0 

Similarly a—y=l2 -W 

Eq. (i)+Eq. (»') gives 2x=65. *-»» | Ana. 

Eq. (i)-Ecfc (ii) •• y- 21 ' . 

Verification. Sum of 33 and 21 is at. and.d.ffercnce .s 12, 
therefore the solution is correct. 

9. • Let the numbers be a- and y. 

According to the first condition or 5.r=4t/, etc. 

12. If the numbers are a: and y, we easily have 

£-f!/= 27 •••(*) 

and x z — 1/ 2 “81 

Dividing Eq. (it) by Eq. (») we have 


x2 j£ = »U or x-y =3 

z+y 




Solve equations (i) and (iii). 

14. Remember that Dividend-tDivisorxQuoRejU)^^ 

16. Let the numerator be x and denominator y. 

Then, clearly :— 

- x whence 8 j=2i/ ■••(*) 


and 


y 

x+8 

y 


— I , whence Ox 4-^7=7 y 


...(») 


Solve these equations. 
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19. If the numbers be a* and y t then dearly 

x 


— i 
5 


...(») 


and 


_ A 

9 


•••(») 


y 

* + 5 
y+5 

Simplify the equations and solve. 

26. Let the left-hand digit be x and right-hand digit y . 
The sum of the digits=a+ y 


and, the value of the number = 10 x+y [8o« Art. 50, 
Solved Example No. 12] 

If the digits are interchanged, the value of the number 
becomes 10?/ + x. 

The first condition of the question states that the number 
is five times the sum of the digits, that is, (10a+?/) is five 
times (x+y) 

i.e., 10a + ?/=5(x + ?/) ...(?') 

The second condition states that if 9 bo added to the 
number, the digits change their places, that is, if 9 be added 
to 10x+?/, the result is 10?/ + .r, i.e., 

U)x + y + 0=\0y+x ...(**) 

Simplify equations (i) and (ii) and solve. 


31. If the digits, from left to right, be x , y and z, we 
have : — 


*-+- 1 / 4 - 2=15 ...(<) 

The value of the number = lOO.c-h 10?/+::. 

In the second case the digits are y, x and 2 and the number 
becomes 100?/ + 10 a +2 


In the third case the digits are z, y and the number 

• 100.r , _ , 

becomes — + 102 +?/ or 50a ’+102 + ?/. 

The conditions can be translated into equations very 
easily. 
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33. Let each table cost Rs. x and each chair Rs. >/. 

Then, cost of 5 tables = Rs. 5x 
and „ 3 chairs = Rs. 3y 

The first condition of the question gives ;>x-t-3i/=84 
Similarly 4 x + 5i/=88 . Solve the two equations. # 

36. First find the cost of one pen and one pencil 
separately. 

38. Let the present age of the man be x years and that 
of his son y years. 

Six years ago their ages were (1 — 6) years and (y — 6) years 
respectively. 

The first condition states that (1-6) is six times (y- 6) 
t.e., x—Q—Q(y~ 6) •••(*) 

Four years hence their ages will be (z+4) years and (i/ + 4) 
respectively ; we are given that three times (x-}-4) is equal to 
8 times (i/-M). 

3(x+4) = 8(r/+4) •••(») 

Solve equations (i) and (it). 

43. Let Krishna’s present age be x years 

and Hari’s ,, » y .» 

.«• When I (Krishna) wai as old as you are " means when 
Krishna was y years old. This was clearly (x-y) years ago 
for now Krishna is x years old. 

Also, x—y years ago Hari was y—{x—y) that is 2 y—x 
year* old. 

Hence the first condition gives the equation 

x=3{2y—x) 

The other equation [y+S=x— 3] can be easily obtained. 
45. Let the numbers be x t y and z. 

Then, x+y+z=77 ...(») 

The next condition states that :— 
three times x added to = its* than four times y by 3 
32+z is less than 4 y Dy 3 
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, 8®+sa4y-3 ...(H) . 

The third equation is easy to obtain. 

49. L^t the four amounts be x, y, z and t rupees 
respectively. 

TV*?n, *+y+2+f=580 

Also, x=2z 


y=st 

z+t~x —100 
Solve these equations. 

51. Suppose A has x rupees and 13 has y rupees 

When B gives Rs. 50 to A, he is left with (y—50) rupees, 
and A’s money becomes (.r-{-50) rupees. 

/. <r+50=y-50 ...(i) 

Similarly, the second equation is :— 

y-f 44 = 2(.r—44) ...(H) 

Solve (t) and (ti). 


55. Suppose he paid Rs. x for a horse and Rs. y for a 


cow. 

It is easy to get the first equation, 4.r-f 9y=G70 
Also, gain on Rs. 100 hi case of horses=Rs. 10 

„ Rs. 4x „ =Rs. 1 , 0 ° 0 x4x=Rs. 



2x 

5 


Similarly „ 


Rs. 9 y in case of cows=Rs. 


Hence the; second equation is 



ro° 0 x9!/=R»- 

= 94 ...(//) 


58. Let the number of travellers be x and the number of 
looms y. 

The first equati s, clearly, .T=y-f 2 ,..(i) 

If they £leep 2 ill a room, the no. of rooms required is 


7 * 

-- . this number is less than y by 2, etc., etc. 
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59. Suppose A and B can do the work in x and y days 

respectively. ' 

A‘s one day’s work= 1 


and B’s 


x 

1^ 

y 


■ 

* • 1 


1 r 


x y - 

etc., etc. 

60. Suppose one man can do the work in x days, and or 
boy in y days. 

*1 

# one man’s one day’s work=— 

X 

and one boy’s „ „ =~ 

Thc first equation is — 4" —~ 1 

x y 

etc., etc. 

63. JLet the no.°f men be x and suppose each gets Rs'. y, 
the sum distributed — Rs. xy. 

Had there been 3 men more (t.e., (.r-f-3) men], each woui i 
have got Re. 1 less [i.e., Rs. (;/—!)], so that the sum di; * 
tributed would have been Rs. (x-r3)[y—\) 

■ (*+3)(»/-l)=xy 

or xy+3y—x—3=xy 
or 3//— x —3=0 ...(i) 

etc., etc. 

65. Let the rates of walking be x m p.h. and y rci.pA. 

* being greater th>»n y. 

In J 2 t hours, the faster man walks miles, ana tl * 

m 

other miles ; the former should be greater than the s 
hy miles. 

. llx llry .. , . . 

- ---=-Y- or x-y=\ ...(t) 

Similarly or x-t-y=Q ...(iV) 

etc. 
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67. Suppose the rate of walking is x miles per hour and 
time taken is y hours, so that distance =xy cri'es. 

If the rate had been (ar-fl) m.p.h., time t sen would have 

been -^-hours. This gives (x+l)X^~=xy 

or (x+l)x3y—4-xy • 

or 3{i-f l)=4r [Dividing by y] ..«(*) 

etc. 


Important Note. In the last step we have divided both 
sides of the equation by y. We can do this only if y is not 
equal to zero ; for division by zero is not permissible. But 
here we know that y , the time taken, is not zero. 

68. Let the rate of the boat in still water be x m.p.h. 
and the rate of the stream y m.p.h. 

.*. Speed of the boat up-stream=(x— y) m.p.h. 

and „ down-stream =(x+y) „ 

. It will be seen that the equations to be solved are :— 




-(0 


x—y x+y 

and 

+ « —13 



x—y x+y 


To solve these equations, put (x—y)=a and (x+y)=b. 

71. Let angle A =£ degrees, and angle B=y degrees and 
angle C=z degrees. 

£+y+ 2 =180 [Angles of a triangle are together 

equal to two right angles]. 

etc., etc. 

74. Let the no. of sides be x and y respectively. 

360 

.*. An exterior angle of the former= —degrees 


and 


fi 


99 


latter= 


360 


19 


860 .860_ ft 
* y ~ S 


or 


2 

5 


' ...(0 


Again, sum of interior angles of the former=fcr—4 rt. angles 
and ,, „ latter=2y—4 

2x-4=8(2y-4) ...(*<) 

Solve (») and (it). 


* 19 



1. 


2 . 


3. 


5. 


6 . 


1. 


2 . 


TEST PAPERS-SET 2* 

(CHAPTERS I to XII) 

TEST PAPER 1. (Ex. 34) 

If c ——2, 6 ——3 and c=4, find the value of — 

(qb-ffe-i-grt) — («*+ &*+**) 

3a6c—(fl’+b’+c 3 ) 

Multiply :— 

8 + 6a*+8a by a 2 -r4~2a. 

Solve the equation :— 

i(x+l)_i(*+4)= l 6-i(*+3). 

Solve for x and y :— 

x-ly=Z* 3>T—2y=25. 

Solve for x, y and z :— 

8aj+y+z = 15, 8*-5y+7z=75, 9a-llz+10=0. 

A person bought S3 mangoes for ten rupees.; some Y 
bought at the rate of 9 per rupee and the rest at 1 
for two rupees ; how many of each sort did he buy ? 

TEST PAPER 2—(Ex. 35) * J 

Subtract llx—[6 j—2 { Sx — 4(y — a*) } — (9,r+8y)) . 


from 0. 


* 

Divide l—32a s ~ 128a 7 by 4a*+1—2a by the metbo 
of detached coefficients. 


3. Solve thfc equation :— 

. , 5z —12 3(x-3» 

x = 4 — - - — . 

4 . Solve for a and b :— 

57a+526=181 
76a—896=458. 

5. Solve for a, b and c :— 

t+4 +f-f+i-+i- 

147 


a 

4 





148 


PROGRESSIVE ALGEBRA 


6. 24 pounds of bread and 3 pounds of cbeese cost 5 

shillings which is also the-sum paid for 145 pounds of 
bread and 4 pounds of cheese. Hence find the cost 
of 30 pounds of bread and 6 pounds of cheese. 


TEST PAPER 3-(Ex. 36) 

1. If o = — I, b= —3, c=1, find the value of 

3 \/(ni ■+ 6MT j a-b-Sc) 

<y ai&v 

2. Multiply 3—by 2-f 2x -f x 2 + ~ 

3. Solve the equation 2-f 4-_o 

15 3 ‘ 3 “ U 

' verify the result by substitution. 

4. If the fractions R -=« and 3 i£±^l arc 


and 


arc equal 


to each other, find the numerical value of each. [Hinl\ 
$•. Solve for a % b and c ;— 
a b c 

2 - "- l = -g-+ 1 = T+ 2 ancl 

a b c ...... 

j, 2 ^ 3” + “2" =18 ‘ 

6. Two numbers consist of two digits each ; seven times 
the sum of the numbers is eleven, times their difference. 
Find the numbers, given that tfrey consist of the same 
digits reversed. 

TEST PAPER 4—(Ex. 37) . 

1. What should be added to :— 

3 { 3x-(iy-5z) } -f 6 { 4x-(5y—2z) } -f-6 { 5x-3(y-z) > 
so that the result may be zero ? •*. i 

2. Divide a 3 -f 86 3 -f c 3 -C>a£c by a 2 + 4b 2 +c 2 - ac—2ab-2bc. 

3. Solve the equation :— 

"*' .* _*__*-!* _**+}_ 1 / a 3rx 

2 18 . 10 TV 6 2~) =0 - 
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1 

2x 


\ 


= 0 . 


4. Solve for x and y : 

x 4 - 1L = 2xy, 1 H 
3 4 

5. Solve for r,!/and 2 

5r — 6y — 3z =0 

7 t/— 2z — 4a 1 =9 

2 z—3a:—4^+15=0 

6 A grocer buys GO lbs. of sugar and 112 lbs of tea for 
6 - M 6, 8d ;> selling the sugar at a loss 

o^lay : a h g ow n mueb p P er lb. did he pay for each T 

TEST PAPER 5—(Ex. 38) 

1. Subtract the excess of 2[a-K“ 3 { “ 2 l 6 ” 1 * H ° VCr 

(3-?6) ] from a-(6-c) and evaluate 

the result for a = 6, 6=7, <* = 8. 

2. Multiply '•— 

x 3 +8!/ *+6x t f/+12x«/ , *>>' * 3 -t/ 3 -3*y(*-y). 

3 . is equal to find the value of 

, «* + 0 + a*jH? > Mint) 

9 16 1 


4. Solve for x and y : — 


2(9+1)—(x + l)=4(a:+!)(!/+!). — t J + 1 


= 9 


5. 


Solve for x, y and s : 

2 . 2 3 

x ^ y z 

I—L+ L 

jr 2y 8z 

-M + *- 

X 9 2 


-4 


= 1 


20 
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A man walks from liis village to a railway station 
distant 7 miles, in 2 hours and 20 minutes, and returns 
in 2 hours and 85 minutes, his rates of walking up-hill, 
down-lull and on the level being 2, 4 and 3 miles per 
hour respectively ; find the length of level road 
between the village and the station. [Hitii] 

TEST PAPER 6—(Ex. 39) 

Simplify by opening brackets and collecting like terms 

£)-»(>- TT>' 

Evaluate the result for a=8. f 

What should be added to x— 37.r , -f3.r 6 -f- 7x 2 +35x* so 
that the result may be divisible by *r(.r — l)(*-f 4)—2 ? 
(Answer to contain lowest possible powers of .r] \Hint\ 

If 3(3x— 4)- L__—^ 6-f is equal to 

zero, find the value of 13(.r—7). 

For what values o ip and q will the following relations 
hold good :— 

85/?+41</=847 and 41/;+85?=530. 

Solve for a , b and c :— 

5ab = 6(r/+6) 

7bc=\2(b+c) 

3co= 4 (c + o). 

A man walks a certain distance. Had he walked half 
a mile an hour faster than he did he would have taken 
15 minutes less, but had he walked half a mile an hour 
slower he would have taken 20 minutes more. Find 
the distance and his rate of walking. 


HINTS FOR TEST PAPERS—SET 2 


Paper 3, Q. 4. 




rttRS/f, 


We are given that 


/ 

x+3 _ 8-y _ 3 (, t +?/) / 


e? 


- r J 

J J ■ -O 




test papers set 2 


151 


Solving these equations for x and y t we get X=*12 and 

With these values of x and y each fraction will be found 
equal to 8. 

Paper 5, Q. 3. 

a-\-2 ,a- 4-3 , a + 4 _ 5 

We are given that —-r —4 - 6 

Solve this equation and substitute the value of a obtained 
from it in the second expression.. 


Paper 5, Q. 6. 

Let level road be x miles, up-hill distance (while going 
from the village to the railway station) y miles, and down-hiU 
distance z miles. 

It is easy to obtain the following equations 
x + y + - = 7 



Paper 6, Q. 2. 

Remove the brackets in the divisor, x(x — l)(a: + 4)—2. 

Arrange the dividend and the divisor in descending powers 
of x, and divide ; the remainder with sign changed is the 
reqd. result. 


CHAPTER XIII 
1 FORMULAE 

. (General Results in Multiplication) 

64. There arc certain general results in multiplication 
which ought to be carefully learnt and committed to memory ; 
by their help a number of products can be written down at 
onqe without actually going through the usual process The 
other and more important use of these results is the reverse 
process ; * Factorisation ’ which will be dealt with in the next 
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Definition. Any general result expressed in symbols is 
< died a Formula. Thus, all the general results referred to 
above are formulas which wc propose to discuss in this chapter, 
t ut, as already remarked. we shall use them here only for 
a xdtiplying and not for factorising. 

65. It will be seen by actual multiplication that 
t t+b)x{<i J t-b)=a 2 +2ab+h z and (a—b) X(a— b)=a i -2ab+bK 

Hence wc have :— 

Formula 1. (a+b) 2 =a 2 +2ab+b 2 

Formula 2.’ (a—b) 2 =a 2 —2ab+b 2 . 

* The most important thing to be realised by the students is 
, that aanxlb may be replaced by any expressions whatever, 
llfmpte or Compound. Hence it is far better to remember the 
aboveFormulas in the following forms :— 

(f JExpw+II Exp.) 2 =(I Exp.y-nn Exp.) 2 +2 X (I Exp.) X (II Exp) 
0 EXp.—H Exp.) 2 =(I Exp.) 2 + (H Exp.) 2 -2 X (I Exp.)x(H Expj 

With this device the students will readily understand the 
. dlowang examples :— 

Em. 1. (2x+3<,)*=[2i)*+(3i/)*+2x2ixB., 

=4x i +9y-+12*y- • 

Ex 2. (3a-4ft)*=(3a)*+(4!<)*-2x3ax46 

= 9a 2 +16h 2 — 24a6. 

Ex. 3. (309)* =(300+9)*=(300)*+(9)*+2X300x9 

=y0U00 + 81 +5400 = 95481. 

Ex 4 (408)* =(500—2)*=(500) 2 +(2) 2 —2x500x2 

=930000 + 4—2000 = 248004. 


Ex. 5. (a+h + c) 2 = { (a)+(6+c) } 1 

=(fl) 2 + (h+c) 2 +2.a.(6+c) 

=+( b'- +r 2 + 26c) ■+ (2ab + 2ac) 

= a 2 +1 2 +c 2 +2 ab +2 dc +2&c. 

(The result may be written : o 2 + 5 2 +c 2 + 2 a( 6 +c)+ 2 fcc]. 

Ex. 6 ( fl + h+c + d) 2 ={(n4-6) + (c+d)> s 

= (a + 6) 2 + (c+d) 2 +2(a+*/)(c+d) , 0 , „ 

= ( + + fc 2 + 2 a 6 ) + (c 2 -fd 2 +2cd)+(2ac+2od+2he+2bd) 

= o 2 +Z> 2 +c 2 +d 2 + '2ab + 2ac + 2nd+2fcc+ 2M+2cd. 
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lThe r “"ii^^+^S(We+d)+»(«+'0+?« I l 

66. The .following formulas can be easily ubtavned from 
the two formulas of the last article : 

Formula 3. (a+b)*-Ha-b)*=2(a’+b a ) 

Formula 4. (a+b) 2 —(a —b)‘=4ab. ' 

Formula 5. (a+b+c) W+V-+c= + 2ab+2ac + 2b<X 

Formula 6. (a+b-f c + d + e +.) 2 

=a 2 -}-b 2 -f c 2 + d 2 -f e 2 -f. 

+2a(b4-c + d4-c +.) 

+ 2b(c+d+e+.) 

+2c(-d+e+.) 

■+■ . 

Formula 3 is the result of adding the two formulas 

( a+ bf=a^1P^‘iab 

and la.-b)*=a?+b’— lab . 

as they stand ; formula 4 is got from them by^btmotion^ 
formula.5 is the result of solved example 5 twri**i*^X* 
generalisation of the results of solved examp es 5 and 6 0 i 
within square brackets at the end of each solution. 

67 The following Corollaries obtained from the formulas 
of the last two articles by simple transpositions and minor 
changes may also be noted. Students should see for them¬ 
selves how they are obtained. 

Cor. 1. a 2 +b 2 =(a+b) 2 —2ab. [From Formula 1] 

Cor. 2. a 2 -|-b 2 =(a—b)*+2ab. [ » •• 

Cor. 3. (a-f*b) 2 —(a—b)*+4ab. I .. » 4 i 

Cor. 4. (a-b) 2 =(a+b)*-4ab. I .. »* 4 1 

Cor. 5. a 2 +b 2 +c 2 =(a+b+c) 1 -2(ab+ac-l-bc). 

[From Formula .5] 

Cor. 6. 2iab+bc+ca)=(a+b+c) , -(a I 4d> t +«M- 

v [From Formula 5; 

The students should realise that they ean'do without the 


\ 
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Tibove corollaries and they should use them instead of the 
direct formulas only if they find them more convenient. 

68. We draw the attention of the students to an impor¬ 
tant fact : Formula 2 is, in fact, only a Corollary of 
Formula 1, because :— * 

(a —6) 2 = { (o)+(_6)> 2 

. = (a) 2 + (-6) 2 + 2(a)(-6) 

= a 2 + 6 2 -2 ab. 

That is to say, if in Formula 1 we have —6 instead of 6 
we get Formula 2. 

The idea of changing the signs of one or more letters in a 

given formula to obtain new formulas therefrom is very 

important and will be referred to in several other cases as 
well. 

Note. The extensive use and importance of the formulas 
.and their corollaries discussed in the foregoing articles (No. 05 
to 67) justify the inclusion of a large number of examples in 
the next exercise. This will also lay a good foundation to 
enable the students to handle the other formulas with greater 
case and self-confidence. 

EXERCISE 40 


Find the square of : — 


1. 

3x -}- 4 y. 

[Solved] 

2. 

4o + 56. 

3. 

2x+5//. 


4. 

3.r + 7y. 

5. 

5p + 6 7 . 


6. 

7/+1. 

7. 

8 a 

— 36. 

[So/ucd] 

8. 

* 

5x~ 

-7 if. 

9. 

4 n 

- 0 1. 


10 . 

8k- 

- 0 /. 

11 

s — 

1 M. 


12. 

1 - 

20/. 

13 

a 

1 

-L- — 

1 

a 

(Sofi/rd) 

14. 

J + 

1 

X 

15. 

6 - 

1 

6 ' 


16. 

2c- 

1 

2 c ' 



FOKMULaE 


17. 

•+: • 

18. 

'11- 

• 

t 

19. 

Sab— 4c 3 . [Solved] 

20. 

4 xy 

— 5c 2 % 

21. 

/c*+6i 2 . 

22. 

dab 

— 4 ctL 

23. 

7— 8m 1 . 

24. 

\ T 

’►'//-* 

25. 

5a 3 6*— 8a& 5 . [SofcrdJ 

26. 

l.r'i 

* 

y- — 5x 3 y r> . 

27. 

8.x V+3i^s*. 

28. 

1- 

12A. 12 . 

29. 

10a 10 —lift 11 . 

30. 

a'H 

>*— 4b c c. 

31. 

a—6— c. [Solved] 

32. 

• 

,Y — 

y+z. 

33. 

—p+q+r. 

34. 

-l 

— m + n. 

35. 

—g 

36. 

— .1 

:-y-z. 

37. 

2a;— 8 y+to 2 . [Solved] 

38. 

3a 

-46+5c*. 

39. 

1 —3fc—4fc 2 . 

40. 

X'- 


41. 

p-—'2pq—3q-. 

42. 

s« s 

— a + i». 


43. a— 26+3c—4d+5. [So/red] 

44. 2x~i/4-8s— t. 

45. 3s 3 — 2x 2 +x— 1. [Arrange your result in descending 

powers of x] 

46. 4a*+3a 3 —2a 2 +a—1. [Arrange your result in descend¬ 

ing powers of a] 


Without performing long 

■ 

multiplication, find the square 

47. 997. [Solved] 

48. 995. 

49. 796. 

I 

50. 703. 

51, . 400 

52. 599^. 


% 

If 2a6 be added to or subtracted from a^+fc 2 , it becomes 
a perfect square. Find similar quantities which should be 
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added lo or subtracted from the following; expressions to 
make them perfect squares :— 


53. 

IGx 2 -!-9i/*. [.S’o/L'cdJ 

54. 

4x*-?-25£<*. 

55. 

81 -f 46 4 1 

56. 

1 +9 c ,(> .~ 

57. 

a 8 4-6 8 . 

58. 

lOOx^q-^If^z 2 . 

A 

59. 

*+i~- 

60. 

a 4 -f 1. 
a' 

61. 


62. 

x* - ;/* 

a 4 - x 4 * 


If 6 2 he added to a 2 4-2a6, it becomes a perfect square. 
Find similar quantities which should he added to the following 
expressions to make them perfect squares :— 

63. 4r 4 +12^V- [Solved] 64. 9a 4 -f 12a 2 . 

65. I00-G0x 2 . 66. 121 — 44a 2 6 2 . 

67. x*-i-Gx'. 68. a*-8a 3 6 2 . 


69. x 2 4-2. [Solved] 70. ,r* + 2. 

71. a 4 6'-4. 72. a 8 —10. 


Find as shortly as possible the value of :— 

73. 9x 2 -f 42x4- 49 when x= — 9. [Soft/ed) 

74. 9a 2 —30a 4-25 when a = 15. 

75. 25a 2 -|-40a6 — lfifc- when a— —16, 6=2T. 

76. 9rn 2 —30mn-f 25n 2 when m = 12, « = 8. 

77. a 2 6 2 —10a6c4-25c 2 wlien a=— 3, 6= — 7, c = 6. 

78. xy-f 22xyz + 121z* when x = 7, y = 9,' z=— 6. 


79. a 2 -f6 2 4-c 2 —2a6-{-2ac —26c when a = 20, 6= 19, c=9. 

80. a 2 4-6 2 -f-c 2 4-2a6 —2ac—26c, when a=I5, 6 = 16, c=31. 

81. X 2 -f -if -r z s — 2xy—2x: f 2i/ 2, when x=25, //=1G, z = 8. 

82. ar i q-4;/ 2 q-9z 2 -f 4x//4-6xz4- I2yr, when x=28. y = 5, z=4. 

83. 4a 2 4-96 2 4-l«c l —12a6-f 16ac — 246c, when a=12, 6*=»8 

and c = 15. 
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84. fl 2 + 166 2 +23-8 a 6-10a + l06, when fl=21, *-5. 

Simplify the following by removing brackets and collectm 
like terms 


85. (a+36) 2 -(3a+6) 2 . [Solved] 

86. (2x+3j/) 2 +(2j:-5;/) 2 . 87. 

88. (a-f6-c) 2 -(a-6+*)“- 


(3a-46) 2 -f(4a-f-5^ 2 

4 


89. 

90. 

91. 


92. 

93. 

94. 


(a+2b)*-2(a-r2b)(a-2b)+(a--2b)-' JSolied} 
(2i-3./) ! +2(2x-3!/)(4x+3!/) + (4x+oy)-. 

(2a-86++ 2(2a-36+4c)(2a+36 - 4c) ^^ 

4(a-M 2 - 12 (a-b)(a+b)+ 0 ia+b)-. [Hint] 

25(.r—+ y)(3x-i-5T/)+(3*+5i/) • 

36[I-{-m)- — 12(Z+m)(5£+Gin)+(5l+6»») . 


— 4c) 2 



96. 

97. 

98. 

99. 


100. 

■ 101 . 

102 . 


If u-f 6=5 and a&=7, find the value 

8, find the value 

:7, find the value 

: —3, find the value 

:3, ^find the value 


If a+6: 
If a-b 
If x—y 
If a 2 +6 2 

Ifa 2 + 6 2 
If a 2j rb? 
If X s 


\-P 


2 _ 


—6 and ab— 
1 and ab= 
—8 and xy= 
IO and a6= 

6 

25 and ab— 
-36 and ab- 
40 and xy= 


— 12, find the value 
= 10, .find the value 
=64, find the value 


of n*4*& 2 * 
[Sotve<P 
of a*+6 2 . 
of a 2 -!-# 2 - 
of x*+tr- 
of a-\-b, 

* ffftnf] 

of a+6. 
of a—b. 
of x—y. 


103. Find the value of a + b, when a—6=5 and o6=2|. 

[Solvec . 

104. Find the value of a+b, when a— 6=6 and oh=3|. 

105. Find the v^iluc oi a+6, when a— 6=7 and ab=^ —6. 

106. Find the value of a—b, when a +6=8 ' and ab —3J. 

[Hinl 

107. Find the value of x—y, when x+y= —8 and xy= 4. 


108. If <z+6=8 V2 and a— 6=V 6 - evaluate a*-f 6* and ^ 

[Softw.' 
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10 X 

110 . 

in. 


If a +b=y/ll and a—b= \/7, evaluate a• -rb 3 and ab. 

If x-\-y=Zy/2 and x—y=2 y2, evaluate ry[x 2 +y*). 


If/+-m = -v/7 and l — m = — V 6 » evaluate 



312. If a+b=2y/3 and a—b=y/~* t evaluate a^b+ab 


113. If rt4-6-fe=ll and ab+bc+ca=45 t evaluate 

a *j_fi*+c*. [Solved] 

114. If a+b+c=i — 13 and ab+bc+ca=60, evaluate 

a * + &*+**. 

315. If x-hy+z=lO and xt>+7/z-}-zx=—30, evaluate 

^ + 7/*+2\ 

116. If x+i/+£= 15 and j s -}-t/ s + 2 , =85, * evaluate 

xy+yz+z: r. [Hint] 

117. If x-ff/+z= — 20 and a£+j/*+2**=16, evaluate 

11?. If a 2 +6 2 +c ? =24 and ab+bc+ca—G, evaluate 

a+b-j-c. [Hint] 

fl9. If a 2 +6 , +f*=50 and ab+bc-i-ca =—± t evaluate 

g+6+c. 

120. If a^+7/ 2 +2 2 =40 and x^—*/ 2 —zx=12, evaluate 
' X+lt-z. 


121. If x 2 + i/ 2 +2 2 =75 and x-y-z= 11, evaluate 

xy—yz+zx. [Hint] 

122. If —a-6+c=l2, and —a6+6c+ca=22, evaluate 

c 2 +6 2 +c 2 . 

^ ' 

123. If a+ - =3, find the value of o 2 + 4-p. [Solved] 

124. If a+-i-= 5, find the value of + 

125. If 7 /»+--- = —7 find the value of m* + 

in mr 

126. If x— ^ = 6 , find the value of x*+^j- '//infj 
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127 If a: __L = V 8 . fi nd thevalue0t + a?' 

128. If *+ — = V5. th0 vaIue 0f X ‘ + ^ • [SotVed] 

x . Jl 

129 If * + JL =vi. find thevaIueof * 4+ 'r' 

130. If O-i-=-3. find the value of 


131- If o'+^-=7. ’evaluate 

°+l- 

[Solved^ 

4 * 

132. If a-+ a 'r= 14 - evaluate 

a+_ u ‘ 


133. If **+ ^=23. evaluate 

I 

tT”i—- • 

a: 



1 

ar-. 

[Hint] 

134. If * t + -3’ ss38 * ^ vaiUALC 

Mr 

135. If «*+>-=«» cvaluate 

* 

1 

a -• 

a 

136. If a*+^r= 47 ' evaluate 

o+-i-. 

[Hint] 

137. If m* + J-= 19 *. evaluate 

m +^ 


138. If «•+ 4= 84 ' evaluate 

•C’ 

1 

K - 

X 

. [Hint] 

139. If = 119 , evaluate 

13 

1 

9 P 

• 

MO. Iffc*+^ =2, prove that k —jr 

=0. 



ICO progressive algebra 

SIiow that the following expressions can never* be 
negative:— ' - 

141. 9a-— 12a+6. [Solved] 142. 25a 2 —lOa-f-6. 

143. ^-2^r-hc 2 -f3. 144. a z -*ab+\lr+c>. 

145. a 2 + fiab-b9b 2 +c r -\-d z . 

146. a 2 -.S«6+106--fc 2 — Ged+Od 2 . 


147. Prove that a?-±-tr -\-<r — ab — be—ca = \ { (a— 6) 2 +(6 — c) 

♦ +(<* —a) 2 } ; hence show that a 2 -f bt+c*—ab—be 
—ca can never be negative. [Hint] 

148. Find the value of a 1 4-6 2 4-c 2 — ab—bc—ca t when 

«=57<», 6<=577, c=579.» [Hint] 

149. If x=a—b, ij—b—c, z—r — a, show that 

x 2 +!T+^+ 2xy -f- 2yz-\-2zx is equal to zero. [Hint] 

150. If x — a-\-b —'2c, y=b-\-c—^.a t z=c-\-a—‘2b, show that 

jr -{-y- -\-z 2 -\-2xy -\-2yi-\-2zx is equal to zero. 


151. If x=3a-\-2b and y=2a—3b, find the value of 

4a^ — \2xy-\-9ij 1 in terms of a and b. [Hint] 

• • ft 

152. If a=3m-n and b=2m+3n, find the value of 

9 a 2 -i-Oab + b 2 in terms of m and n. 

153. If x=a-\-b, y=a±2b, z=a + 3b. find the value of 

x 2 +y 2 -\-4z 2 -\-2xy— 4xz — iyz in terms of a and b. 

154. Show that ^ a-p —4^ a— is a perfect 

square. [Solved] 

155. Show that ( a-f ^ ) — 6 ( a— i)+5 is a per¬ 

fect square. 

156. Show that (a-+2 ( a + -^)+5 ** a P er * 

feet square. 

• It is of course understood that the letters involved stand for real 
quantities. This has not been mentioned, for the students haven't yel 
Mine across itnaginary ijuunlitics and therefore they cannot be implied. 
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Express 


157. **+ 


the following expressions as perfect squares V 

V +*( *+ t) +6. 


158. 


+4 -*+*(*- T> 


159 


160 


. (fl . + ^y -*(.+ 4y +l2 - 

• (*+ *-)’ ~ 6 (* - t)‘- 8 - 

SOLUTIONS & HINTS—EXERCISE 40 

1 {Sx+iv f =(3*)*+(4»)* ■+*(3*)(*») 

' J = 0 .r 2 + lfl!/ 2 + 24X!/. Ans. 

«.-w :SS j-jg*r-Sp5>. 

i3. (.+ i-.y-w+U)' +’«(-!-) 

=«* + It +2- *“• 

19 (3ub—4c 2 ) 2 = (3nh) 2 + (4c 2 ) 2 2(9ob)[4(?) 

IV. \4uo , = i )rt 2 6 2 + i 6c 4_24a6c 2 . Ans. 

"• = 425 fl 6 6 8 + 04a 2 6 10 -80a 4 6 9 . Ans. 

31. (a-6-c) 2 =<(a-6)-c> 2 

= (a _6f + (c) 2 -2(a-6)(c) 

^a 2 — 2 a 6 + 6 2 +c* — 2 ac + 26 c 
= _ a 2 + ^2 4 - c *- 2 a 6 - 2 flc + 26c. Ans. 

Or thus :— 

(a-b-c) 2 = < a + (-6) + (-0 } * 

=a 2 + (_ 6)* + (■- c)*+2(a)( - *>) + 2 («K -0 

-f 2 ( - 6)( - c) [using Formula 

2 ^ 6 —2(ic-h26c. Ans. • 
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37. C>x-3j/4-4 =-) 2 

= (2 .r ) 2 -f(-3 !/ )-+(^-) 2 +2(2j)(-r> i/ )-f-2(2.r)(^ 

+ 2(-3y)(4s 5 ) [using Formula 5) 

= 4X 2 4- 0 »/- -}-16=»-12xf/+16 J2- - 2 if/: 2 - Ans. 

43 (a-2t + 3r-4c/-f5) 2 

= (a) 2 + (4-2 b)* + (3c) 2 4- (- 4rf) 2 + (5) 2 

4-2a(-26+3c—4rf+5)-46(3c—4tf+5) 

+Gc( —4c/4-5)—8</(5) [using Formula 6] 

_ 0 2 4.4^ 9c 2 4- 10c/ 2 4- 25 — Aab+ (vie — Sad 4-1 Oa 

— 12 &C+ 16 M— 206—24rd+30c—40d. Ans. 

47. (997) 2 =(1000—3) 2 

= (1000) 2 4-(3) 2 -2 X 1000 X 3 

= 10000004-9 —GOOO 

= 994009. Ans. 

53 If we put the given expression in the form (a) +( )'» 
the quantity 2 .a.b can at once be obtained. 

Given exp.=16x 2 4-9^ = (4x) 2 4-(3!r) 2 * ' / 

Reqd. quantity =2(4x)(3f/ 2 )=24*i/ 2 

63 If we pul the given expression in the form (fl) + a - * 
the quantity (b)- can at once be obtained. . , 

Give, exp.=4**+12jV=(2^*+*(2^( 8 9 , > 

Reqd. quantity =(3y-) 2 =9i/ 4 . 

69. Given exp. =* 2 4-2==(jr) 2 + 2(;r) ) :0 

I 1 \ 2 - 1 

/• Reqd. quantity 

73 Given exp.=9.x*+42x+49=(ar) s +2(3l)(7)+{7)* 

=(3x+7)’ . 

=(-27+7)* [V *= ” 9 1 
=(—20) 2 =400. Ans. v 

79 Given exp.=(a —6+0 2 * 

= (o 1 +Gab+0b'-)-{0a'+* i bA-l> ) 
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=a 2 +6ab+9b z -9a 2 —<y<ib~-b 2 
= -8a 2 +86 2 . Ans. 

89. (a+26) 8 - 2 (a +2 b)(a - 26) + (a -2d) 8 

=x* —2«y-J-y 3 [where £=a + 26 an(Ty=<i—26] 

= (x-t/) a 

f , ==.{ (a+26)-(a—26) > 8 [putting pack the values of 

1 ' " x and y] 

*(46) 2 =166 2 . Ans. 

,^2. Given exp.=4^—12^+91/* [where x—a—b % ty=a+&| 

=(2x—St/) 2 , etc. etc. 

95. fl 2 +6 z =(a+6) 3 -206 (Cor. 1. Art. 67] 

—(5.) 2 — 2 X 7 ('V £+6 = 5 and rt&=71 

=25-14=11. Ans. 

99. { a+b)*=a* + * + 2ab * [Formula If' 

=10+2X8 [ V a*+6*=10. <z6=8] 

^10+6 = 16 

a+6=^/i6=4 or —4. Ans. 

103. (a-W = ( a _4 )2+4a5 (Cor. 8. Art. 67] 

-(5)’+4xJ 4 A [v a-6=5 anda6=Ul 

=25 + 11=86 - 1 

/. a+6=v r 86=6 or —6. Ans. 

106. Use Cor. 4. Art. 67. Cafe . in-hvk-,~ . a» . .. 


.. a-hO=V80=6 or —6. Ans. 

106. Use Cor. 4. Art. 67. (ofe . (a-6)«=( a+6) ._ 4aM 

108. 2(a*+i*)=(a+6)» +( a-6)« [Formulas] 

-l 8 8+ 2 /ft. ( V , 6 /IV, »+*=«V2. a-i=V6 
^18+6 [. (8V2)*=8v'2x8 V '2=9x2 = 18] 

c j + 6 8 =2^-= = 12. Ans. 

Also (Formula 41=18-6=12 
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1*4 


.if Or thus :— 

a + fc+.r=ll [given] 

.*. ' (fi + 6 + c) 2 = (ll) 2 

or a i + b 2 -\-c t + 2[ab-{-ac-\-bc) = \2\ 
or a*+6*+c* + 2X45 = 121 

or a 2 4 -^ 4 -c 2 = 121 — 90 (Transposing 2 x 45, i.e 90) 

= 31. Ans. 


116. Use Cor. 6, Art. 67, viz., 2(ab +ac+6c)=(a+6+c)» 
— (a"* Jr-h*-\-(?) or proceed as in the alternative solution 

of Q. 113. 

118. (a+fc + c) 2 =a 2 +& 2 +f 2 + 2(a6 + ac + 6c) 

= 24 + 2(0), etc. 


121 x-ij-z = U 

{x-y-zY={l\) 2 , etc. 

(In the last step you will have to divide bv —2 instead of 2] 
123. a 7 +lr = {a + b)- — 2ab. [Cor. 1, Art. 67] 


a 2 + A -( o+ -M 2 -2xox ~ 

a~ \ a I a 

£ Writing 

=( 3 ) 3 —2=9—2=7. Ans. 
Or thus :— 


instead of b 



fl+ — =3 [given] 

( u+ -L) 2 =( 3)= 

o*+-V + 2 - 0 - — =9 

a 2 a 

a* + -V+2 = 9 
a 2 

o 2 +—, =9-2=7. Ans. 




FORMUIAB 


126. 

Either use Cor. 

2, Art. 67 

or proceed as in the alteri 

128. 

*+4-v« 

[given] 

• 

• • 

(-+4 

)‘=(V5 f 

or 

in 

II 

+ 

•$* 

or 

**+4~ 

=5-2=3 


or 


or 


Squaring again* we have 

( M= {3) '~ 

X t +~+‘2=0 

x* H—=9—2=7. Ans. 
x* 

Or thus 

*’+4=(*+4)‘ — 4 

=(V'5) 1 ~2=5-2-S . 

**+4=( *’+ 4f 4 

= (3)-—2 = 9—2=7. Ans. 

[}1. ( a+ =a a + - fl V +2.a. ~ =«=+ 

=7+2 [v n 2 + ~ 

=9 


Again 


t 

♦ • 


0+”=\/9=3 or —Ans. 

Or thus :— 

<***f -V—7 [given] 


155 

Q. 123. 



ICO •'- 


PROGRESSIVE AI.OEBKA 


Adding 2 to both sides w<? have 


or 


or 


2 , 1 

+ q , + 2 = 7-f2=9 


/ 1 v* 

( " + a ) = 9 


a 


~r ' a — \/0=‘6 or — 3. Ans 


134 


• ( - ’ ) - 


? + ?-2 = 38-2. tic. 

i* 


Or thus :— 


*‘-h 


1 


■i 


= 38 


Subtract 2 from both sides etc. 
136. c 4 -f -?• =47 


Add 2 to both sides and thus get the value of o 2 -j 
Again add 2 to both sides and get tlie value of f/-f 



1 



138 First get the value of 

•2 

[by adding 2 to both sides] 

Then get the value of x— - 

x 

("by subtracting 2 from both sides] 
141. Given exp.=9a a — 12 a + o 

= (9a 2 —12« -f 4)-f 2 
= (3a-2) 2 + 2 

• 

The first part, viz., (3a —2) 2 , is a positive quantity, because 
even if the expression within brackets is negative, its 
square will be positive. The second part, viz., +2, 
is also positive. Hence the given exp. is positive. 
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Remember that a squared quantity can never be negative 
and its least value is zero. 

147, proceed -with the right-hand expression: take the 
squares ; collect like terms ; remove the outer bracket: 
the resulting expression will be the same as that on 
left-hand side. 


148. The given exp. = £{ (a— b) 2 + {b~ c) 2 -f(r—n)- } 

[See last questionj 

Substitute the given values. 

149. The given exp.=(x-f-J/+~) 2 « 

Substitute the given values of x, y and z. 

151. The given -exp.=(•>*—3//) 2 . 

Substitute the given values of $ and y. 


154. («+6) 2 =(a-6) 2 + 4n6. [Cor. a, Art. 67J 

( a+ 4)-(-A)* + o. I 

[ Writing i- instead of b J 

= ( «“• -;r)' +4 - (i) 

Now, the given exp, 

= ( a “ v) +4-4 (a- [using result (t) ] 

[where cc&ta —i-J 


~X 2 -\-±—4x 

= (x-2) 2 

= ( a ~ T ~ 2 ) 
=a perfect square. 


[Rewriting the value of tf) 
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159. 

, i l.\* 

The given exp. = ( «*+ 1 -"4 

{ a + 





+ 2 } + 12 


-(^ir - 

( a 3 + 

y)- 8+lt 


etc., etc. 




Formula 7. (a-f b)(a — b) = a' J — b- 




(Verify by actual multiplication) 


Since a and b can be replaced by any expressions, we 

have :— 

(I Exp + II Exp.)(I Exp.-II Exp ) = (I Exp.)- —(II Exp )*. 

a form which is much more convenient for a beginner. 

In words, the formula may be stated as follows : 

“ The product of the sum and difference of tu o quantities is 
equal to the difference of their squares." 

Example 1. (j - — 3)(.t — 3) = ( jr) 2 — (U)- = a:- 0. 

Example 2. (3a 4- X)(3a — f) = (3a)- — (4)* =0u- — 10. 

Example 3. (3.r- + 7t/)(3 r* - 7 y) = (3.r=)- - (7»/) 2 = Ox 1 - 49y*. 

Example 4 { (</-4-&)-4-(c) } {(a + b) — (c) } 

= (^7 -f b) : - (< )- =a 2 +b‘ +5 lab - c- 

The above examples arc only to illustrate the formula. 
Solutions of different types of questions in the next exercise 
have been provided as usual. 

EXERCISE 41 

Write down the product of 

1 and 'la— 3 [Soiled] 2. 3.T-4-5 and 3x—» 

H S 

3 4.T-4 7p and 4a —7//. '4. f -m and + m. 

5 — i -}- 10// and 1 -j- 10/* [Hint] 

o — la-ffu and 



formulae 


7. 

8 . 
9. 

10 . 

11 . 

12 . 


5a?b _j_6(' 5 and 5r/°/> — Gc 5 . 

3/j 4 -r 46V and 3« 4 — 46V. 

Sx 6 —"f/V 3 and ox* -J-7t/*2 3 . 

— S.r« + 3// 3 c 3 and 8x s 4-3r/ 3 z s . 

—9Jt» + 10/ ,w and —9A 9 —101'°. 


Up 3 . ... . • i / ) ' 

, — or'- and — —, 

'/ 3 


-5r‘*. 




Write down the following products 

13. { (2x+3»/)-Mz > { (2x + 3 ,/)-\z } . [Snlved] 

14. { (3a— 4) + 56 > { (3a-4)-56 } • 

15. { C2fl + 5&)—Gc } { (2a 4-5&)-r6r } . 

16. { 4i#i+(3p-57) } { 4m-(3p-5'/) ). 

17. { (a + b)-(c+-d) > { (a+ 6)+ («* + </) > • 


18. (X-3//-F 4:)(.r + 3//-4c). I Solved] 

19. (2r-f f/—3:)(*2 j —»/ - oz). 

20. (.t- -xi /+ »/*)(** + xi/ </-> 

21 . (fl*+rt-l)(<l*-rt+l). 

22. (x 4 + x- + 1 )(.r 4 - 4- 1 ). 

23 (ax ! -6;/- + cz-)( -n.r* + rc* + Inf). 

24- (x-r»/+~-W)( * -I-'' 

25. (ax —by -4- rs— l)(fl' 4*6// — <2 + 1). 


Find the continued produel ol — 

26. (a + 6)(a —6)(a 2 + 6-). [.So/m/j 

27. (x-//)(x + //)(x 2 -ir). 

28. (2a + 36)(2a - :i6)( in- i>/»-) 

29. (4.r* *f 2oj/-)(2.r 4- •>//)( 2.) — 01 /). 


'30. ( .r + 


1 

X 



x 2 -f 


1_ 



l 
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31. (lGa* + /> 4 )(2a + &)(la 2 4-fc 2 )(2a-fc). 

32. (/»+m 8 )(/+m)(/«+m«)(/-m)(/ 2 +m 2 ). 


33. (l+a+a 2 )(l-a 2 +a*)(l-a+fl 2 ). [HinlJ 

34. (a 2 +a6+6 2 )(a«-a 2 6 2 +6 4 )(a 2 -a6+fc 2 ). 

35. (a: a + l)(x 2 -l)(^ + i-V2 + l)(^-J'\/- > + 1 )- 1^0 

36. {a-b-c){b-c-a)(c-a-b){a-' r b+c). [Hint] 


Simplify :— 

37. (a -26 4- 3c) 2 - (a + 2b - 3c) 2 . [ Solved ) 

38. (2.C+3 y-b 4=) 2 —(2* - 3 y - 4z) 2 . 

.39. (x 2 +5*+7) 2 -(:r 2 -5x+7) 2 . 

40. (a 2 -v/ «V+6*)*-(\/—a 2 4-6 2 ) s . 

41. (2 X+1J- 3:4- p) 2 - (2 X - ;/4- 3= - p) 2 . 

42. (3a 2 — 6rt& + 8/4) — l(a 2 —3a6+4& 2 ) 2 . 


Use the formula 

(«+6)(a-*-6) 

•> 

=a- 

-/r 

Of :— 





43. 

3004 X 2096. 


44. 

91 

45. 

700 GX 690 4. 


46. 

30’ 

47. 

3148X3148- 

2852 X2832. 

[///«/] 

48. 

4152x4152- 

2848X2848. 



•49. 

(3-289)*—(1*7 

11 )*. 

50. 

(47 




SOLUTIONS & HINTS—EXERCISE 41 

( 2 a+3)(2a - 3) = (2a) 2 - (3) 2 = 4a 2 - 9. 

5. Reqd. product=(10p—l)(10/>+l). 

7. (5a 3 6+6c 5 )(5a 3 6—6c 5 ) 

=(5a 3 />) 2 — (6c 5 ) 2 = 25a c /r - 36c 10 . 

13. { (*2j:4-8f/)+4= } { (2 j;+3»/)—4: > 

= ( 2*+3 » y ) 2 - ( 4 z ) 2 = 42 - +12 J »/+ O '/ 2 - 16 z 2 . 


FOP. MU LA fc 


I 7 I 

18 . [Wc must put the two expressions in the lorn* of' the 
last group (Q 13 to 17). 

l or tins purpose zee combine those terms; which have the same 
sign in the two expressions • they form the first peri . 
the remaining trims form the second port.) 

(x - 3// -f- 4:)(.r + 3 y - Iz ) 

= { {ar)-(3//-ta) } { (*) + (:).'/-«:) } 

| Note that only x lias the same sign in the two expressions) 

= (x)--(3.v-4:) 2 

= x : -$y--Ujz-+'14.yz. 

26 (a -f b){ei~b)(a 2 + b-) 

=(«*—6 2 )(a 2 4- b 2 ) [Multiplying the first two faetorsj 

==(«-) 2 --(& 2 ) 2 ==a«--/,\ Ans. 

30. First multiply the first aiul the fourth factors. 

33. First find the product of the first and the third factors ; 
it will be found to be 1 -|-« 2 -t-a 4 . 

35. Multiply the first two factors and the last two factors 
separately (the latter product will .be found to be 
(x 4 -f-l) ; then multiply the two products. 

36. The product of the lirst two factors will be found to be 
c 4 —«*—& 8 -r2<i6 and of the last two c*—a~—b-—2ab. 
The signs of the first three terms in each ale the same, 
hence the expressions should be written as, 

{ (c 2 -a*-fr*)+(2«&)} and { (c 2 -<i 2 -b*)-{-'ub) } , 

37. (fl-26+3c) 4 -(a + 26-3/-)* 

=^—ir (where * = « — 26-+3c, —3c] 

=(*+//)(*-?/) • 

=(2fl)(-4i»+Cr) (Keplacing x and y by their values] 
= —8 ab+ 12ac. 

43. 3004x299(i = (30UO-t-4)(3UOO-4). 

47. Given exp.=(3148) 2 —( 2852) 2 

= (3148 + 2 $52) (3148 — 2852). 
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71K FOTOola 8. Cr+aX*+&J — ■^+(a+6)* J +flfc 

[Verify by actual multiplication] 

Also, changing signs of (t) a, (it) 6, {Hi) a and b , on both 
sides, wc have the following Corollaries 

Cor. I. (x—a)(x+6)=* , +(—■ a+b)x—ab. 

Cor. 2. (x+a)(s-6)=x 2 4-(a-6)*-a6.* 

Cor. 3. {x-a){x-b)=x*-?(--a^bfx+ab. 

'- or x 2 —(a+6)x-f 

But instead of referring to these Corollaries it is better to 
remember that :— 

The coefficient of x • 

=The algebraic turn of the second terms 

The term free from x 

—The algebraic product of the second terms. 

EXERCISE 42 

Write down the product of :— 

1. x-h2 and x4-3. [Solved] 2. x-{-5 and x-f-7. 

3. <z4-6anda-M. 4. »n-r9 and m+8. 

— mm ^ m % 

5. x—9 and x-f 5. [Sotorrf] 6. x-8 and x+7. 

7. a-f8 and a —10. .8. p + 5 and p — 1. 

9. 6 — 6 and 6—8. .10. * — 1 and t — 11. 

Distribute the following products 
II. (x—8)(7 —x). [ Solved ] 12. (x-5)(6-x). 

13 (9—x)(—x—10). 14. (-<r— 10)( —11-ar). 

15. (2x~5)(2x—7). [Solved] 16. (8x—S)(8x+9). 

17. (4a—1)(7—4o). 18. ( 1- y)[ 6 ~ t)- 


FOBMULAh 



19. 

20 . 

21 . 

22 . 

23. 

24. 


# te+ 4«-5)(Jte+4i/+T). [Sdwfl 

(2a^5?+l)(2fl'56-10). 

(x 2 —2x4- 3)(a ,2 ~ 5x+3). [//ifll] 
(3a 2 —a —4)(3a 2 4-2a — 4). 
(5a-46-G)(5a + 46 + l)- [Hint] 

(4x 2 — *2x4-1)(4.1' 4- X' + 3). 


SOLUTIONS & HINTS—EXERCISE 42 

1. (*+ 2 )(*+ 3 )-** + (2 + 3)*+«x8-a?+5«+6. Ana. 

5. (*—9)(x4-5)=x 2 4-( —9+5)i*4*(—9)(5) 

c=.r 2 — 4x—4 5. Ans. 



(x-8)(7-x) 

= -(x-8)(x-7) (taking minus sign 

= - { x*4-(_8-7)x4-(-8)(-7) > 

= -(x 2 -15x + 56) 

= —x 2 4-15x—50. Ans. 


out of the second 
bracket) 


15. (2x-5)(2x-7) 

=(a—S)(a—7) [writing a for 2x.] 

=a= + (-5-7)a+(-5)(-7) 

=a 2 — 12rM-35 

=(2a?) 4 — 12 ( 2 j)+ 35 [Putting back the value of a) 

=4x 2 —24x+35. 

Or thus directly 

(2x-5)(2x-7) = (2x) 2 4-(-5-7)(2x)4-(-5)(-7) 

— 4x2—24x4-35. Ana. 


19. (3x4-4t/~5)(3x4-4i/4-7) 

=(a—5)(a4-7) [where a=3x4 : 4j/) 

=a 2 4-(—54-7)a4-( —5)(7) 

=a 2 4-2fl—35 

=(3x4-4t/) 2 4-2(3x4-4!/)—35 [Putting back the value of a) 
=4-1 Cl / 2 4-24xi/4-6x 4-8//- 35. 
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21. Reqd. product=(j? s — 2x+S)(x'— 5x+3) 

= { (^-f-3)-2x } { (r' + 3)-5x} 

=z{(i — 2x)(a — 5x) (where a=^ 2 +-9ff 

etc. 

23. Reqd. product^ { <x -f( — 46 — 6) } { x-t-(46-f-l) } 

(where <r=5o) 


71. Formula 9 . f-r-fc) 

= a? 4-(6 *f b -f c) x 2 + ( ab -f ac 4- +abc 

(Verify by actual multiplication) 

Corollaries can be obtained affin formula 8 by changing 

signs, but it is far better to do without them and to j-ememb$r 

that :— ' 

v - 

(i) The coefficient of x 2 is the algebraic rum of the second 
terms. * , n 

Hi) The coefficient of x is the algebraic qf the aigebraic 
products of the second terms taken two. by two. . 

(in) The terra free from <r=The algebraic product of the 
Second terms. 


EXERCISE 43 

Write down the values of the following products :— 


1. 

(r+2)(i+3X®+‘‘). 

(•Stffocd] 

* 

2. 

4. 

(x+8)(x-M)(x+l). 

(x4-T)(x+l)(*+4>. 

% 

' 3. 

(x+2)(x+5)(i+C). 

5. 

(x-3)(a:+4)(x--6). 

[Solved] 

ft 

6. 

(x+l)(x—5)(x+3). 

7. 

(ar+2)(«^-5K«r-6). * 

s. 

(•r4-3)(a?-2)(*-7). 

9. 


10. 

(.r— 4)(cT—5)(ar—6). 

11. 

(«4-lK*+6)(ffl-7).- 

12. 

(t— 2)(ar-4-8)(j;+7). 

13. 

(a+ll)(&*-Vi){a-m. 

14. 

(m—7)(m+18)(mp6) 

15. 

(*+8)(A-+r2)(A~15). 
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16. (2<7-fl)(2a +3)(2a + 5). [Hint\ 

17. (3/,:~l)(3fc-2)(3fc-*). 

«• (T +1 ){- a 6 "* )(V ' 5 ) 

19 . (xy-3){iy-4){x!/~ 7 )- 

20. (5a + 3fc)(5<i-4&)(5a-126). 

Fill in the circular brackets by suitable terms in the follow¬ 
ing identities :— 

21. { x+2 } {x + ( ) } {x+{ U = 

x 3 - 4x-+( )j+10. [Hint] 

22. {..r+( ) > { x+( ) > { x ~ s > = 

)x+ZO. 

23. {a+( )>{«+( )}{*+( ) } =fl 3 -7ad-0- 

24. { x+a } { *+( ) } { *+-( ) } -a 2 *”AB¬ 


SOLUTIONS & HINTS—EXERCISE 43 

1 (*+2)(.r+3){*+4) 

=x 3 + (2 + 3 + 4)r i + {2x3 + 2X4+3X4)a:+2x3x4 
=r.r 3 + 9x 2 +(t>+8 + 12)a:+24 
=a <3 +9a: 2 +20^+24. Ans. 

5. (x—3)(.r+4)(.r—G) 

=a^ + ( — 3+4 —6).r 2 + { (—3*l(4)+( —3)( — C) + (4)( —C) } * 

+ (-3)(4)(-G) 

= a? - 5 j 2 +(-12 +18 - 2 4)x+ 72 
— x 3 - 5x 2 —18x+72. 

16. Put 2 a=z. At the end replace x by its value 2 a. 

21. Let the first two missing terms be a and b. 

2+a+&=—4 [Coefficient of a: 2 ] 

«+&==:-4-2=-6 ...(/) 

Also 2X(j x6=10 [The term free from x] 

' ! ab= -l> 0 -=3 -.(ii) 
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From (0 and (ii) we see that the sum of a and b is —6 
and product 5. Hence clearly their values are —5 
and —1 (or —1 and —5) respectively. 

The coefficient of x can now be found. 


72. Formula 10. (a+b) 3 =o 3 +3a 2 b+3ab 2 +b 3 

or a 3 -hb 3 +3ab(a+b) 

Formula 11. (a —b) 3 =n 3 —3a 2 b+3ab 2 —b 3 

or a?—b 3 — 3ab[n —b). 

[Verify by actual multiplication] 

The following corollaries obtained by simple transpositions 
arc also important :— 

Cor. 1. n 3 +b 3 =(a-\- b) 3 —3nb(a+b) [From Formula 10] 

Cor. 2. a 3 — b 3 =(n — b) 3 -j-3ob(a — b) [From Formula 11] 

Note. Formula 11 can be obtained from formula 10, and 
Cor. 2 from Cor. 1, by changing b into —b. 

[See Note on Art. 68] 

EXERCISE 44 

Find the cube of :— 


1. 

2x-\-3y. [So/ird] 

2. 

5.r+4r. 

3. 

3m +7/?. 

4. 

fir + by. 

5. 

x 2 + 2ij 2 . 

6. 

• 


7. 

3x 2 -2y. [Solved] 

8. 

a 2 -3b. 

9. 

-5h‘2ab. 

10. 

\rn 2 -n. 

11. 

\x — \n 2 . 

12. 

2x-~ 

3X 


13. Prove that (a-f^+c) 3 =a 3 +^ 3 -fc 3 +3a6(a+6)+36c(6-fe) 
-4-3ca(c-|-a)4- Gabc. [ Sol;ed) 

) Use the result of the last question (No. 13) to find the 
vvalues of .*— 

14. [a-b+c)\ [Hint]. 

% 


15. (o+ft—c) 3 . 
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l( -o+ 6 +c) 3 . 17. (a- 6 -r) 3 . 

IS. <2a-36+c) 3 . 19. (Zx-2y-l)*. 

Find the values of the following Without using4h<£ result 
of question 13 « 

20 . (a—26—3c) 3 . 21 . 

22 . (at—xy+y 2 ) 3 . 

Find the value of a 3 + 6 3 , when :— 

23. a+i=4 and a6=5. [Coined) 

24. a+6=5 and a 6 = 7 . 25. a+ 6=—6 and « 6 «® 8 . 

26. o 4 - 6 =p and ab^q. 27. o+ 6 =*= 2 & and a 6 = 8 /;®. 

Find the value of o 3 — 6 3 , whoa :— 

' 8 . a—6=4, o 6 =l 2 . [Solved] 29. a— 6 = 1 , 06 = — 6 . 

30. a—6=3, ab — 1. * . 31. a—b=p, o 6 =q. 

32. o- 6 = 2 /, o6=3i 2 . 


33. If 


l 




t 


•z 


- L* find the valuo of ® 3 -f- 5 -. [Solved] 


34* If *+ — =;>, 

cc 


find the value of —— 

(B® 


35. If 0+~ = 

a 


find the value of a°+ - —. 




36. If 23+-£-~=s5 f find the value of r ii * Ti 


sa 3 

1 


37. If 3#+-—-t=2fc, find the value of 27®*+ _. 

64iT u 


38. If *— 


40. If 6 / 


2 

a 

1 

P 

1 

8* 


—3f, evaluate a- -1 — 


I 


39. If p —-—<=6, evaluate jr — 


, evaluate 1 25i 3 - 


^ . [Solved]. 

1 

P* ' 

1 

27-i 3 '* 
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41. 

If 

* 8 

*--F~ 

« 

k 

“g- . evaluate y*— 

27 

42. 

If 

x _L —o 

* ~ 2 ’ 

evaluate 

**+-£-• 

[tf in<) 

43 

If 

a — -- = — 1, evaluate 

a, +^- 


44. 

If mS+ ^~ =1& ’ 
Tfl 

evaluate 

, 1 

£T 3 * 

[JfmJ) 

45. 

If 


evaluate 

**-?-• 


46. 

If 

x *+-h -*• 

evaluate 


[tfin/] 

47. 

• 

If 


evaluate 




Find the value of ab, when 

48. a 3 -f 63=28 and a+b=l. [Solv'd] 

49. a 3 +6 3 =9 and a-j-6= 8 . 

50. a 3 -f 6 3 =—2A: 3 and a+b=k. 

51. a 3 —b 3 =26 and a— 6=2. [Hint] . 

52. a 3 — 6 3 = 9/ 3 and a—b=dl. 


53. If a + 6 = 4, evaluate a 3 -f 6 3 -f-12a6. [Sofopd] 

54. If a-i-6=5, evaluate a 3 +6 3 +15a6. 

55. If p—q=Q t evaluate p* — q 9 — \8pq. 

56. If m — n-f-7=0, show that m 8 —n 3 -f-21mn-{-343 =0. 

[Hint] 

57. If a +6 -\-c =6, show that a 3 -f 6 3 +c 3 =8a6c. [Hint] 
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Find the value of :— 

58. a?+6z*+ 12 *-b8 for x=28. [Hint] 

59 x 3 —9* 2 '+27 x— 27 for *==23. 

60 8x® - 36 ** 1 /+54x1/*-27?/ 3 for *=18, y«=12f. 
27 a 3 —135a 2 +225a —10 for a = l5. [Hin ] 

62. 64m 3 -90m 2 +48m + l for m=l8. 


Simplify :— 

63. (2a+3&) 3 +3(2a + 3fc)*(2a -3 b) +3(2a+3&)(2a 

+(2a—36) 3 . [Solved] 

64 (3a + 5M a *- 3 ( 3 a+ 56 f( 2 a—ofc)+3(.8a + 56)(2a-56) t 

+ (2a—56) B 

65. (2n + ? r-3t2p+9) 2 l2^-37.) + 3(2p+9)(2/?-37) 2 

-(2p-3</) 3 

66. (4*-7y) 3 -3{4x-7r/)'(5x-7yK3(4-r-7y)(5x-7y) 2 

—(5*-7»/) 3 

67. ( < 3a;+i/) 3 -(3x-//) < »-6 J !/(9r 2 -i/ 2 ). [Hint] 

68. (p+2<7) 3 +(p-2g) i +(»2j(p 2 —4<j 2 ). 

69. (m+2n) 3 +(2m—n) 3 +3(wi+2n)(2m—n)(3m+n). |/4mi) 

70. (2*-5f/) 3 + (.r+2 i /) 3 +9(2*.-52/)(*+2 i /)(*-y). 


SOLUTIONS & HINTS—EXERCISE 44 

L (2x+3i/) 3 = (a + 6) 3 [where a — 2x, 6=3t/J 

— a 3 +3a 2 & + 3<i6 2 + b z 

x=^(2*) 3 + 8( 2*) 2 (3i/)+3(2*)(3 y)* +(31/) 3 

[writing back the values of a and 6) 
=8r , +3(4* 2 )(3i/)+3(2x)(V-)+27^ 

=a* 3 + 3Gxry +54* i/ 2 + 271/ 5 . 

Or thus :— 

(2®+3i/) 3 =(2*) 3 +8(2*) 2 (3»/)+3(2*.)(3y) 3 + (3//) 3 =etc. 

That is, the steps of substitution and re-subtfitution may 
be done mentally. 
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7. ( 3x 2 - 2 yf = (3.T 2 ) 3 -3(3z 2 ) 2 (2t/) + 3(3z a )(2»/) 2 -(2t/)» 

=27a«-3(9jr4)(2j/)-f-3(3x 2 )(4j/ 2 )-8j/ 3 
=27 a*- 54 x*y -f 36a: V - Sy 3 

13. (a-f-6-f-c) 3 = { (a+6)+(c) } 3 

=(«+ bf +3(« +6)2( C )+3(a -f 6)(c) 2 -f (c) 3 
= (a 3 -f- 3<z 2 6 -f 3a6 2 +6 3 ) -f 3(a 2 -f 2 a6 -f#)c 4- 3(a 4-6)c J 4-c* 

=a 3 + 3a 2 6 -i- 3«6 2 -f 6 3 -f- 3 a 2 c + 6abc-\- 3 b 2 c 4- 3 ac* -f 36c* + c 3 

= a 3 -f 6 3 4- c 3 4- 3a 2 6 4- 3a6 2 4- 36 2 c 4- 3 be 2 4- 3 c 2 a 4- 3 ca* -f6 abc . 

[Re-arranging the termsJ 

=a 3 4- 6 3 4-c 3 4- 3 nb(a 4- b) 4- 3bc(b 4- c) 4- 3ca(c 4- a) -f 6abc. 

14. By the last solution we have :— 

(« 4 -6 4-c) 3 =a 3 4-5 3 4 -c 3 4-3a 6 (a 4-6) 4-36r(6 4-c) 4- 3ca(c 4 -a) 

4-6a6c. 

If we change the sign of b on both sides, the left-hand side, 
becomes (a — b+c) 3 ; on the right-hand side b 3 becomes (— 6) 1 
= -6 3 , 3a6 becomes 3a( -b) or -3ab, etc. etc., and we get 
the required result. 


20. 

(a-26-3c) 3 =< („-2&)-(3 c) 

> 3 


=(« — 26) 3 —3(a —25) 2 (3c)4-3(a - 

-26)(3c) 2 —(3c) d . etc. 

23 

a 3 4- b 3 =(a 4- 6) 3 — 3ab(a 4 - b) 

[Cor. 1 of Formula 10} 


= (4) 3 -3x5x(4) 

[V a+b= 4 and «6=5] 


= 64-60=4. 


Or thus :— 



a-i-b = 4 [given] 


• 

• • 

(<2 4-5) 3 =(4) 3 


• 

• • 

a 3 4- 6 3 -f 3ab(a 4- 6) = 64 


or 

a 3 4-ft 3 4-3 x 5 X (4) = 64 

[V ab = 5 and a-f-6=4] 

or 

a 3 4-6 3 4-60 = 64 

or 

a 3 4-6 3 = 64 —60 = 4. 


28. 

a 3 — b 3 — (a — b) 3 -f 3ab(a — b) 

[Cor. 2 of Formula 11.} 


=(4) 3 4-3 X 12 X (4) [ 

a —6=4, and a6=12} 


= 64 4-144 = 208. 
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Or thus :— 


<i —b~l [given] 
[a-b)*=( 4? 

^-b 3 —3nb(a~b)^6l, etc. 
a* + b 3 = {a -f- b)* - 3ab {a -f- b) 

*+ vf-3^ 


[See alternative solution 

of Q. 28] 

[Cor 1 , Formula 10] 




writing z for a and 


[ 

7 )'-( 


X 


for 




r). 



®(2)*-3(2) 

.=8-6=2. Ans. 

Or thus :— 

*+ 4 = 2 Wven] 

( z+ 4 f =< 2 > 3 



2 J — 


**+ 4 r+»*- 4 ( *+4 )-«■ 

etc. 

i3 =(a-^) 8 +3a5(a_t) 


[Cor. 2 , Formula 11 J 

x “ *)'+** T (*- 4 -) 

[writing * for a and 1 for fcl 

= ( i T +8 ( 4) 


=(-3Z) 3 +3(-S0 

= -27P-9/. Ana. 
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First find the value of x 1 -f A [Sec Ex. 40, Q. 126] 

Then apply Cor. 1 of Formula 10 as in Q. 33 of this 
exercise. 


44. First find the value of m ~"~ (See Ex. 40, Q. 134] 
Then proceed as in Q. 38 of this exercise. 

% v 

46 First find the value of .r-|- — [See Ex> 40, Q. 131] 
This will come out to be y/S or — y/S. Also note that 

{y/ay\=y/ax y/SXy/S=Sy/S and (— v'3) 3 )= —3V 3 - 

48. a-\-bj=4 [given] 

(a + fc) 3 =(4) 3 

or a 3 +6 3 +3o6(a-}-6) = 64 

or 28 + 8a6(4) =64 [*.* . a 3 +6 3 =28 and a-f-6=4] 

or 2S + 12a& =64 

or 12 ah =64—28=36 

ab =?§= 3 . ’ 

51.* o—b= 2 [given] 

(a-b) 3 =(2) 3 • • 

a 3 —b 3 —3ab(a—b)=S 
etc. 

53. a 3 +b 3 + I2ab=a 3 +&+3ab x 4 =*a 3 -{ fr 3 -}-3a6(a-t-&) 

[V a+fc*4J 

= (fl-f-6) 3 =(4) 3 =G4. Ans. 

Or thus 

a-f 6 = 4 

(a+6) 3 =(4) 3 n 
or a 3 -f-6 8 -f-3fl&(a+6)=64 
or a 3 +1^+Sab (4) =64 [y a +6=4] 

or a 3 -\-b^ -\-V2ab =64. 
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56. »»—n-f-7=0 [given] 

m—n— —7 
(m—n) 3 =(— 7) 3 
etc. 

57. fi-f-6-fc=0 

^a + 6= — c 
(a+b) 3 =(- c y, etc. 

58. ^-fe^+isxH-s 

=(*)*+3(*)*(2) + 3(a?)(2)*+(2) :i 

“(*+2)®=s(284-2) 3 [•/ * = 28] 

= (30) 3 = 27000. 

61. Given exp.=27n 3 - 135«*+225rt-l25-f- 115 . 

=(3rt—5) 3 +115 

etc. 

63. {2a+36) s -{-3(2fl-l-36) , -(2«-36) -f3(2a-f 36)(2«—36)= 

n +(2«-36)« 

+ y+3.r//*-t-;/» [where x=2^+36, t/=2«-3&l 

“(*+0) 3 

=( 2 *+3&+2«—3&) 3 [lie-writing the values of «r and vl 
= (4a) 3 =64« 3 . 


67. -6t/( 9* 2 - ? /) can he written as -3(:*.i'!-7/)(3tf-7,N27/l 

[V (3x+//)( 3*-, /) .,*-*_,/ Lnd ^V?,)^! 

"FT”/? "ill be found equal to 
« -6-3 a 6(„_ 4 ) [where-=«.+„ and b=» x -„, and 

=(a-4)», ctc . thCref0rC -6=a*+*-ta+»>.*] 

Put *n-f2n=n and 2m — n = b, 

so that a+6=m+2n-f 2 m-n= 3 w-{-«. 

Tho given cxp.= a 3 +6 o +3 „ i( „ +6)=(a+<():1 _ ^ 

P , rmula 12 («+6)(a»-„ft+t2) =0 3 +4 a > 

Formula 13. («-6 X -*+rt+4. ) =^_ 4 , ) . 

[Verify by arlual multiplicationJ 
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Note. Formula 13 can he untamed from Formula 13 by 
changing the sign of 6. [See Note on Art. 68]. 

EXERCISE 45 

Multiply together • — 

1. x + 1 and x 2 — x-\- 1. [Solved] 

2. *4-2 and x 5 — 2x4-4. 3. 2x4-3 and 4®*—6x4-0 

4. 3o 4- 46 and 9a 2 — 1 2a6 + 1 6b 2 . 

5. 5a 4-26 and 25a 2 —10a64-46 2 . 

6. ab-~Sc 2 and a 2 b 2 — 3a6c 2 -f9c 4 . 


7. 2a—36 and 4a 2 4-6a6 |-96 2 . [£ofofd] . 

8 . 8x—4v and 9x 2 4-12.rt/4-16?/ 2 . 

9. x*t/ 2 -\-xyz 2 -{-z i and xj/—z 2 . 

10. « 4 4-a 2 6 2 4*6 4 and a 2 — 6 2 . 

11. 3a 2 —46c and 9a 4 4-12a 2 6c4-166 2 c 2 * 

12. 3p 3 — 2 and 9/>*4-6p 3 4-4. 


Find the values of the following products • 



Find the values of the following continued products .— 

17 (x-l)(a*+*-H)(^+^+l>. [Solved] 

18 (a4-6)(a 2 -o64-6*)(a«-a 3 6 3 4-fc 6 ). 

19. (x-f I)(x—l)(x 4 -fx 2 -fl)- 

20. (c-2)(c 4 4-4c 2 4-16)(c4-2). 
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21. (i+x)(i~x)(i + *+x*)(l-*+*»). [Bin*) 

11. {*+2 y){x-'ly\&— 2 xy + 4 t/*)(x*+ 2xy +4y*). 

23. (3m—2n)(3m+2n)(9m*— 6mn+4n*)(lbn 3 4-0m»* +A*®). 

24. ( a- |-)( S+ ± )( a’+ + +1 ) 

( °’+ y - 1 )( «*+ y). 


Find the values of the following products 

25. (a+6+l)(a 2 + 2a&+& 8 —a—fr+1). [Soloed] 

26. (2af+t/—l)(4x 2 + 4xy+?/ 2 +2x+i/+l). 

27. (x—2t/+l)(x 2 +2x+l + 2xi/+2y+4i/ 1 ). 

38 . ( ,+ i +1 )( x»+ -i +8-X- +). [Hint] 

% 

SOLUTIONS 5c HINTS—EXERCISE 45 
I. (x+l)(x*-x+l)=(x+l) { (x)*-(x)(l)+(l)» > 
^(x)3+(l)3 =a p+K Ans. 

7. (2a—86)(4a*+6a6+96 2 ) 

= {(2a) (36) > { (2a) 2 +(2«)(3&)+(36)» } 

=(2a)*-(36) 3 =8a*-276*. 

13. Ia the second bracket —1 may be written-as 

-(*)x(4). 

17. (*-l)(x*+*+l)(x«+**+i) 

l)(a^+*»+l) [multiplying the first two factors, 

as in Q. 11 

= < (**)-(») }' { (* s l , +(a 5 )(l)+(l)> } 

—1. Ans. 

p. Multiply the first and fourth factors ; the product is 
l+a 3 ; also multiply the second and third factors ; 
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the product is 1 — x 3 Multiply these two products by 
the formula (a-~b)[n — b)=ar — b 2 . 

25. (a4-&4-l)(a 2 4-2a&4-fc* —a—64-1) 

= { («+&)+(D } { (fl*+2a&+6*)-(a+6)+l ) 

= { («+&) + (l) } { {a+b)*-(a+b){l)+[l)* } 

=(«+6) 3 4- (l) 3 
=a 3 -h 3« 2 6 4- 3a 4- 6 3 4-1. 


74. Formula 14. {nA-b-\-c)[n 2 -\-b 2 -\-c 2 —ab—nc — bc) 

— <7 3 c 3 — 3a6r. 

[Verify by actual multiplication} 

L- ft-hand side of the above formula may be written as :— 
(a-f- 64 -c) { (a 2 -\-b 2 4-c 2 ) — (ab-\-ac-r-bc) } 

and also as :— 

.'.(a+ 6 +c){ (a-b) 2 +(b-c) 2 + (c-a) 2 } 

[See Q. 147, of Ex. 40] 

EXERCISE 46 

Multiply . 

1. ( r-f y — :r)(x 2 4- — xy+xz+yz). [Solved] 

2 . {p-q + r)[p 2 +q 2 + r 2 +pq—pr+qr). 

3. (I—m—n)(l 2 -{-m 2 -]-n 2 -\-lm+ln— m»). 

4. (— a-{-b+c){a 2 +b 2 -\-c 2 -T-ab+ac—be). 

i) - 


5. 

6 . 

7. 

8 . 
9. 

10 . 


(2a— 3& + 4c)(4a 2 -f 96 2 + 16c 2 +0a6—8oc-fl26c). [Solved] _ 
(a - 2b+3c)(a 2 4- 46 2 4- 0c- 4- 2ab —3«e 4 - 66c). 

(4x—5 y -1)(1 Gx 2 4- 2 5y 2 +1 4-20 ry 4- lx- 5//). 
(3p-2q+5)[9p 2 + iq 2 +25+6pq— 15p4-10$). 

(•*// 4- yz - zx)(x 2 y 2 4- 1 / 2 : 2 4- z 2 x 2 -xy 2 z +x*yz 4- 3 a JZ/) • 

( a 2 - 6 2 - c 2 ) ( a 4 4- 6 4 4- r 4 4- a 2 b 2 4- a 5 c* - 6 2 c 2 ) . 


«T-- . 

Find the value of a 3 4-6 3 4-c 3 — 3abc, when :— 
11. • 4-&4-C—2 and ab-\-bc-\-ca — \. [Solved] 
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12. a-{-6H-c = 5 and nb-\-bc -\-cn = b 

13. «-f/>-f-r = 8 and ab-\-bc-{-ca= 22. 

14. <z-t-6-fc=3 and « J -f6 2 -}c 2 =5. [Hint] 

15. a+6+c—6 and a 2 -}-6 3 -{-c 2 =10. , 

16. a 2 +6 2 4-<; 2 =l0, a6-t-6c-j-ca=8. [//inf] 

17. a 2 -r/ 2 d-c 2 = 7, a6-j-6cd-ca = 21. 

18. ri — 475, 6 = 476, c =17 8. [.Scdyrd] 

19. a —551, 6 = 553, <* = 554, 

20. a = 564, 6 = 56«S, c = 578. 

21. J « = 2-36, 6= —3*79, c=l 43. [//inf] 

22. rt =3-71, 6=*64, c= —4‘35. 

23. ' If £=48 7, t/=31*5, 2 = — 75'2, show that 

a?*i t/ 8 -J- 2 s —3.t»/z. [//in/] 

24. If a — • 143, 6=-234, r=-325, show that 
« 3 —86 3 +c 3 +6n6c=l>. 



25. x+y+z=9, xy+yz+zx^Vb, xyz=\Q. [Hint] 

26. .r-}-!/d-2=l0, a: 2 H- »/ 2 — zz— 50, .n/2 = 100. 


27. If *+//+5=0, prove that x 3 + tf+z'=3xyz. [Solved] 
Use the result of last question to prove that : — 

28. (a— 6) 3 +(6—e) 3 -f*(r—rt) 3 =3(«—6)(6—r)(c—a). [Solved] 
{a— 26) 3 -f(26 —3c) 3 -t-(3c — tf) 3 = 3(fl — 26)(26—3c)(3c —a). 

[x+y- 2c) 3 -f(//+2~2.r ) 3 + (2+a?— 2yf 

= Z{x+y-‘lz){ij-\-z-' 2 x){z-\.x- 2 y) 9 
If *+yal, show that x 3 + rf +8 j:i/=1 . [Hint] 

If 2a-f 86—4c, show that 8n 3 -f 276 3 -f-72a6c = 64c*. 


29. 

30. 

31. 

32. 


33. 


If a 237 6—327, c= —560, find the value of 

° 3 H-6 3 +c 3 — 3o6c 

*+V+t^b-b7-7a * ^ofrrd) 
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34. If a=6G0, 6=-.315, c— —351, find the value of 

(P-T-lP+cZ—Sabc rrT . ^ 

ah +bc+ca — a *—b* 

35. If 2=3*16, t/=2*43, 3=4*41, find the value of 

(Sale) —(a 3 4- b 3 4-c 3 ) 

(ab-\-bc-\-ca) —(a 1 -}-A , +c*) * 

~>6- If x=2*13, i/=3*14, 2=4*15, find the value of 

X 3 Stf-hZ* + 621/2 

■r* 4- 4i/= 4-z* 4- % Zxij—xz-\-2yz~‘ 


SOLUTIONS & HINTS—EXERCISE 46 

1. (.r4-y— 2 )( 2 a 4 -*/*+ 2 t — xy+xz+yz) 

= { (*)+(!/) 4-(-z) > { (•r)*+(y)*4-(-r)*-(*)(y)-(*)(-2) 

—(«/)(— 2 ) > 

=(*) 3 +(!/) 3 4-( -2)*-3(2)(yK -r) 

=ar* 4- 1 / 3 —r* 4-32J/2. 

5. (2a-364-4^)(4fl 2 4-96*4-16c*4-6fl!;-48ac4-126c) . 

= { (2«)4-(-36)4-(4c) > {(2a)*+(-86)*4-(4c)* 

—(2°)( —36)—(2a)(4c)—(—3&){4c) } 

=(2a) 3 4-(— 36)*4-(4c) 3 —3{2a){—36)(4c) 

=8a 3 —276 3 4-64c 3 4-72a6c. 

HI. Let us first find the value of a*4-6*4-c*- 

Now, a 3 4-6*4-r 2 =(a4-6-t-4:)*— 2{ab+bc-\-ca) [Art, 67, Cor. 5] 

=(2) 2 — 2 ( 1 ) [v «4-64 -c=2, ab+bc-\-ca=\] 
=4—2=2. 

« 3 4-6 3 4-c 3 — :\abc=(a+b-\-c) {(a*+6=4-c 2 ) — [ob-rbe 4-£a) ) 

=(2){ (2)—(1) } =2(1)=2. Ans. 

14. First find the vai.*e of ab-\-bc-\-ca by Art. 67, Cor. 6. 

16. First find the value of a4-6+c. 

18. a 3 +6 3 4-c 3 —3a6c 

= *(a4- b-~c) { (a—6)*4-(6—c)*4-(c—a)* > 

= >(4754-4764-478){ (475-476)= 4-(476-478)* 

+(478 -475)*} 
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*= £ X 1429 x { l— !)*+(—2)*+(3>* > 

= .Jx 1429x^1 + 4 + 9) 

= .J X 1429x14= 10003. Ans. 

Note. Whenever the values of a, b and c are Urge, but 
their differenfces are small, the above form of the 
formula should be used. 

21 Here any form of the formula will do ; for the first 
factor=a+6+c=2-3G-3-79 + 1*43=0, therefore, what¬ 
ever the second factor, the product=0. 

23. It is required to prove that x 3 + */* +z 3 = Sxyz 
or that x 3 + j/ 3 + 2 3 — 3 ^ 2 = 0 , 

therefore the question is of the same form as No. 21 or 2*2. 

25. first find the value of <z* + */ 2 +z 2 by applying Art. 67,. 

Then substitute all the known values in the formula 
at+if+z'-Sxijz^x+y+z) { {&+y*+z*)-{xy+tjz+zx) > 

The resulting equation will give the value of j^ + i / 3 -^ 3 

27. I Method 


To prove that « 3 + ?/ 3 +2 8 =3 .i?^ 
or that ar J + 2 / 3 + 2 3 —&n/z=0 
or that {x+y+z){x*+y*+z*-xy-yt 
But this is so, because #+^+ 2=0 
and 0 x aqy finite quantity=0. 

II Method. See Q. 57, Exercise 44. 


zx) = 0 
[given] 


stated 


Note. The result of this example is Important and mav be 
ted in words as follows oy 


/* Uthe ipxm of three quantities is equal to zero, the 
their cubes is equal to three times their product 

28. Consider the quantities a—b, b—c and c—a. 

Their sum=a-6+6-- c + c _ a _ 50 

According to the result of last question 
(?-4) 3 +(6—c)»+(e—a)»=3(a-4)(ft_ c )( c _ a) ’ 


sum oj 
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31. 1 Method r-f */=l 

U-i i/) 3 =( If, etc. 

11 Method :— x-r 1 

x+y—l=0 

the sum of x t y and — 1 is o 
Apply the result of Q. 27. 

aP+IP+c 3 —3abc 
33 • ~a Y Tb 2 4- c 2 -ab-bT^cii' 

la+b+c)la i -{-b i +c-- ab-bc-co'> 

~ la 2 -{-b 2 +c 2 —ab—be—ca) 

X % 
= (a + b+c)=2S7-\-327 — 560 = 4 . Ans. 

34. Note that the denominator — {a~+b 2 -\-c 2 —ab—bc—ca). 

. — ■■ ■ — • 

CHAPTER XIV 

FACTORS # 

75. The student has already learnt how to get the 
product of two or more given factors ; we shall now show how 
the process may in some cases be reversed, that is, given an 
integral expression, we can find the elementary factors ot 
which it is the product. 

76. Type 1. 

Factor formula :— ka-\-kb-\-kc=k{a-\-b-\-c) t that is : 

If a quantity is common to all the terms of an expression, xt 
ts a factor of that expression ; the other factor is found by 
dividing the expression by that quantity. 

For example, take the expression— ^ 

9 x'-yz 2 — I2.c 3 // 2 - 2 — 18x‘s 3 . 

The largest number common to the coefficients 9, 12 and 

18 lie, the H. C. F. of 9, 12 and 18) is 8 ; the powers of x m 
the three terms are x 2 t X s and and clearly x 3 (the low 
power of x) is common to them ; y does not occur in the tniru 
term, therefore no power of y is common ; the powers o 
are z 3 , 2 a and z 2 and clearly z 2 is common to all. Thus we 
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have Safe 1 as the common factor. Dividing the given 
expression by 3z?y~ we get dyz-lxy*~-$x z Hence the 
required factors are ;— 

3x 2 z z (3yz — \xy* — 6x *). Ans. 

Note. Multiply the factors obtained (i. e., remove the 
bracket in the answer) and see if you get back the original 
-expression. This reverse process is often useful to verify the 
answer. 

EXERCISE 47 


Factorise :— 


1. 

3 . 

5. 

7 . 

9 . 

n. 

13 . 

15. 

17. 

18. 


4W-J-8. 2. 

am+mc. 4. 

ab z +b\ [Hint] 6. 

IQxij— 15^3. 8. 

xyz z —xyh. 10. 

Qmr— 15mn-f27m. 12. 

21 w— 14mn-f*28n!i 2 . 14. 


I2x?yz -{- 16xy t z—24xyz z . 16. 
52a W—78 5 5 a 7 c 7 - 9 lc 6 a’fc 7 . 


lO.t?—25. 
abe—bed. 
pa+qa—a. 
a 2 fc 3 +a 3 fc 2 . 

ap i q 3 ~6p 3 ^ 4 . 

3a 2 + 9xy+3. 

2 x z y l —4 x z y 2 8a: t/ 3 — 16z/ 4 . 
143.r 1 V+121^y^. 


SCa^z 3 —112o: 9 */ 5 z 2 + 128«®f/ 5 2 3 . 


19. a{b+c)—b(b+c). [Vetoed] 

20. a(y+z)-y{y+z). 21. p(2^-fr)-f(2^+r). 

22. ai(3c—d)—(8c—d). 23, a 2 (6 — 4c)— b(b— 4c). 

24. 7wi(5ar—l)-f-2(5*— 1). 

25. 5a6(a^-f y 1 )— 6mn(a*+y*). 

26. 10a 2 (<^—i-f-c)—86(a—6-fc). 

27. x{2a+b)— r/(2a-f6)— 2 ( 2 a-f&). 

28. 2a(a: 2 +y 2 )-86(a; 2 +y 2 )+(.r 2 H-y s ). 


29. a(6—c) a -f&(&—c). [Sotoed] 

30. *(y-f z) 2 -y{y+z). 31. ?a:(2y-2) l -(2y-3). 
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32. Xipai-yp-bite-ifp. 31 te(9+*) l +to+4». 

34. ( a-b) 3 +2{a-by i -3(a-b ). 

35. 3(,r-f r/) 3 -f-5(z-f {x+y). 


36. 6.r 2 (3a — 4b) 2 — 9xy(3a —46). [Solved] 

37. c® 6 8 ( p - 2 y) 2 -fa 2 6 3 (p - 29 ). 

38. 57?i 2 (a~3b) — 5m(a—3b) 2 , 

39. 6a 2 b 2 (‘2b —5c)— 18a£(2fc— 5<?)-J-96 2 (26-3c). 

4°.^ 15(p“—^r) 3 — 10 (p 2 —qr) 2 . 

41. .T(*+.y) 3 - 8 *^r+y). 

42. (2«+36)(ar—^)+(a—y)+(3a-f-6)(a?-y). 

43. (.r-p) 3 ( l r-2)2-(^- c )3( J: _ 2/ )2 < 

44 . 4«(«-l) 3 (6~l)2+Ca6(a-l)2(6-l) 3 . 


SOLUTIONS & HINTS—EXERCISE 47 

5. The common factor is b 2 and when the expression 
divided by b 2 the result is a-j -1 and not a only, 
mistake which is common among students. 

19. «(6+r)-6(6-fc) 

=ax—bx [where x—b-\-c] 

=x(a—b) 

={b+c)(a—b) [Re-writing the value of a]. 

Or, directly :— 

a(&+e)-&(6+c) = (6+c)(a-6) 

Note. The beginner is advised to follow the first method 
(that ot substitution) in the lirst instance. 

29. a(b— c) 2 -f 6(6— c) 

=ax*-i-bx [where x = 6—cj 

=x(ax+b) 

=(b-c){a(b-c)+b } [Putting back the value of x) 
=(b—c)[ab—ac+b). Ana. 

Or, proceed directly without making any substitution. 
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$6. 6®*(3ff-46) 2 —9xf/(3tf-4&) 

<=6x^-9^ [where s* = 3a -46 ( 

= arz(2x2—3t/) 

«=ar{Ra-46) { 2x[3a~46)-3f/ } 

[Putting back the value of :) 

=3x(3a — 46)(6ax—8 &x — Sly). Ans. 

77 Type 2. Expressions of the form a 2 +2«6-f-a* or 
a i_2ai>+6 a can be factorised at once by the following 

formulas :— 

a 2 +2ab+b 2 — (a+b) 2 [ic., {a + b)(a + b)] 

a*—2ab+b 2 —(a—b) 2 [i.e., (a-6)(a~6)j. 

EXERCISE 48 


Factorise 

I 4a-+\2ab+9b 2 . [Solved] 2. 9a 2 + 24a6-t~ 16b 5 


3. 

25x*+4t/*-i-20xi/. 

4. 

86x 2 +25+C0x. 

S. 

144a 2 + 24a + l. 

6. 

9a 2 + -V + 12- 

U 1 

7. 

i 

teM-V f I2.i*y. 

8. 

X*-f +0. 

9. 

25x ? —30xf/-r9r/ s . [Solved] 


10. 

30x 1 -60xf/-f-25r/ ? . 

11. 

0x 4 — 24k 3 +16. 

12. 

25a 4 -30a 2 6 2 4-96*. 

13. 

x 4 — 8nr* + 10 . 

14. 

Oft 

X 1 —10+ • 

•r* 



IS. 

48a 3 —120a 2 b+75a& 2 . 

[Solved) 

16. 

l0a 2 & + 8Oa6 2 +lOO& 3 . 

17. 

4Sa^b-f- Jci6 3 - 30(1*6* 

18. 

(kt'y+Sixif+Mx'y*. 

19. 

Oar 1 - 12x s +0x 3 . 


• Remember that an expression must always It rvp/uccd by 
letter which does not occur in the given expression. Km example, ho 
(80—46) should not be replaced by r or i/ or « or t. 
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20. 20xy* -f 5xy 2 + 20.TI/ 3 . 21. 8a 8 +4a 4 b 2 +2a 2 6\ 

22 . 


SOLUTIONS Sc HINTS—EXERCISE 4$ 

1. 4a 2 -f 12ab + 96 2 

=(2a) 2 +2(2a)(36)+(36) 2 
— (2a-f3b) 2 . Ans. 

9. 25x 2 — 30xy -f 9f/ 2 

= (5a:) 2 -2(5r)(8f/) + (3r/) 2 

f=(5jt —3y) 2 . Ans. 

15. 48a 8 —120a 2 b4 75nb z 
= 3a( 16a 2 — 40«b -f25b 2 ) 

= 3a(4a — 5b) 2 . Ans. 

78. Type 3. Expressions in the form of the difference 
two squares can be factorised by the formula :— 

a 2 -b 2 = (a + b)(a-b). 

EXERCISE 49 


Resolve into factors : — 


1. 

4 a 8 —Cb 2 . [Solved] 

2. 

9x 2 -16r/ 8 . 

3. 

25c*-36d 2 . 

4. 

1 00 - 92*. 

5. 

49—64 k*. 

6. 

121 —i-. 

c 9 

7. 

a*6 2 — 16c 4 . 

8. 

1 

/' .A • 





Resolve into elementary factors 

r 

• , 

• 

9. 

04—81 y 4 . [Solved] 

10. 

1—or 4 . 

11. 

10a 4 — 1. 

12. 

c 4 —256. 

13. 

a 4 — 625b 4 

14. 

a 8 -. 

a 8 


FACTORS 


15. 

17. 

19. 


4a 3 — 25ax*. [SoIiWJ. 
pq-q'P*- 

S24x l7 a s — 484x ft o • 


16. l8a 5 6 s -82. 

18. 18a 3 6 3 -242<ib 7 

20. 3x : '^/'24.‘U^^ , 


Factorise 

21. **-( 29 - 8 ^. [Sol*'*} 22. 

23 (2x+l) a -9**- 

25. (at+Ocy-aHb-htf- 2 ° 


4(1* — (26 —c) 1 

I6(2.r-l) , “25z t . 

4^+n 2 --9(x-n t 


27. 

28. 
30. 

32. 

33. 

34. 


M ^j:V SOlV 29 25x* — 10j -r 1 — 86y* 

^+ 69 - 9 . [Hint] 31- «4.* T S»*-«*-** 

l HiA “ 

pt+25q 3 - 9r s - * 2 - *°P9 + G,5 ‘ 


SOLUTIONS & HINTS EXERCISE 49 

, 4fl i_ 9 b*=(2ar-(Sb) i =W + ab W a - 3b '- 

a* I ._ 8 lj*=(x>)>-(O^-(** + 9/)(x* - V> 

=(x"- + 99 2 KJ' + 3 !/)^- a «). 

15 4a*—25<w 4 =a(4<l , —25x 1 )=« { (2a) 2 —lax) > 

=a(2a+5x)(2a — 5x). 


21. **-(2y-8s)* = 


(* 2 ) 4 —(2y — 3a)* 

= { r* + (2i/-8s)> { 

=(x 2 -t-2t/-3sK.r*-2l/ + 3sl 


- 3 :) 


27. a« + 2a6+6 2 -c* 

^(o*+2o6+fc 2 )-^ 

=(<J+6)*-(0* 

=»(<H-6+c)(<H b - c > 
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30. Given exp. = .r 2 — (y 2 — 6y4-9)=(*) 2 ~ [y— 3) a etc. 
33. Given exp. = (4a 2 — 4a6-t-6*) — (c^-MfcZ 2 — fted) etc. 


79. Type 4. Expressions in the form of the sum or 
difference of two cubes are factorised by the following 
formulas :— 

fl 3 -ffc* = (a + 6)(a 2 — ab-rb*) 
a*—b* = (a—b)(a*+ab+b 2 ). 

EXERCISE 50 

Factorise :— 


1. 

8.r s -f-27^. 

[Solved] 

2. 

t^-f^z 3 . 

3. 

125a 3 4-6*. 


4. 

8^4-343. 

5. 

276*4-125. 

0 

6 

0 . 64 

1 + »• - 

7. 

64a 3 —276 3 . 

[So/iwff 

9. 

125/) 3 —8<7^. 

9. 

729a*-8. 


10. 

x 11 — 1000. » 

11. 

8z 16 —12$. 


12. 

• X* 

512 - • 


# 



y 8 

13. 

«*—6*. [So/mZ] 

14. 


15. 

-.*-64. 


16. 

729a* -1. 

17. 

a 9 —512. 


18. 


19. 

27a 7 — «6*. 

[Hint] 

20. 

16/> 7 —54 pq 6 . 

21. 

a 2 +a 2 6®. 


22. 

4a 4-2048a l °. 

23. 

(2a— 36) 3 + 64c 3 . [ Solved ] 24. 

(3.r4-2i/) 3 -125z\ 

25. 

.r 3 — 3x 2 y + 3 rtf — y* — 1. 

[Hint] 

26. 

276 3 —a 3 —3a 2 —3a — 1. 

27. 

8(p+2^) 3 -125r» 

28. 

27a 3 — 343(.r 3 - 3x 2 4- 3.T- 

-1). 
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SOLUTIONS & HINTS-EXERCISE 50 

1. fir 3 +27t/ 3 =(2.r) 3 +(3i/) 3 

*=(2x+3i/){ (2x)*-(2j)(3y) + (3y)*) 

= ( 2 .c + 3</)(4x 2 -6*t/+9t/ 2 ). Ans. 

7. 64a 5 —276 3 = (4a) 3 —(3&) 3 

= (4a-36) { (4a) 2 + (4a)(36)+(3&)* } 

= (4a—36){ 16a*+l 2a6+96 2 ). 

13. a* —6* —(a 3 ) 2 —(6 3 )*=(a :, +6 3 )(a 3 —6 3 ) 

= (^7 -|-6)(a a — ab+b 2 )[a — 6)(a 2 + a& + 6 2 ). Ans 

Note. We could proceed thus :— 

««—6 f *=(fi 8 )*—(6*) 3 ==(a*—6*)(a*+a 2 6 a +6 4 ) ^c. 

Oat the first method is far more convenient. Remember that 
if an expression can be expressed both as a difference of two 
squares and as a difference of two cubes, we must give preference 
to the first form, i.c., difference of two squares. 

19. 27a 7 —a6 ft =a(27a®—6 c )=a[(3a 2 ) 3 —(6 3 ) 3 ] etc. 

23. (2a —36) 3 +64c 3 =(£) 3 + (4e) 3 (where x=2a-36) 

=(.r+4c) { x*—X X 4c + (4c*) s } s=(ff+4c) { ,r 2 — 4cx-t- 13c 2 > 

=(2a-36+4c) ( (2a-36) 2 -4c(2a-36) + 16c- > 

(Putting back the value of x) 

=(2a—36+4c)(4a 2 + 96 2 — 12a6 —8uc + 126c+ 13c 2 ). Ans 

2j. Given exp.=(a?—3a%+3.rt/‘-— </*) — 1 

fc =(a:-t/) 3 -(l) 3 etc 

80. Type 5. (Perfect cubes) 

The formulas are :— x 

a 3 +3a 2 6+3a6 2 +6 3 =(a f 6) 3 [t e., (a+6)(a+6)(a + 6)] 

a 3 —3a 2 6+8a6 2 —6 3 =(a —6) 3 [i.e., (a—6)(a— 6)(a— b)) 
Note. The left-hand sides may be written as 

a 3 +6 3 +3afc(a+6) and a 3 —6 3 —3a6(a — 6). 

EXERCISE 51 

Factorise:— 

1. «*+6**y+12ajj/ 3 +8{/ 3 . [Solved] 

2. 27®®+27 a*y H - 9xy* +t, 3 . 
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3. 125a 3 4-150a s 4-60a4-8. 

4. »i*+-v+3m+ . 

m 3 wt 


5. 27a 3 —54a 2 />4-86a6 2 —8& 3 . [So/ccrf] 

6. 64^- 14U- 2 +108/;—27. 

7. a 3 o4 —3 arbx z y + 3 ob-xif -—6 3 // 3 . 

8. a® — 9a*6 2 -r 27 a 2 6’ — 276 6 . 


9. 1 Gx< 4- 24ar J i/+12.i -// 2 4-2xiy». [ //inf] 

10. 4a 3 fc—3Ga 2 /r4* lOSafi 3 —1086'. 


11. a 6 —3« -, 6 2 -\-3a~b* — 6*. [//inf] 
12 .r 9 -3.tV+0xV-7/ 9 . 


SOLUTIONS & HINTS-EXERCISE 5t 

1. jr 3 -f- C x 2 */ 4-12*v* *f 8 if' 

= ( T ) 3 4- 3(x)*(2i/) 3(.r)(2t/) - 4-(2y) 3 

= (x-f-2/y) 3 . 

5. 27a 3 —54a 2 f/-f 36afc=—86 3 

= (3a) 3 —3(3a) 2 (26) 4- 3(3a)(2f>) 2 —(26) 3 
=(3«—26)\ 

9. Given exp. = Vx(8a 3 -fl2.r 2 //-f CcT^ + y 3 ) 

11. First show that the given exp.=(a 2 —6 8 ) 3 . 

Then factorise it further by replacing a 2 —6 2 by its factors 
N («4 b){a—b). 

* 81. Type 6. (Quadratic Expressions of the form 

-1- 7 ; x -f 7 or j - 2 -f pxy 4- qjf- 

? -cthod 1. 

\Vc know that :—• 

4* (a 4- b),x 4- a b=(x 4- a ) (.r 4 - 6 ) 


.(0 
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Hence if we express x'frpx +<? in the form of L. H* S. of 
(t), that is, if we find two quantities^ and b, whose sum is p 
and product q, we get the two factors comprising the R. H. S. 
of (t). 

Let us illustrate this method by factorising the exp. 
s*-f-5z+6. 

* 

0 

Here we require two numbers whose sum is 5 and product* 
6. By trial, we easily find that these numbers are 2 and 8. 
Hence we have :— 

« s + 5a!-f6=a: J + (24-8)a;*f2xS = (a;+2)(a;+3). Ans. 

[By formula 1] 

After finding the numbers 2 and 3, 

Some authors and teachers prefer to proceed as follows :— 
x 2 +5x-\-Q 

= **4-2j:-{-3x- 1-6 [Splitting the middle term into two 

parts with coefficients 2 and 3] 

—£(£+2)4-3 (x 4*2) [Combining the first two and the 

last two terms separately] 

<=(x4-2)(x-f3). Ans. [Taking out the common factor 

(£+2) from the two parts-] 

There is at least one advantage of the above procedure : 
if the two numbers found by trial be wrong, the mistake is 
automatically checked, for then we don’t get a common factor 
from the two parts, as m the above process. 

The factors of the exp. x 2 -\-pxy-\-qy 2 are obtained in the 
same manner by the u?>c of the formula 

x z +{a+l>)xy+aby 2 = {x + a y)(x+by) ...{ii) 

For example :— 

x 2 + 7xy+-l0y- 
** , +(HS)*#+2x5 x*/* 

={x+2y)(x+5y) 

Or thus :— 
x*+~xy+\Oy 2 
^Z’+Zxy + Sxy+XOy* 
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*=x(x+2y)+5y(x+2y) 

■=(*+2 y)(x+5y). 

A J^ portant Note * To find by trial the two quantities a and 

toZ:s J Um “ P and P roduct « "e should proceed 

0 

sumi”i.'‘ iffCre,U Pai ' 3 ° f f " Ct0rS ° fq and Mkct that pair wh0 “ 

For example, let the exp. be x 2 + 16x4-48. 

The different p^irs of factors of 48 are 

lX48 ’ (lt) 2 * 24, («0'3X16, (m) 4x12, (v) 6x8. 
it is thefltth pair P 4 a, x r i° 2 . faCt0rS Wh0SC ^ * 16 1 Cvident,y 

product 5 48^ 12 the numbcrs whosc sum is 16 and 

number« V wh- ' s a definite method for finding these 

below 1 , k ; t , 0Ugh lengthy - is instructive. We give it 

trial method * S f tu( e ? 1 ,s a<Iv,S(cJ to adopt it only when the 
trial method is found very tedious. 

to bc^a jai?d*!> e S3mC cxam Pi e * suppose the required numbers 
.<*4-6=10 ...(1) 

and a& = 48 ( 2 ) 

Thus we have to solv«- equations (1) and (2) and the 

student null learn accidentally the method of solving this new 

type of simultaneous equations which will be dealt with again 
in Chapter XXV. ° 

Now, {a—b) 2 ^(a-{-b) i — 4ab [Cor. 4, ‘Art. 67.) 

/ r=( 10)2 —4x48 

[Substituting from equations (1) and (2)) 
= '-36— 192 = 04. 


or 


a~b= yj U4~ 

a — 6 = 8 ...(3) fTakino onlv the pOsitm^aTuet -v 


* w 

Adding equations (1) and (3) we get 

•_V/ = 104-8 = 24 {/',<> 


r \ 


7 


<i 


library 

Nf.. 
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a^l2. 

Substituting this value of a in (1) we have :•“* 

12+6=16 

6=16-12=4 

If we take the negative value of y/HT, the values found 
are a=4, 6=12. 

In any case, the two numbers are 12 and 4. 

Method 2. 

(By expressing the exp. x 2 +px+q or x 2 +pxy+gr/ 2 as the 
difference of two squares) 

The method will be clear from the following two 
examples :— 

Ex. 1. x 2 +6x+8=(x 2 + 6x+9*) — 1 

^(*+3) 2 -(l) 2 
= (x+3 + l)(x+3-l) 

= (x+4)(x+2). 

Ex. 2. Factorise x 2 +7xy+10y*. 

Here half the coefficient of x is ly apd its square is 

'Vs/ 2 [See Foot Note]. Adding and subtracting this quantity 
wc have :— 

* 2 +7zy+i0i/ 2 =,T 2 +7 xy +- V y 2 +iOy* 

=(x 2 +7^+- 4 4 V)-J !/ * 

=(*+?y) 2 -(i!/) 2 

=(«+ 22 /H^-f ly-hj) 

=»(x+5?/)(x+ 26). Ans. 


EXERQSE 52 

Factorise :— 

[Form x 2 +px+q] 

1. x 2 +7x + 12 . [Solutd] 2. x 2 + 8x + 12. 


it lll,S ,mmb#r 0 ? ^’or this see Exercise 40, Q. G3. Bui 

tmay he added here that if the coefficient of x* is unity^ as in il» 

ThuTwc^vc7o^=(8)l y = 9 h “' VC thC COCmc,Cnt of 1 aud 8 <l u “« '<■ 
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3. 

x 2 4-13x4-12. 

4. 

x 2 4-»x4-8. 

5. 

x 2 4-7x4-10. 

6. 

• 

x 2 4-9x4-14. 

7. 

x 2 4-12x4-20. 

8. 

x 2 4-9x4-20. 



[Form x 2 —px4-?l 

9. 

x 2 —8x4-13. 

[So/ufrf] 10. 

x 2 — 16x4-15. 

11. 

x 2 —10x4-10. 

12. 

x 2 -9x4-18. 

13. 

x 2 - 11x4-13 

14. 

x 2 - 19x4-18. 

15. 

x 2 — 11x4-24. 

16. 

x 2 - 14x4-24. 

• 


4 

[Form x'-’4-px 

"91 

17. 

x 2 4-3x-24. 

\ Solved) 18. 

2 1 -t-10x-24. 

19. 

X’ -p 2x—24. 

•20. 

x 2 4-23x-24. 

21. 

x 2 4-llx-*2G. 

22. 

a 7 4- L2a—2S. 

23. 

a 2 4- 3a—28. 

21. 

ft 2 4-27A —2S. 



[Form x 2 — px 

-q] 

25. 

m-—tn —30. 

[Solved] 26. 

p 2 — 13p — 30. 

27. 

<7 2 — 7q — 30. 

28. 

i- - ‘>9/-30. 

29. 

a 2 — 4a — 32. 

30. 

^-146-32. 

• 

31. 

x 2 —8.v—33. 

32. 

X- -15x - 31 


[Forms x 2 ±P r x<?] 


33. 

x 2 4* 12x4-33. ^ 

34. 

x- 

4-1 Ox— 36. 

35. 

x t-5x-3C,. 

36. 

fc* 

— 13ft 4-30. 

• 37. 

a 2 4-20^4-30. 

38. 

a 2 

4 -9a—86. 

39. 

A=4-5ft-3G. 

40. 

m 5 

*-13m+30. 

41. 

a 2 4-14a4-10. 

42. 

•» 

a- 

—3a —40. 

43. 

lSn-40 4-a 2 . [Hint] 

44. 

a 2 

4-40—41a- 

45. 

ft 2 —42—19ft. 

46. 

A- 

—42—ft 


FACTO*S 


47. (x+7) 2 -(33x4-l). [HinQ 


48. 

(x4-7)(x-7)4-2x4-1. 



* 

[Forms — 

■^±V^±q\ 

49. 

—x 2 4-8x4-48. [Solved] 

50. -x 2 -13x4-43. 

51. 

—x 2 4~27x—50. 

52. —.T 3 —5x4-50. 

53. 

—a*-j-28a-52. 

54. 52 —9a — a 2 . 

55. 

724-U a-a-. 

56. 1084-3 m — m\ 


[Forms x 2 

±pxy±<J l J z ) 

57. 

a: 2 —13 j//-|-42 y z . [Solved] 58. x 2 -\-xy— 42t/ 5 . 

59. 

a 2 — ab — 5G6 2 . 

60. a 2 4-15a64-5Gfc 2 . 

61. 

a 2 -15a&-|-5G/» 2 . 

62. a£—5G& 2 4-« 2 . 

63. 

rt 2 -12a^4-326 2 . 

64. m 2 — limn—60n 2 . 

65. 

p 2 -13/></ —48g 2 . 

66. 88 t/ 2 4-x 2 4-19 xy. 

67. 

x 2 — 6x//—135// 2 . 

68. p~ — pq — 240g 2 : 

69. 

x 2 -3 lx//-180?/-. 

70. a 2 4-2a£—2246 s . 


[Forms reducible to x 5 

; ±px±q or x?±pxy±qy'l 

71. 

5a;*—36. [Solved] 

72. a 4 4-U« 2 —GO. 

73. 

a 6 4-19fl 3 + 88. 

74. p* — 2(>p 3 —27. 

75. 

a 9 —22u 4 —75. 

76. a®—79a 4 6 1 —1626®* 

•n 
• • • 

m®—2/n 4 n 2 —195n*. 

78. ;j 12 — p*q* — 210gf®. 

79. 

2x 3 4-4x 2 —160x. [Hint] 80. 3.x 3 — 33x 2 —240x. 

31. 

4a 3 —80a 2 4-384a. 

82. a 4 4- 3a 3 -180a*. 

83. 

2/c«4-48fc 3 Z4-270* 2 i 2 . ' 

84. 3x*-60x 3 7/4-252xty 

85. 

x®-‘128x 4 —124® 2 . 

86. 8s* 4- 38^—1802 s 


87. (a-f&) 3 —2(a+6)-2*. [Solved] 
C8. (2a-6) 2 -(2a-6)-30. 
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89. (.r-f 3t/) J —21(a:4-3z/)4-90. 

90. (2.r —v) 2 4-1 5z(2.t— y) -54z*. 

91. (3 —4n) 2 4-8&(3-4a)-84&*. 

92. (o;*4-.r) a -14(* 2 4-a?) + 24. [Hint] 

93. (a 2 -4a) 2 + 16(rt 4 —4a)4-48. 

94. (* 2 4-o.r) 2 -8(j--f5x)-S4. 

95 (x 1 —5. 17 /) 2 — %r l —5xy)(xy—\y ' i )-{-1 8 (jk/— 4y 2 ) 2 . [Hint] 
96. (a*-3</b)*-5(<i 2 3ab)b 2 —50b*. 

SOLUTIONS & HINTS—EXERCISE 52 

1 [12 = 1x12 or 2x6 or 3x4; wc take the last pair, 

because 3-f-4=7] 

< c 2 4-7.r4-12=.r 2 4-(34-4)x4-3x4 

=(.r-f-3)(x4-4). 

Or thus 

x 2 4- 7x 4-12= x 2 4- 3aM- 4a: 4-12 

=x(x}-3)4-4(j;4-3) 

=(«4-3)(.t4-4). 

Or thus :— 

[The number which should be added to .r 2 4-7a? to make it 
a perfect square is (a ) 2 or * 4 9 -.] 

x 2 4 -7a? 4-12 = X' 2 4 - 7x 4--^—* 4 9 4-12 [adding and subtracting *£-} 

=(a- 2 +7x4-V*)'-i 

=(^4-5) 3 -U)» 

=(*+l4-M(*+|-P 
=(a; 4-4) (a; 4-8). 

Note. We have done the above example by different 
methods in order to illustrate them in one place. 

In the other examples we shall employ only one of these 
methods. 

9. x a -8.r-fl5. 

[Only two negative numbers -can give us negative sum and 
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porilive product. Hence the possible factors of 15 are 
— 1 X —15, —3 x —5 ; clearly, we need the second pair]. 

Given exp.=* J —&r-|-&r+15 

9 

—*(*— 8)— 5(x— a) 

= (x-3)(*,-S). 

17. **4-5*—24. 

[If larger number is positiye and smaller negative, Cftl y 
then can we have their sum positive ami product negative. 
Hence possible factors of —^4 are :— ° 

( 1)(24), ( —2){12), (—3](8), (-4)(6). 

Evidently, we need the third pair.] 

Given exp.rx^—3*4-8x—24 

=*(«—3)-f-8(* —3) 

=-(*r-8)(*4-8)- 

25. 77i 2 —m—30. 

also 1 ! ( !!ti S v U p m n f V V ° numbe f s is negative and the product 

o2 L! e h rgCr n M lb r Cr mUSt bC nc « ative and sma ll^r 
positive. Hence the possible factors of —30 are - 

(l)(-30), (2)( —15), (3X-10), ( 5 )( — 6 ). 

Clearly, we require the last pair) 

Given exp.=7n a +(S—6)m+(S)(—G)=(n»-t-5)(m — 0 ). 

43. Arrange suitably. 

Remove ^rackets and arrange suitably. 

Given exp. = —£- 4 - 8 * 4-48 f _ 48 =m(- 48 ) 1 

==-(**-8*-48) (2)(^24).(3)(-16), [ 

l(4)(-12). ( 0 )(- 8 ). j 
= -{**4-(4-12)*4-4(-12) > 

= -{(*4-4)(*-12)} 

=(*-M)( 12 -*). 


47. 

49. 
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In the above example we have removed the negative sign 
after changing the signs of the factor x — 1J ; the other factor 
(x-F4) does not change. 

37. r* —13.tI/ + 4-V f 42=( —1)(—42), (-2)(-21),l 

=a^— 6xy —7xy + l2y* (—3)( — 14), (—6)(—7), S 

= x(x — 6y) — ~y(x — Of/) L we require the last pair. ) 

=(j—6 y){.t-7y). 

71. Given exp. = r* —5.r 2 —36 

= (x=) 2 -5j:--36 
— a 2 —5a —36 [where a=J 5 ] 

= (a —9)(a-}-4) [By methods explained before 
^(x 2 —4) [Putting back the value of oj 

=(j; + 3)(i — 3)(.r 2 + 4). Ans. 

[Factorising x 2 -9]» 

79. Given exp. = 2x[r t -t-2x — 80), etc. 

87. (a+6) 2 -2(« + M-24 

—2jt— 24 [where J?=a-4-6] 

= >r 2 4. ( 4-6)i + (4)(-6) 

=»(X + 4)(x-6) 

= ( a + 4 )^o + d—6) [Putting back the value of«) 

92 As before, we get the two factors 

(x* -t- x - 2)(X® 4- x— 12) 

Each of these factors can be further split into two factors 
by the methods of this chapter. 

95 Write a for x 3 — 3xi/ and b for xy — ty 2 . 


82. Type 7 [Quadratic Expressions of the form 

Ax 2 - 4 -Bx-i-C or A^ + Bxy + CtrJ 

There are several methods of procedure, but to explain all 
of them would be rather puzzling the student. One of them 
is the trial method* which we do not recommend. Out of p 
remaining we give the two best methods. 
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Method 1. 

♦General Discussion. 

Consider the folio - ing relation :— 

(ax-\-b)(cx-\-d)=--acx 2 -\-(ad-+bc)x-{-bd •••(*) 

It will be noted thaL in the right-hand expression 

(t) ilie second coefficient, viz., ad-\-bc, is the sum of two 
quantities ad and be, and 

(a) the product of the first and the third coefficients is 
equal to the product of the same quantities, ad and 
be, (each being equal to abed). 

Now. the given expression Ax*4-Bx4-C is of the same 
form as R. H. S. of (i) Hnd from the above two facts it is 
clear that B can be split into two parts corresponding to ad 
and be, for :— 

. o 

the sum of these parts is B . 

and the product is AC ( = product of the first and the 

third coefficients) 

Having done this, we can proceed as follows 

acx 2 +{ad+bc)x 4- bd 

= acx 2 -f adx -f hex -J -bd 

= ax( c x + d) -f b(ex 4* d) 

=(cx4-d)(ax4-6). 

Now take a particular. 

Example :—Factorise 18x* 4-13x4-2, 

Solution :—I Coeff. x III CoclT. = 18X2=36. 

Find two numbers whose product is 36 and sum 18 (II CoefT.) 
These numbers are clearly 9 and 4. Hence we have :— 

Given exp.=18x 2 4-13r + 2 

= 18**4-9*4-4* 4-2 

=9x(2x4-1)4-2(2x4-1) 

=(2x4-l)(9x-F2). Ans. 

• This general discussion may be omitted on firstVending, or may be 
even omitted altogether. The method can be easily picked up from the 
solutions of particular cases given hare and in the next exercise. 
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Method 2. 


General Case. 


Given cxp.rsAj^-f-Bar-f-C 

= -^-U^+ABx'+Acl [Multiplying and di 
A V / viding by A] 


= x! ( A *)*+B-(A*;+AC [ 

= xl ^ [writing y for Aar] 

The expression within brackets is of Type 0 and therefore 
can be easily factorised. Then ?/ can be replaced By its value 
Ax. It will be seen that the two factors arc jointly divisible 

by A. so that —- disappears from outside. 


Example Factorise 18a* 2 — 5x—2 . 

Solution. 

Given exp. = 18j?'* — 5.r — 2 

= 1 , s(18xl8j: 2 -18x5.r-18x2) 

(Multiplying and dividing by 18] 

“A ( (18*)*-5(18*)-36) 

C T^ ( fl 2 —5a —36 } [where a=18x] 

b= * 1 , *(«“- 9 )(/i + 4 ) 

= T ^(18x-9)(18a-h4) 

=(2.r-l)(9a’+2). Ans. 

(Dividing 1st. factor by 9 and 2nd by 2] 

Note. The form Ax 2 4- Bxy+Cy* is dealt with exactly in 
the same way as the form A/ 2 + B.r-f-C. For examples see 
next exercise. 

EXERCISE 53 

Resolve into factors :— 


6 x 2 -4- 13ar-f-C. (&o/mf] 

2 . 

2.r 2 + 7.r + 3. 

3x 2 + 13.r+4. 

4. 

2x 2 + 132+20. 

6 a; 2 + 172 + 5. 

6 . 

2(2 2 +7)+ll*. 
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7. 3x 3 —14*4-8. [ Solved] 8. to* - 19x4-10. 

9. a* 5 -17*4-20. 10. 6(x 3 4-D- 13x. 

11. 2(Co44-1)-1U. 12. H-I5**-8<r. 

13. 8x* — I8x—5. [Solved} 14. 2x ! —3x —20. 

• % 

15. 6x J 4-19x-7. 16. 8x 2 -14x-l. r >. 

17. 5x 3 4-33x-14. 18. 6* 3 4-ll-r-10. 

19. ~ 12m 5 4-13m 4-4. [Solved] 

20. — 12A4—7&4-12. 21. 24-7a— 30« a . 

22. 8—17a—28a 5 . 

23. 15a 2 4-14a& —86*. [Solved] 

24. 20a 5 —7afc—3& 5 . 25. 10a 5 4-7a&-12/j 5 . 

26» 12,r 2 —4 xy—5y-. 27. 21* 3 —25xy — 4i/ 5 . 

28. 20^-23^4-6 y z . 29. 12x ? -7.riy- \Oy*. 

30. 25x 3 — \5xtj+2rj'. 31. 2x 5 —lOxty —25 t/ 5 . 

32. 8a 5 -66a&4-8&*. 

33. 10x*4-28x 5 —6.r. [//in/] 34. Oa 3 —51a* + 6f'.a. 

35. Ca 4 —a 3 —12a 3 . - 36. 12a*+2a°-24a 5 . 

37. 2ix 3 y-l02xhf+00xy 9 . 38. 10a s —l5a 4 6~43aW. 

39. 9x 4 — 82x 2 »/ 2 4-9?/ 4 . [Solved] 

40. I8x*+25x*y*-3y\ 41. 3m 4 n 4 -10m*n 5 p 2 4 - 8 /A 

42. ~+2x*S. 43. 7x’-x>-8. 

44. 8i°-65^4-8. 45. 8j e 4-21;-iX' 3 -27. 

46. 4a 8 -17a 4 6 4 4-46 8 . 

47. (o^-f-Sx) 5 —2(5x 5 4-8*)-15. [Solved] 

48. (8x 3 4-14x) 1 —8(8x*4-14x)4-15. 
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49. (6j 2 — x) 2 — 17(6x 2 —x) 4-60. '• 

50. x 2 (x4-l) 2 -14(:i!4-0*4-24. 

51. (a 2 +a - 6 ).(a- +a - 20 ) -15. [Hint] 

52. (a 2 +8(74-7)(a 2 -f-8a-f 13)-9. 

53. (a 2 —4a)(a 2 —4a —1)—20. 

54.. 2(a 2 + 6 2 ) 2 +5(a 2 4-6 2 )aft+2a 2 5 2 . 

55. 5(x 2 —Ca:) 2 —27(<r 2 —ex)^—x)-f36(x 2 —a:)*. 

SOLUTIONS & HINTS—EXERCISE 53 

1. Given cxp. = 6x 2 4-13x4-6. 

We require two numbers whose sum=13 and product 
=6X6 = 36. ' 

By trial, we find these numbers to be 9 and 4. 

Hence we have :— 

Given exp.= 6 a * 2 4- Ox 4-4x +6 

=3x(2x4-3)4-2(2x4-3) 

=(2x4*3)(3x4-2). Ana. 

Or thus :— 

Given exp.=^ { 36ar 4-78x4-36 } [multiplying and divid¬ 
ing by 6 ] 

=H( 6 *)*-H 3 (6*)4-36} 

—It { .V 2 -f 13i/4-36 } (where 2 /= 6 xJ 
=i(!/+9)(!/+4) 

= *l(6a:4-9)(6a:4-4) [Replacing y by its value 6 x] 
=(2x4-3)(3x4-2) [Dividing 1 st factor by 3 and 

second facto*' by 2) 

7. 3x 2 —14x4-8 

== 3x 2 —2x— 12x4-8 { 3X8=24 ( 

=;x(3x 2) — 4(Sx — 2) j 24 = ( — 2) X (—12) \ 

p=(3x—2)(x—4), 
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IX to 1 — 18a;—3 

= 80 ^— 20 j:-r 2 ®—3 

=4s(23—fi) +1 (Sf* ■— 5) 


i8X(-5) —« { 

) _40 —(— 20) X 3 V 



=(2a?-5)(4.i' + l). 

Given exp. = —12m* + 13m+ 4 

«— (12m 4 — 13m —4) 


i 12 x —1 — —IS 
} — 43 = ( — lG) X 3 


«= — { 12m 2 — lCm + 3m —4 > 

= - { 4ro(3m-4)+l(3m-4) > 
— —(3m — 4)(4m + l) 

«s(4—3m)(4w + l). 


I 



Given exp. = ir,n 2 + 14«fc-86» } I5 x(-8)=-120 i 

r=15a 2 -i-20fl6-6rj6-86M - 120 = 20 X (-6) f 

= 5fl(3a+4&)—26(3a + 4&) 

= (3/i + 46)(3n—25). 


33. Given exp. — 1 Ox 1 -f 28x 2 — Gr J 5 X (-3)»-13 ) 

=2.i’(5x 2 -rl4x—3) ] —15=15 X (— I) \ 

= 2x { 5x 2 + 15«—x—3 } 

=2x{ 5x(x-h3)-l(.r+3) } 
=2x(x4*3)(5x— 1). 


39. Given exp.=9x 4 — 82.r*// 2 + Oi/ 1 

= 9a* —82a6-H.*b 5 [where a—x 2 and &=*/*) 

=9n 2 -81nfc-a!>4~9b* \ 9X9=81 ) 

=9a(a-95)-6(«-9/*> 1 81 =( —81)( — 1) { 

=(a-95){9rt-5) 

e=(.T*— 9t/ 2 )(‘Jx 2 — y 2 ) [Putting back the 

values of a and U 
= (*+3y)(j-3y)(3x+!/){3.r-J/). 

47. Given exp.=(5x 2 -J-8x) 2 —2(5x 2 + 8x) —15 

=a 3 — 2a—15 | where u —5x 2 + 8x) 

= (a —5}(<H-3) 

=(5x 2 + 8x—5)(5x= + 8.r+3) 



212 


progressive algebra 


(The first factor cannot be further factorised, because we 

cannot find two numbers whose sum may be 8 and product 
25 J, 

Now. :>* 2 4-8* 4-3 = 5^ 4-5x4-3x4-3 

= 5x(.r4-l)4-3(x4-l) 

=(x4-l)(5x4-3). 

Given cxp.=(5x 2 +8x--5)(x-H)(5x4-3). 

51. Given exp. = (a 2 4-fl — 6 )(a*+a- 20 )-l 5 

=(x—6)(x—20) —15 [where x=a , +af 

=x 2 —26x4-120-15 
=x 2 —-26x-|-105. 

Factorise this exp. 

83. Type 8. (Expressions Reducible to the form a 2 —6*| 
Such expressions can be conveniently divided into three 
groups :— 

Group 1. Expressions which can be divided into two 
parts which arc perfect squares and have minus sign between 
them. For example :— 

(i) a*+2ab+b i -lc*={a?+2ab-{-b*)-{4c*)=(a+b)*-(2c) i 

= {a+b+2c)(a + b — 2c). 

(ii) 4x 5 —4x4- 1 — //*-F-2f/2 — z 2 = (4x 2 — 4x4-1) — (*r — 2yz+z i ) 

~( 2 x — l ) 2 —( j / —') 2 
= (2x- 1 -i-y—z)(2x— 1 -// + :). 

etc. etc. 

Such expressions have already been dealt with. 

(Sec Exercise 4'J. Q. 27 to 34j 

Group 2. Expressions which reduce to Group 1 after the 
addition and subtraction of a suitable new term. For 
example :— 

(») x 4 4- 6 4 = x * 4- 64 4- 10.r 2 — 1 Or 2 [adding and subtracting 

16x 2 . How to get this term ? Sec Ex. 40. Q 53 to 621 

=(x*4-64 4-16j*®) — (16j-) 

= (x 2 + 8) 2 -(ix) 2 

= (' r2 + 8-f-4J')(.r 2 4-8 —4x). 
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(ii) f+; & u c btracting 6>1 

«.(rf-2a&+P)-(ft t +« , - 2 * ?) 

=(a-6) 2 -*(6- c ) 1 

^(a-b+b-c){a-b-b+c) 

=(a—c)(<z— 26 + c )* 

etc. etc. f 

firouo 3 Expressions which reduce to Group 1 after 
a tenT^is^spht into*two suitable parts. Vorexampie:- ^ 

(») [Sp i » _4x*~9x l ] 

«(*»-4a^++)-(9^) 

s=(« 2 —2)^—(3x^ 2 
v __ (a^— 24-3x)(a*-2—3x). 

<«) r* 1 -2e= + 9=^+0x»+0-4i'‘ [Splitting 2^ jnto 


^(x=+3) 2 -(2x)* 

=(x 5 +3+ 2 x)(x 2 +3 - 2 x). 

(lit) 4* 1 4-4xff-8t/ 1 4-G*/-l 

=4 I *+4^-!V-9'/ , +%-' [Splitting -Bll jnto 

=(4x*+ 4*y + y*) —( 9 ir— 1 Gl J + 1 ) 

=(2x+y)*-(3y-l ) 2 

= ( 2 x 4 - 3 / 4 -3$/—l)(2x4-y—3*/4-0 
=(2x4-4*/—l)(* 2 x— 2 */4-1) 
etc. etc. 

EXERCISE 54 


Resolve into factors :— 

1. 4a 1 —4aZ»4-6 2 —9c 2 (Solced) 

2. * s 4-6x'/4-9j/ 1 —16z*. 3. lCx 1 -25y 2 4-1 ~Sx. 

4. x*—4x*4-4;/ 1 4-4xV. 5 - 06-9fe 2 -! 4-25a s . [Hint] 

6. 24x4-9t/ 1 -l6x*—9. 
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7. J- 2 -10r 4-25 -v z -*- 12^-362*. 

8. 4a 1 -6 2 4-9-l2a 2 -4c‘4-46 c . 

9 X 2 + y z -z- 4-1 4- 2 XIJ - 2x -2t/. (/f ,«f J 

10. 4a 2 — 4 4-6 2 -f c 2 — 4/v6 — 4ac -f- 26f. 

11 • 2*6 + 2a -26-f 4c 2 -a 2 - 6 2 -1. (f/j n ,) 

12. \orz-\-2yz—4xy— 4x 2 — t/ 2 — z 2 -f-l6. 


13. a 1 4-4. [«So/i/c*/] 

15. ««+324. 

17. rUftW+si. 

19. 4ar 5 +ifi.r;/«. f //* n/1 

21. 72x s + 18^v*. 


14. a 4 4-04. 

16. 4x 4 -]-81i/*. 

18. 4a R 4-C256 < 

20. «4fl 6 -fa 2 . 

22. 243^°-f-12e V 


23. Ox* — 16x 2 4-4. 24. 4.r* — 29.r 2 |- 25 . 

25 Ox 4 — 33x 2 + l<5. 26. 10a 4 -24a 2 6 2 46 

27. 100/)’-l n^Y + Oy 4 . 28. 86a 4 - lG5a 2 6 2 -f 496- 

29. e*h—Ztpb*+alfi. \llin1) 30. 2p~ — 22p' J r/ i 4-2;; 3 y i . 


31. 

•t’+.i 2 4-1. \ Solved] 

32. 

X 1 -J- xiy'-i-y*. 

33. 

4a , 4-8a 2 -f-0. 

34. 

16<i«+7a*+l. 

35. 

x* + 2xhp+\),j\ 

36. 

25xH-*V+y 4 . 

37. 

*a x + *u-b*+»»b\ 

38. 

25a 1 4- 2Ga 2 6 2 4- 96 4 

39. 

a 1 19a 2 -f9. f 7/2 /i/J 

40. 

9a 4 —a 2 -f-10. 

41. 

25,? 1 - C.rV -f 9y*. 

42. 

16x«-9xV+25^. 

43. 

A m 

3Ca 4 — 13a 2 4-1. | Hint] 

44. 

9.r‘- 1 Or 2 -fl 

45. 

4* 4 —37a: V 4-9//* 

46. 

25a 1 —29a 2 6 2 -f 46* 

47 

m 

ff/iw/] 

48 

« 8 4-a 1 6 1 -f6 8 . 

49 

a*-47a 4 4-! 

50 

a 8 4-14a 4 6 4 4-8j6* 



FACTORS 


215 


51. i 2 —4xt/—2 a 4-4«/3. [ Solved ] 

52. 9* 2 — 6;r-16t/ 2 -f ~8y. 53. a(o- 26) -c(c -f-26). [Hint) 

54. 2a(2a~56)—3c(3c —56). 

55. a*+4y*+'2x 2 -j-4y' + l. (f/int) 

56. 4ar 4 -}-f/ 2 4-1 — 4a: 2 ?/-—2t/. 


57. 

58. 

59. 

60. 


1 . 


5. 

7. 

9. 

n. 

13. 


19. 

23. 


a 2 4-4a6-|-36 2 —c 2 -(-26r. [//inf] 
4a 2 —I2a6-f 56 2 —9 + 126. 

**—9 —2 ij/ 2 —30y— *2xy. [Hmt] 

ix 2 - 25 - 7y* -12 xy -f 4 Oy. 


SOLUTIONS & HINTS—EXERCISE 54 
Given Exp.=4a 2 —4a6+6 2 — 9c 2 

•=(4a 2 —4a6+6 2 )—(9c 2 ) ' 

=(2a-6) 2 —(3c) 2 
= (2a—6+3c)(2a —6—3c). 

Given Exp.=25a 2 (96 2 + I-C6), etc. 

Given Exp.=(x 2 -l0.r+25)-(y 2 - 12 ^ + 305*). 

Given Exp. — (<* 2 +y 2 + l + 2,ry—2x* —2y)—(z 2 ). 
Given Exp.=(4c 2 )-(a 2 +6= + 1 _ 2a b-2a + 26). 

Given Exp.=a*-f 4 r y/ a *=a* 

=fa 4 + 4 + 4a 2 — 4a 2 -( —2 

= ( G *+ 4 ’ + 4a2 ) —(4a 2 ) ( 2 x a 3 x 2 = 4a 
=(a 2 +3) 2 —(2a) 2 . 



=(a 2 + 2 + 2 a)(a 2 +2 — 2 a) 

=(a 2 +2a+2)(a 3 — 2 a + 2 ). 

Given Exp.=*^ + i 6m jl ==tj . ( ;, + i , /lli ctc 

Given Exp.=9j;‘_>6x2+4 r wjj. _ 3l a -» 

=^ 4 - ,2 * , +4-4x= «; V* =2 j 

1 2 * 3 *‘ X 2 = 12 * > i 


=(3x 2 -2-f2i)(3x ? -2-2T) 

— (3x 2 + 2 x — 2) (3* 2 - 2 r—2). 
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29. ab is common to all the terms. 

31. Cu&n Exp.=x*+2x2 + 1—x 2 r ^ =i j 

=(x*+l )*-(*)* 1 VI =1 

=(x 2 + l+x)(x 2 +l—X) l 2 X x* x 1 =2 x* 
=(x 2 +x + l)(x 2 —x+1). 

39 Given Exp. *=a+ — 19a 2 + 9 [ y/a A =d t 

= a 4 + 6a*+«J-25a 2 ) y/9 =3 

etc. [ 2 x a 2 X 3=6a* 

43. — 13a 2 may be split either into —12a 2 — a* or into 

+ 12a*—25a 2 . 

Also note that each of the two factors found can be further 
resolved into two factors each. 

47. One of the two factors found will be the exp,- of 
Q. 31, which can be further resolved into two factors. 

51. Given Exp.^r 2 —4xy—a*+4ys 

=x* — try +4y* — 4y* — 2 * + iyz 

[Adding and subtracting it/*] 

=■(** -4xy + 4y*) - (4y*+z*—4ya) 

=(*-2jf)*-(2y—a)* 

=(x-2y+2y—a)(x—2y—2y+z) 

= (z—z)(x-4y+a). 

53. Open the brackets and proceed as in Q. 51. 

55. Adding and subtracting 4x*y*. the expression becomes: 

(x 1 + 4y*+ 2 x*+41/ 2 +1 +4x*jr)—(4*V ) 

Both parts are perfect squares. 

57. Split 3 b* into two parts 45*—fc* ; then the exp. becomes 
(a 2 +4a6+4&*) — (6*+c* —2hc). 

59. Split —24 1 / 2 into two parts. 

Type 9. Factorisation by suitable Grouping of Terms. 

The general principle under-lying the method can be out¬ 
lined as follows :— 

Divide the given expression into tino or more parts such that 
mhen each part is factorise(( by Vie fore-going methods , there is < 
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factor common to all the parts. Then we get two factors of the 
expression by Type 1. 

The difficulty lies «in dividing the expression into parts: 
for this the only guiding principle is experience and common 
sense. A thorough study of the solutions and hints to the 
next exercise will enable the student to lumdle fairly difficult 
examples independently. 

EXERCISE 55 

Factorise : — 

1 . ab+ac + bd-rca. [Solved] 2. ax+bx+ay+by. 

3. ax—4a+bx—4b. 4. ab —cLC-\-b l — be. 

5. i 3 -iH3x-3. 6. j 3 —3ax-i s a + 3fl 3 . 

7. 6a6+6— 96—4a. [Hint] 8. ac 1 -by +bcy -ac. 

9. a 2 -26c+2a6-*r. 10. 2a 3 -f 3-a*-Ga. 

11. pj+l+p-H. t2. 5a 3 —2 — 2a*4-5a. 

13. 2a 3 —3—2a+3a 3 . 14. 4x 3 d-45—9x—20r*. 

IS. 2a 4 —l-Fa 3 —2a. 16. 

17. lm{n 2 + \)+n(l 2 +m i ). [HuiL] 

18. a6(x 2 +t/ 2 ) — a:y(a 3 -l-6 2 ). 19. 6a:(a 2 4-t/ 2 ) ^ay(6* d-x 3 )- 

20. (pr + qsf + ^qt—ps) 2 . 21. {ax~tby) i -\-(ay — bx) i . 

22. {a?— by) 1 —[ay—bx)*. 

23. (a-h26) 2 +3a-FG&. [Hint] 

24. (2a—36)* +8a—126. 25. (3a-Fl)(3a-l)-6a£+26. 

26. (a+3)(a—6)+3a6-f96. 

27. 46z—26—(2x-l)(4x 2 -F2ff-Fl). 

28. 2ax+3a-(2x + 3)(3x—2). 

29. (2x— y)*—\Qx+Sy. 

[Tfib next seven questions (Nos. 30 to’ 86) can be easily 
reduced to the forms of the previous seven questions (Nos. 23 
to 29) respectively.' For example, the expression of Q. 30 
can be written as (9x 2 4-6^y+2/*) + (32ar-f4y) or (8a:-Fy) l -f 
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4(3x-f y), which is exactly like Q. 23. Similarly Q. 31 is like 
Q. 24. Q. 32 like Q 25, etc.] 

30 9.r 2 -f 6xy-fy 2 -fl2,T-f ty. 

31 1 Ox* — 4t)xy -f 25y 8 4- 12x — 15y . 

32. 9x 2 — 1 Gy 2 — 15x -f-20y. 33. *r 3 -f 2x—24—xy+4y. 

34. 2a — 5b- 8a 3 + 1256 s . 35. 6a-2y-Ga*-13ay-f 5y*. 

36 a 3 — Ga 2 6-f 12a6 a — 86 3 —8a-f 66. 


; [The next seven questions arc again of the same type as 

Q, 23 to 29 or 30 to 36. Only the terms are not in the same 
order.] 

37. 4« 2 + 10x-f9y 2 -f 15y-f-12,ry. 

38. a 4 + a 2 6 —2a 2 —6-f 1. 39. # a* - a*c+b 2 c-b\ 

40. m 2 -}-llm + 2mn—2r» —12. 

41. 2x—x 3 + 2y — tj 3 . 

,42. 6x —2x 2 -f5xy—9y-fl2y 2 . 

43. x 3 -f 4x+y 3 +4y4-3x 2 y4-3xy 2 . 


44. x 3 -f-2x 2 + 2x+l. 45. a 3 —2a 2 6-f*2a6 2 —6 3 . 

46. ay 2 —y 2 —ay+y-fa — 1 . [Hint). 

47. 2np~r2aq—cp — bq—bp—cq. 

48. ^-fzM-^+^+xd-l. 


SOLUTIONS Sc HINTS-r-EXERCISE 55 

1. Given Exp.=a6-|-ac4-fcd+cd 

= (ab+ac)-\-(bd+cd) 

=a(b+c)^-d(b+c) 

= (b+c)(a + d). 

7 Combine the first and the third terms together and the 
obher two together. Thus (6ab—Ob) — (4a — 0). 

17. Open the brackets-and arrange suitably. 
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Don't open the bracket. The I wo terms outside the 

bracket are equal to 3a(a+‘J6). It will be seen that 

(a-r2b) is common to the two parts. 

D.vidc the expression ,nto three parts, group,ng 

together first ami second terms, third and fourth 
fifth and sixth. 


85 Type 1°. [Express,ons of the forms (/) a 3 + b'+c* 

-3a^and („) „*+&+<* <w h«e « + 6+c»0)J 

Factors of (i) arc [<:+ 0-\-c){a*+b* +c'—ab-ac-bc) 

p [Formula 14, Art. 74| 

Factors of are Babe. {Result of Q „ Ex> ’ 

examples ; — J 

(*) 8a 3 -fM_G4c r, -|- , 24a&e 

= r (2a) 3 -f-{6) 3 H-4c) 3 -3(2a)(6)(— 4 c) 

= {(*«) + (<->+(-«:) } < (2a) 2 + (4)’ + (-4c)»-(«<,)(A) 

..“ (2 “ + * —+ 6 3 +1Cc= -2«A+ ^M+lbl). <6)< ~* C) } 

(H) —S) s -f-( ? _, r j3 

—a 3 -f r . 

(0) (a*+6* + C'—ab - ac ~ be ) -f 3abc 
=0 + .-,„Ae=3aAc ‘ V "+* + «=-* + *-* + *-,«0] 

— »(.r—»/)!»/—=)(=_«) fRewriting the values of a b c| 

1. 3m,r. | Solved] 

4 a’+Si’ + CuA-l 3 a 3 - SflA +* , + <. 

6 I2Sr>- 8 ^_ 30 ' “ -2W+04 c 3 +S6„Ac. 

5 l-216„3_o 7iJ , +64 j( »_iaSi*+i8te # s. 

4 M86 ‘ 9 • t ”->V + 24<W +10 00. 
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10. x 3 - ~ ±y*+3y. {flint | 

11 a»-6 a 4.G&+ 4 

G 3 

12. a 3 - ^ + U- [//ini] 13. ar 3 —^--*. 

14. a a -L—86. J*. a 3 --4-14. 

a 3 a 3 

16. 8i'+ -L-4. 

X 3 


17. (x —2»/) 3 + (2y—3c) 3 4-(3:—x) 3 . [§ee solvccf Example 2, 

' Art. 85] 

18. (2a—35) 3 -h(a+5) 3 —(3a—26) 3 . [ITint] 

19. ( a +25rr3c) 3 -f-(64*^c-3a) 3 4-(c4-2a-36) 3 . 

20. (a 2 - b* ) 3 + (6* - c 2 ) 3 -f (c 2 - a 2 ) 3 . 

21. x 8 (t/—*) 3 +i/*(3*ra?) a +3*(ar—y) 3 . [//mi] 


22. (x+^) 3 {-(y+2) 3 +(s+a:) 3 -3(x+^)(t/+2)(s+x). [Stofc«/] 

23. (« + l,) 3 4-(a -f2) 3 + (2a+3) 3 —?(a-M)(a+2)(2a+8)» 

24. (a-5) 3 -(6-c) 3 ^-(c-a) 3 4-3(a-6)(6-c)(c-a). [Hint] 


SOLUTIONS & HINTS-EXERCISE 56 


1 . x^-if —z 3 —3xyz 

= (x) 3 + ( -t/) 3 + (-s) 3 -3(x)(—f/)( -=) 

= {(*)+(-»)+(-*)} {«/)*+(—=)*—(.rK—y) 

2 )—(—«/)(—=)} 

** (*r- If —z)(x 2 + y 2 + s 2 4- xi/-f a- - */=). 


10 


Given Exp. =(x) 3 + ( - ~ j* + (») 3 -3(a?) (—*r }(^ 


etc. 
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12. Given Exp.=a 3 + ~-+ 8 -6 {'■ 8 + 6-14) 

=<a) 3 +( - ± ]*+( 2 )®-a(fl) (V 2K etc ' 

18. Write -(3a-2fc) 3 us +(26-3a) 3 . 

21. xHy—z) z may be written as { x{y—z) } 3 . 

Similarly modify the other two parts of the expression. 

22. Given Exp.==(a;+!/) 3 +(?/+2)*+(3+^ s -' 3 ( a; +!/)(!/+ :: ) * 

{z + x) 

= a 3 +6 3 +c 3 — 3afce|where a=.r-fi/, b=y+z, 

c=z+x] 

= l(a+6+c){ (a-6)*+(6-c)* + (c-«)* } 

[Art. 74] 

Now, a + b+c=x+y+y-+ z+z+x=2{x+y+z) 

{a -W = (x -V. l /- u -z)* = (x-z)*=x*+z'-2xz. 

etc., etc. 

Substituting these values we get :— * 

Given Exp. = | X2(x+j/+:) x 2 (x?+y*+z*-xy-xz-yz) 

= 2 {x+y->rz)(x 2 +if+z 2 -xy-j!z~yz). 

24. Write — {b— c) 3 as + (c—6) 3 

and 3(a—6)(fc—c)(c—a) as -3(a-6)(c— b)(c-a) 

Then, given Exp.=ar 3 *rj/ 3 H-s 3 — 3xyz 

• [where x=a—b, i/=c — b, ~~c —a) 

= ^(.r+»/+2){ («—!/) 2 4-(»/-=) 2 -t-(2“.T) s } 
etc. 


86 Type 11. Expressions of the forms 
(») (.T+a)(.r+6)(;r-f c)(x+d) + fc. and 
(«) {x+a)(x-\-b)[x-rC)[x-\-d)+kx* 

Tlic general method is quite evident : m each ease we have 
to multiply the four binomials, add the single term to tin- 
product and then factorise. But the expression finally 
obtained must be of the fourth degree and therefore difficult 
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to factorise However, we shall take only those expressions 
which can he reduced to quadratic [i.c., second degree) 
expressions by a simple device. 

In case (t) multiply the binomials in pairs, choosing the 
pairs in such a way that the second degree and first degree 
terms in the two products arc the same. These two terms 
then can be replaced by a single letter. 

For example, (x 4-1 )(x + 2)(x + 3)(x + 4) should be arranged 
as { (a*+ 1 )(£+*)}{'^+2)(.r+3) } , which is equal to 
(x a -4-r>;r+4)(x 2 + 5x + 0). an ^ replacing x 2 +5x by a. we get 
(g + 4)('z + 0). Now the product will be a second degree 
expression in a. 

[A hint for choosing the pairs of brackets in the above 
example is : 1+4=2+3. But this won’t apply when the 
coefficients of x in the four binomials are not the samcj 

Case (u) differs from case (/) only in this that here the two 
produces of the binomials should have the second degree and 
the constant terms the same. 

More details will be clear from the solutions and hints to 
the next exercise. 

EXERCISE 57 

Factorise 

1. (x+l){.r+2)(x+3)(x + 4)-3. [Solved] 

2. (£ + l)(X+2)(x + i)(x-t-5)+2. 

3. (x+l)(a*+3)(;r+5)(x+7)--9. 

4. x(x+l)(x + 5)(x+G)+C. [Hint] 

5. x(x+2)(x+3)(x + 5) + 9. 

6. x(x+3)(x+H(x + 7) + 20. 


7. (*-I)(*-2)(x+3)(x+4) + 4. [Hint] 
8 (*+l)(x+3)ix-4)(x-G) + 13. 

9. (z+2)(x + 3)(x-5)(x-G) + 12. 

10. (a_2)(a+ l)(a+2)(a+5)+30. 

11 (*+2)(x-3)(x+4)(x-5) + 40. 

12 (a + l)(a-4-4)(a + 7)(n+ 10) —40. 
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13. (rt+3)(a-f4)(a-8)(a~9)-C4. 

14. x(x-4)(x~6)(x-10)-!-80.. 

15. x(x4-3)(x-3)(.r-6)-f56. 


16. (*2a?-j-l)(2a?T-3)(2ar 4-• ! >)(2a*-r 7)—G5. (//in/) 

17. 2x{2x+l)(2x-—3)(2.r—4)—12. 

18. ( 2 x+l)(x—-l)(x—4)(2.r—5)—52. [Hint] 

19. x{2x4-l)(^—2)(2x—3)—G3. 

20. x{3aj+2)(*-2)(3x— 4)—21. 


2T. x(3x-l)(3x4-l)(3x-i-2)-l. [Hint] 

22. ^(x 2 —l)(x-{-2)—3. f Hint] 

23. (2a+3)(4a=—l)(2a+5)—9. 

24. 4(a 2 -l)(2a + l)(2a + 5)-45. 


25. (a—3)(a—2)(a —6)(a—4) — 12 a 2 . [Solved] 

26. (a+2)(a-M)(a-4)(a-8)4-9a 2 . 

27. (x+2)(x-3)(x4-4)(x—6)—84x 2 . 

28. (a - 1 )(3a -1 )(3a 4- 2)(a -j-2) + 3a 2 . 




31. 

32. 


Prove that the product of any four consecutive 
numbers increased by unity is a perfect square. 

[ Solved ) 

Prove that the product of any four consecutive odd 
numbers increased by 16 is a perfect square. 

Prove that the product of any four consecutive even 
numbers increased by 16 is a perfect square. 

There are four numbers : the second exceeds the first 
by 2, the third exceeds the second by 4 and the fourth 
exceeds the third by 2. Show that their product in¬ 
creased by 36 is a perfect square. 
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SOLUTIONS & HINTS—EXERCISE 57 

1. Given Exp.=(.r-}- l)(.r + 2)(*-f-3)(tf-b4)-8 

= { (*-H)(*+4) } { {x+2)[x-\-3) > -3 

[See Art. 86) 

= (a: 2 -f ox -f 4)( x 1 -f 5x -f- C)—3 

=(a + 4)(a-f6) —3 [where a^x'+Sx] 

=o 2 -f-10a-f 24—3 

=a 2 + 10a+2l 

=(G + 3)(<7-b7) 

= (x 2 + 5x -f3) (x 2 4- 5 x -f- 7) 

[Restoring the value of a] 

Note. The student should study carefully why (a?-f-l) has 

been paired with (*+4) and (jr+2) with (x+3). This will be 

c J^ e ar from the third line of process : in each product we get 

^ + 5a,\ which is .put equal to a in the next step. Study 
Art. S6. 

4. Given Exp.=> { X {x +«) > { (a?-fl)(a.’-f 5) } + 6 

= (x* + 6 . t )( x 1 + bx + 5 ) + 6 
=a(a- : }-5)-f6 [where a=x 2 -r6jJ 

itc. 

7. Combine (x-1) with (*-1-3), end (.r-2) with (.r+4). 

16. Put 2x=y ahd the expression becomes much simpler. 

18. Combine (2,r-fl) with (x— 4) and (a:— 1 ) with (2x —5) 

[Why ?] 

21. Multiplying and dividing the given exp. by 3 we get 

1 [3x( 3 x - 1) (8*+1) {3x +2) - 3 ] • 

Now put 3 x=a and proceed as before. 

22. Write (a* — 1) as (,r-f l)(ar— 1). 

25. Given Exp. = (a-8)(a-2)(a-6)(G-4)-12a* 

= { (a—8)(a—4) } { (a-2)(a-C> } -12a* 

[Why ?—Sec Art. 86] 
=(a 2 — 7a + 12)(a 2 -8a + 12)-12a 2 
= (a 2 -f-12—7a)(o 2 -t-12 —8a) — 12a 2 



remainder theorem 

^(x- 7 a){x-Za)-\ 2 a* (where x=a l ->r 12] 
^x z - 15aj 4- 56a 8 - 12a 2 

—16aJ'4-44a 2 

s=z(x — lla)(T—4a) 

=(a 2 + 12-lla)(a 2 -H2-4a) 

[Restoring the value ol x\ 

^=(a 2 -lla4-12)(a 2 -4a + l2). 

29. Let the consecutive numbers be x t ar+1. x+2, T-f-3. 

Hence we have to show that £(*+l)(*+2)(a:+3)4- 1 is a 
perfect square. 

Now, a:(«4-l)(*+2)(ir4-3)+l 

= {(*)(*+ 8 )} {(*-H)(*+ 2 ) > -r * 1 

= (ar + 3T)(a: 2 4-3a:+2)+l 
=a(a-r2)-t-l [where a=<r 2 +3.t] 

=a 2 -f 2a-j-l 

=(a+l) 8 

=(x 2 4-3x4-l) 2 • [Restoring the value of a") 

which is a perfect square. 

CHAPTER XV 

REMAINDER THEOREM & ITS APPLICATION ; 

Factors of Expressions in Cyclic Order and Symmetric 

Expressions 

87. Remaiigkr Theorem. 

Let any expression in x be denoted by E, and suppose 
when it is divided by x—a, the quotient is Q and the 

remainder R. Then wc know that :— 

• * • • 

E=Q(x—a)+R ...(t) 

Relation (t) is an identity and therefore true for all values 
of x. 

If we put x—a—O (i.c , x—a) t R. H. S. of (i) becomes 
equal to tj(a—a)4-K=0-pR=R. 
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Therefore, I». H. S. of (i) should also become equal to R 
for the same value of x $ that is, for x=a. 

This shows that the value of E for x—a is equal to R 
(the remainder). 

This is the Remainder Theorem ; which may be briefly 
stated as follows :— 

v When an expression in x is divided by x—a, the remainder 
is equal to the value of the expression for x=a (found by putting 
the divisor, x—a equal to zero). 

This shows that when an expression in a: is divided by 

x—a, the remainder may be found without performing the 

actual division, for we have only to put x—a in the expression 

•and the value so obtained is the required remainder. 

• 

Example. Find, without actual division, the remainder 
when 3ar 3 —2,r 2 +5^—20 is divided by x—2. 

Solution. If x— 2=0, we get x=2. 

Substituting this value of x in the given exp., we get 

Remainder=3(2) 3 -2(2) 2 + 5 x 2 — 20 

= 3x8—2x4 + 10 — 20 

=24—8+10—20 = 6. Ans. 

x —2)3x 3 - 2x 2 + 5x —20(3<Z S + ix +1 § 
_3x 3 —6 x 1 

Let us verify our result by 4x 2 +5x 

actual division. 4 x 2 — 8x _ 

13x—20 

NVe find that the answer is correct. 13 j—26 

6 

88. Application of the Remainder Theorem. 

The main application of the remainder theorem has been 
explained in the last article, viz., finding without actual 
division the remainder when an expression in x is divided y 
a binomial of the form x-a. This, however, leads to another 
important use of this theorem, viz. t 

To find whether an expression in x is divisible by a binomial 
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of the form x — a, [that is whether (x— a) is a factor of the 
expression]. 

For, if it is so divisible, the remainder must be zero and 
this can be tested by the remainder theorem without actual 
division. 

Example. Is x-f-2 a factor of x 3 + 3x 2 -f-6x-f 8 ? 

Solution. If x+2 = 0, X--— 2. 

Substituting this value of x in the given exp., we have :— 

Remainder=(—2) 3 -f 3( — 2) 2 -f G( —2)-j-8 

= -8 + 3x4-12 + 8 =-8 + 12-12-1-8=0. 

•\ the expression is exactly divisible by x+2, that is, 
x-f -2 is a factor of the expression. 

EXERCISE 58 

Find, without actual division, the remainder when 
1- x 3 — 3.r 2 —4x+ 8 is divided by x—1. [ Solved] 

2. a^+x 2 —3x—4 is divided by x—2. 

3. 2x 3 —x 2 +3x-|*l is divided by x—3. 

4. x 1 —3X 3 —5x —2 is divided by x—4. 

5. 3x l +2x 2 —5x—1 is divided by x+1. [Hint] 

6. x°-{-.r 5 -}-x-f l is divided by x+2. 

7. Is x-1 a factor of 5x s -4x«+x 3 -3x 2 + 5x-4 ? [Hint] 

8. Is x—2 a factor of x 3 —7 x 2 + 14 x —8 ? 

9 Is x+2 abactor of 2X 3 —x 2 ~lQx—G ? 

10. Is x+3 a factor of x 3 —5x 2 —Gx+ 6 ? 

U. Is 2x 1 a factor of 2x 3 --7x 2 +lix-4 ? [5oW) 

12. Is 2x-|-l a factor of 2x 3 —x 2 —13x —G ? 

13. Is 2x 3 a factor of 2x 3 ~5x 2 +5x—3 ? 

14. Is 3x+2 a factor of 3x 3 +5x 2 +5x+4 ? > 


l5 ' afactorDf * 5+I - butiiot *f“ ctor 
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16. Show that x-hl is a fac tor of a?—1, but not a factor of 
a 9 —1. 

17- Show that x— 1 is a factor of a: 10 — ! and also of x 11 — 1. 

|8. Show that1 is neither a factor of x 17 -r 1 nor of 
a4»4-l. 

19. Show that a?4-l is a factor of x v -r 1 only when n is add, 
and a factor of x n — \ only when n is even. 

20. Show that a? —I is always a factor of x n —1 but never a 
factor of a?" 4-1. 


21. Prove without actual division that 2x x —6 x 3 -f 3**4- 
; N 3x —2 is divisible by x-—9x+2. [Hint] 

22. Prove without actual division that x % -\-2&—2x i -b 
2x— 3 is divisible by a:* 4-2a:—3. 


23. For what value of h is x 3 +kx-\-2k-2 divisible by 
#4-1 ? [Solved] 

24. For what value of a is ^-far 1 — 13 ;r-}-t>a divisible by 
.t— 3 ? 

25. For what value of a is* ZaP+aX’+Wx+a+Z divisible 
by 2 a :—1 ? 

26. For what values of a and b is the expression a: 3 4*^4- 
6 * 4-6 divisible by a* 4-3*4-2 ? [Solved] 

27. For what values of m and n is the expression 
.t 3 -}- 2ma?-\-nx —80 divisible by .t 2 — x —6 ? 

28. For what values of k and / is the expression 
2# 3 4-2k**4-4/#4-3J divisible by 2# 2 —tf—1 ? 

SOLUTIONS & HINTS—EXERCISE 58 

I. If h— 1 =^ 0 , we have *=1. 

Substituting this value of a: in the given exfir, x 3 — 8a:*— 
4®+8, we have :— 

Remainder=(l) 3 — 8 ( 1 )*—4(1)4 -8 = 1 -3-44-8=2. Ans. 

Note. It will be noticed that the vdhTe of an expression 
in x for cr=l is found by merely adding the coefficients. 





tti) 

5* If j-hl—Ot4-.V Put 1 in. the given exp. 

7. Find the remainder when the given exp. is divided by 

a—1. If the remainder is 0, x— \ is & factor. 

• % 

II. If to— 1 *=0, * 2a= 1 or -a 

• % 

Substituting this value of x in the given exp., we get 

Remainder= s 2(J) 8 -7(J)*‘+ll XJ-4 

=2XjS-7xi+A>-4 

=I— l + 

- to—1 is a factor of the given expression. 

% 

I5f Ifr+Lp=0, 

• * 

Substituting this value of x in a 5 4- V we get 
(— 1 )*+ 1 = — 1 + 1=0 ' 

tv (-i) s =-ix-ix-ix-ix-i=-i} 

*-f 1 is a factor of **4-i. 

Substituting in x*'z\-U we get remainder—(—!)•+1 = 1+1 
=2 (not 0) (v Product or even number of negative terms 

*. a .. is positive] 

*4-1 is not a factor of **4-I. * 

21. **-8* 4-2=(*-I)(*-2) 

If we show that the given exp. is divisible by a?—I as well 
as by a—2, then, since the two factors are "different from 
each other, it will follow that the exp. is divisible by their 
product, i.e., by **-3*4-2. 

23. The remainder when **4-Jfc*4-2l:— 2 is divided by 
*4-1 is equal to (—1)«4-A^— 1 ) 4 -2&— 2 

— — X — &4-2Ar-^2 
=Ar—3 

We require that this remainder should be 0. 

.*. we have k— 3=0 

<>r !=$, which is the value required. 

26. **4-8*4-2=(*-f I J(x4-2) 

The exp. must divisible by *4-1 as well as by 
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Remainder corresponding to * 4-1 is ( -l)»4-a{-l) 2 4 - 6 /-n 
+6=-l+a-b + 6=a-b±5 9 

Remainder corresponding to .r-f -2 is (-2)'4a(-2)-4b<-2) 
+6=-8 + 4a-26-f6 = 4a-26-2. ^ ' 

Both these remainders must be 0 ; hence we have 
fl— 6 + 5 = 0 

4a— 26-2=0. or 2a— b — 1=0 •••(«) 

We have to solve these equations to get t^e values of 
a and b. 

By subtraction -fl-f 6 = 0 , or a =6 

Substituting this value of a in (i) we have 6 —6-}-5=0 or 

6 = 11 

a=6, 6 = 1 i. Ans 


89 Factorisation by the use of Remainder Theorem. 

1 he method is in reality a trial method , for we go on 
testing the divisibility of the given expression by different 
binomial factors of the type x—a or 6 * 4-0 bv employing the 
Remainder Theorem. However, several useless tests can be 
avoided by bearing in mind that 

If the expression is arranged according to descending powers 
of x and there is no factor common to all its terms, divisibility 
by 6 * 4*0 should be tested only if :— 

(0 6 is a factor of the first coefficient, 

(it) c is a factor of the last coefficient, and 

(Hi) b and c have no common factor 

Take, for example, the exp. 3*3— 8 *=— 5 * 4-6 

(The exp is arranged according to descending powers of x 
and no factor is common to all its terms] 

The different factors of 3 are 1 and 3 

/The different factors of C are 1 , 2 , 8 and 6 . 

Hence wc may test the divisibility of the exp. only by the 
following binomials :— « 

* + a-J- 2 , *-2, *4-3, *-3, x+G,x-6, 3x4-1, 

vo-l, 3x42, air— 2 . 
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Note that we have not included the binomials 3x-f-3, 
8 x—3, 3x-f-6, 8 a:— 6 , because there is a common factor to the 
terms of each of these binomials. 

It will be seen that the exp. is divisible by x-f-l. x —3 and 

to—2. 


In practice, however, as soon as a factor is found the 

expression is divided by it and then the test is applied to the 

quotient obtained. But when the quotient obtained is of 

second degree it is factorised by the methods of the last 
chapter. 


Factorise : 


EXERCISE 59 


1 I8x-10. [Solved) 2. 

3. Sx^Sx 2 —8x—3. 4. 

5. **+**+:r-14. 6. 

7. x 3 —5x-fl2. g 

9. 8x 3 +4x— 8. 1ft 


a 3 —8a 3 -f 25a —18. 
x 3 — x— 6. 

2X 3 —3x 2 —4. 

x 3 —5x—)2. 

10x 3 +9x 2 —1. 


H. x 3 -i-6x 2 +llj:+6. [So/uerf] 12. 

13. x 3 — 6 x 3 — 13x-f-42. 14 . 

15. **4-9x*-f-6x— 1 6 16 

17. 4x 3 -fl3x 2 —9. is 


x«-f 10x 2 -|-29x-f20. 

x 3 -}-Sx^+x— 42 . 
x 3 -f-4x* — I lx —go. 
2x 3 -f-5x 2 — 4 x—3. 


19. 12a 3 -l-4a 2 6~3a6 a —6 3 . [So/ixrcZ] 

20. ^-31^-sojr 1 . 21. 

22 23 . 9 a»-4aft«-i> 

Z4. 4a* + 4a-64-a6 3 -2 & 3 


25. 

27. 

29. 


x*-4x 3 -W-fx4-6. 26. 

**“* i3x*4- 14x-j-24. 28. 

2a*—7a 3 -f 4a 2 -f 7a-6. 30. 


a'-* 7 a *+ 5a* -f 84o— 2%. 

2a*-15a 3 -M4a 2 +51a-f20. 

4a*+7a s — Ga 2 — 7a -f 2 
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SOLUTIONS & HINTS—EXERCISE 59 


1 Given Exp.xrx 3 —9x2+i8 x _io. 


The possible factors are a— 1. x-» l, x —2, x+2, a+5, x-5. 
xr4-10, x— 10. [See Art. 89] 


Let us test a—1. I/a—1=0, x=l. 

Put x=l, then the Given E\-p.=) —9+18—10=0. 


x—\ is a factor. 


Dividing tbe given rxp. by 
x —1 we get a 2 —8*4-10 
as quotient. 


U-r’-O^ + lSx-lOfx 1 —8.1+10 

xr 3 — a 2 

~— 8^+18a 
— 8x 2 + 8x 

1 Ox — 10 
|Ox—10 

X ~~ 


Given Exp.=(x—l)(x l —8x +10). Ans. 

Note I. x*—8x+10 cannot be further factorised. 


Note 2. The sum of the coefficients in the given exp. is 
equal to zero : this is a sufficient test to show that x— 1 is a 
factor. 

11. Given Exp^a^+C^+JLr+O. 

The possible factors are x+1, a:4-2, x +8, *4-6; 

[We have omitted a —1, x —2 etc., becaucs all the 
coefficients in the given exp. are positive and thrrefore it 
cannot have a factor of this type], 

H we put x— — 1, the exp. becomes = — 1+6—11 +0=0 

r tOr, •we may say, the sum of the coefficients of odd powers 
is eqoal to the sum of the coefficients of even powers, 
(remembering th*t the constant term is alwavs taken as an 
even power of x)J. 
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.. x+\ is a factor *r-f-1 x4-6(x 2 4- 5x4-6 

x®4- x*_ 

Given Exp.— Ax 2 4 -11® 

(x4-l)(^+5iH-6) 3x*4- 5x 

«=(x4-l)(x4-2)(x4-3). Ans, 6x4-6 

6x4-6 


19. Given Exp. = 12a 3 4-4a 2 ft—30ft 2 —ft\ 

Possible factors are a—ft, a4-ft> 2a—ft. 2a3a—ft, 8c+ft # 
4a—ft, 4a4*ft, 6a—ft, 6a4-ft, 12a—ft, 12a4-ft. 

If a=6, Given Exp. = 126*4-4ft 3 — 3ft 3 —ft 3 is not/=0 

If a= —ft. Given Exp.= — I2ft 3 4-4ft 3 4-8ft 3 —ft 3 is notc=o 



Given Exp.= 


12ft 5 , 4ft 3 3ft 3 

8 + 4 2 





2a—ft is a factor. 

Dividing the given 2a—&)12a 3 -)-4a*ft—Soft 2 —ft^Ck^ + Sab-J-ft 3 

exp. by 2a—ft, we get the 12a 3 —6a 2 ft 

quotient 6a 2 4-5aft 4-ft 3 V a*ft— 3aft* 

which is=6a 2 4-3aft4-2aft4'ft t 10a 2 ft—Soft* 

=3a(2a4-ft)4-ft(2a4-ft) 20 ft 3 —ft 2 

=(2a4-ft)(3a4-ft) Safts-ft 3 

•*. GiveD exp.=(2a—ft)(2a4-ft)(8a+ft) * 


90. Symmetrical Expressions. 

An expression is said to be symmetrical with respect to a 
pair of letters if it remains unaltered in value when these 
lettersnre interchanged. For example x4-2y4-2* is a symmetri¬ 
cal expression with respect to y and z ; for by Interchanging 
V and a it becomes x+ 22 + 2 y, which is equivalent to 
2z. But x4-2.v4*2a is not symmetrical with respect 
to or and y, for when these letters are interchanged we get 
y4-2x-f-2r which is not egual to the original expression. 
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91. An expression is said to be symmetrical if it remains 

unaltered m value when any pair of letters in it are 
interchanged. 

Then a + 6-fc, ab+bc-\-ca, a 2 -J-6 2 +c 3 are all symmetrical 
expressions. 

1 

It is easy to deduce from the above that in a symmetrical 
expression all terms of the same type have the same coefficient. ' 

Definition. Terms which can be obtained from one 
another by successively interchanging the letters involved are 
said to belong to the same type. Thus, if a, b, c are the letters 
involved a-6 and b 2 a are terms of. the same type, for each 
can be obtained from the other by interchanging a and 6. 
Similarly b 2 c, c*b. c l a , a 2 c are the terms belonging to the same 
type as a 2 b and b 2 a .* 

92. Cyclic Order- 

An expression is said to be w ritten in cyclic order when 
each term in it can be derived from the preceding term by 
changing the first letter into thosecond, the second into the 
third, and so on till the last into the first. Thus with three 
letters a, b and c % the following are in cyclic order :— 

(i) ab+bc+ca 

i!t») a*(b— c)+6*(c—a)+c 2 (a — b) 

(in) (a + b-c)(b—c)-h(b+c—a)(c—a)-{-(c+a—b)(a—b) 

Let us test the third expression In the first term of this 
expression change a into b, b into c and c into a . We get 
a)(c— a) t which is the second term. By the same 
changes, the second term will give rise to the third term and 
the third to the first again. 


• Note that b*c can be obtained from b*a by interchanging a and e. 
One may object that there is no letter c in 6 2 a and therefore we have 
on|y to change a Into c and not interchange a und c. Answer to this 
objection is that out statement is Hot wrong ; if c had been present in the 
term we would have changed it into a The superfluity of the statement 
can be tolerated for the sal ? of its generality 
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The order in which the letters are changed is 

% 

conveniently indicated by the arrow-heads in the 
diagram given here. 



93. Sigma Notation. 

An expression consisting of the sum of a number of terms 
of the same type may be written in an abbreviated form by 
placing the Greek letter £,• called Sigma, before any one term 
of the type. Thus, with respect to three letters a, b , c. 

Za stands for a-\-b + c, 

Zab ‘ „ ab + bc+ca, 

2tP(b—c) „ a 3 {b—c)+b\c-a)-t-c\a~b) t 

etc., etc. 

Note. With four letters a, b, c , d, £ab does not mearv 
ab+bc±cd+da. for though, in cyclic order, this expression 
docs not contain all terms of the type ab. 

In this case Zab—ab-\-ac-rad+bc + bd+cd. 

Similarly, £a-b (with regard to a, b , is not equal to 

a z b+b 2 <?+cra, but arb-ratc+b-c+Wa+c^a+iPb. 

EXERCISE 60 
« 

Arrange the following expressions In cyclic order 
!. a+c-f 6. 2. 6 3 -rfl 2 4-r 2 . 

3. ab+ac+bc. 4. a?b -f- ac* -J- 6 3 c. 

5. (a-fc)(a-c)(6-c). [7im/] 

b. (a+6)(c + 6)(a-fc). 

8. * 2 (^-2 3 )+2 :: (ar 3 -f/ , )+r(= 3 -T 3 ). 

Write completely the cyclic expressions in a, b, c (taken us 
this order) whose first terras arc — 

9. a*6. [fltnq 10. ab\ 

ll - aPc. 12. 



?EUX3RMS31VK 4 LOEBH 4 




13. a 3 (6— 



Write out in full the following expressions 
symmetric with regard to a, b, c :— 


15 

ra* 

16 . 

Zbc. 

17 . 

E{a*-bc). * 

18 . 


19 . 

Za'b* [Hint] % 

20 . 

Sc{b—c)(c—a). 

21 . 

E , a * * 

22 . 

r * <* 3 


(a—6)(a— c) % 

* bc(b--c) * 


which are 


• • 

SOLUTIONS & HINTS—EXERCISE 60 

5. Since the reqd. order is a—>6— >c—±a 9 we canbot have 
i a ~ c )‘ But (a— c) cannot be changed into (c—a) 
unless we place a negative sign outside ; for the value 
of the expression is not to be changed. 

9. We require a cyclic expression and not a symmetric one. 

•Therefore we need not necessarily take all the terms 
of the type a l b. All we have to take care of is the 
order of the letters a, b t c\ 

19. Unlike question 9, we must take all the terms of the 
type a 2 6* and should not mind the cyclic Order. 


% 

94. Factors of expressions in cyclic order are -often 
obtained by arranging them according to the powers of the 
Fetters involved turn by turn at different stages of the process, 
each stage giving us a new factor. 


Soli 

then 


on. 


Factorise xr(y—z)-hy t (z—x)+z t (x—y). 

First arrange according to the powers of x ; 


Given ’Exp.=a*(y-z)—x{tf—z t r )+{tfz—z t y) 

=za*(t/—z)—xfat-z)(y—z)+yz(y—z* 
=(tf—a) { X s —*Cy+z)-f$/z'} . 



remainder theobem 


*«7 


Nov, arrange the exp. within { } according to power* ol 
y; then :— 

Given Exp.=(y-=){ y{z~ > 

={y-z){ y{z-x)-x{z~x)} 


=[y-z)[z-x){ij-x) 

^-{z-yXy-^z-x)- 


[Putting the result in 
cyclio order] 


95. Use of Remainder Theorem for the example of tht 
last article is very interesting and instructive. 

Given Exp.— x*(y-~ :)4-.V 1 (2-“ a: )+ 22 (' r “"?/) 

If x=y, the exp.^yHy-z)+y z {z-y)+z'{0)=0 

&—y * s a factor of the exp. [Remainder Theorem} 

Similarly y—z and z—x are also factors. 

Given Exp.=(.r -y){y-z)(z~x) X some other factors 

But the given exp. is of third degree and (x-y){y— z)(~ — £*) 
is also of the third degree, hence the other factor can only be 
a constant (free from x t y, 3 ). Let this factor be A 4 . 

/. x^y-z)+y^z-x)+z t {x-y)=k{x~y){y-z){z--x)' 

Since this is an identity ; it must be true for all values of 
a, y and 2 . Put .r=0, y— 1, 2 = —l, then we have : 

0(1 + I) + 1(—I—0) + l( 0 -l)=A (0 —l)(l-rl)( — 1 *~°) 

\ or 0— 1 —l=Ax ( —V){2){ —1) 
or —2=2A 

or — 1 


m \ x i (y-z)+y*(z-x)+z i {x~y) = -(x-y){y-z){z-x). 

96. Some Symmetric Expression# can also b« factorised 
by the methods of Articles 94 and 95, but several miscel* 
laneous methods and artifices have also to be used, some of 
which will be illustrated in the solutions and 'hints to the 


next exercise. 


EXERQISE 61 


Factorise :— 

1. a 2 (t-^)+fc 3 («-*A)+c 2 (a-6). [Hinf] 

2. ab[a— fc)+6c(6—e)-(-C€ 2 (c—«)• 
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3. <Ab 2 «- c*)+b(c 2 o a 4-)c(a 2 —£*). 

4. a 3 (6-0+6 3 (c-G)+c»(o-fc). [Hint] 

5 <i(b 3 -c*)+b(c*— a 3 )+r(a s -6 3 ) 

6. (a -fc) 3 +(6-<i)’+(c-a)3. [Hint] 

7. Ta 4 (6-c). 8. £a 3 (6 2 -c 2 ). 

9 * iyz{y*-z 3 ). ' io. z\rv-* 3 )- 

11 ^(6+0+6 2 (c+a)-f-c 2 (rt+fc)-f-2rt6r. [///»/) 

t2. X( ! /«+2 2 )-}-y(c 2 + ^)-f 2 ( x 2. f . !/ 2 )4 .O ir!/2i 

13. (a+b {-c)(ab+bc+ca)-abc. [Hint] 

14. «(b+c) 2 \ b(c+a)*+c(a-\-b) 2 -*abc. 

15. ab[a — b) — bc[b-\-c) + ca[c+a). 

16 . (b-c)(bi-c)'+(c-a)(c+a)*+(a-b)(a+b)-. [Hint j 


37. ( i) ab[(ib)-{■ 6c(6-f £)-f-£ 4 (c-f «)-f 3a6c. [Solved] 
.(») ^.+0+^(c-fa)+<» 2 (a+6)+8a6c. [Hint] 
(iii) a(& 2 +c 2 )+6(<i 2 ^a 2 )4-c(a 2 H-& 2 )-l-3a6c. 

18 . (fl+ 6 )( 6 -}-c)(d-f*a)- r a&c. 

19. [Hint] 

20. a(b— c) 2 -f b(c— a) g -}-c(a — b) 2 -\-0abc. 

21. g 4 (6 2 —c 2 )-f 6‘(c 2 —a 2 )-f c 4 (a 2 —6 2 )l 

22. Z(b+c){b-c)\ [Hint] 


SOLUTIONS & HINTS—EXERCISE 61 

1- See Solved example, Art. 94. 

4. Given Kxp.=ra s (6—c)+6 3 (c—a)-}-c 3 (a— b) 

=a\b-c)-a(b 3 -rC 3 )+bc{b-*-c-) 

[arranging according to powers of 

=« 3 (fc— c)— a(6—c)(6 2 H-6c+c 2 )+6c(6-c)(6-+-c) 

= (6—c){ a 3 — a(b 2 -\-bc+c 2 )+bc(b-\-c) } 



REMAINDER theorem 





Now arrange the exp. within { } according to powers of 
etc. etc. 


Or thus (By Remainder Theorem) 

Proceeding as in Art. 95, we easily get the factors a—•6, 
6— c, and c—a. 

Now the given exp. is of fourth degree, therefore there is 
one more factor of the first degree. The most general 
symmetric exp. of the first degree in a, b, c is 


Hence we have :— 

a 3 (6—c) -f6 3 (c — a) -f c\a—b) 

= k(a—b)(b—c)(c—a)(a-rb-rc). 

Put a=0, 5=1, c—— 1 and get the value of k. 


6. Either solve by the method of Art. 91 or see solved 
Example (u) of Art. 85. 

7. If Remainder Theorem is to be applied, remember that 
the most general symmetric expression of the second 
degree in a , b, c is A-(o.--j-6 2 H-c 2 )4-ca). 

Hence the given exp. is equal to 

(a—b)(b—c)(c—a) { Ar{a 2 -|-6 2 -l-c 2 )-f-?(a6<h6cd-ca)} 

To get the values of k and l, put (t) a=0, 6 = 1, c-#~1 
(it) a=0, 6 = 1, c=2 

(or any other two independent sets of values of a, b and e), 
and solve the two resulting equations. 

11. No new method is involved. 

Given Exp.=a 2 (6-l-c)-|-a(6*-f c 2 -}-2a6)-p6c(6 f c) 

[arranging according to power* of a) 

=o*(6-f c)4-tf(6-fc) 2 -f bc(b+c) y etc* 

13. Given Exp.= { a-f (6-f~c) } { a[b4-c)+bcy — abc 

«= a 2 (6+c) 4“ a(6+<c) 3 ahe +6c( 6.-fc)—< a 6 c 
=a 2 (64-c)+o(&4-^)*+6c(6-|-c), eto. f 

16. Put a+6=z, b-\-c=y, c.-f a'=z 

So that (a-\-b)-~(b+c)'=x—y, i.c., a-c=*x--y 

or c - a— - (x—y) 
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Similarly, a—b*= —(y—z) and 6— c=*-*(3— x) 

Substituting these values, the given exp. becomes 

= -(z~x){7/)-(x-y){z i )-{y-z){x) i 

=-{ *)+**(*-’») > • ctc * 

17. (t) Splitting 8 abc into three parts abc+abcabc t we 
have :— 

Given Exp.= { a6(a+6)-f abc } + { 6c(6-f c)-f abc } 

-f { ca(c+a)-fa6c } 

= ab(a -f 6-fc) -f bc(b +c +a)+ ca(c t-a+6) 

==(a-f 6+e)(a6-|-6c-f ca) 

(it) Open the brackets and bring the exp. to the form of 
the exp. of part (i). 

19. Combine x 3 with x 2 (t/+c) and similarly y*+z* with the 
other two parts respectively. 

22. (6+e)(6-c) 3 =(6+c)(6-c)(fe-c) 2 =(6 2 -c 2 )(6-c) a 

=(6 2 -c s )(6 2 +c 2 -26c) 

=(6 2 —c 2 )(6* 4- c*)—x6c(6*—c 2 ) 

= fct_ c 4_2&C(&*-C 2 ) 

We get similar results for the other two parts. 

. . The whole Exp.= — 2 { ab(a 3 — 6 2 )-l-6c(6 2 —c 2 ) 

-fca(c 2 — a 2 ) } [The other terms cancel out] 

ctc. 

CHAPTER XVI 

HIGHEST COMMON FACTOR (H. C. F.) 

97. Definition. The highest common factor of two or 
more algebraical expressions is the expression of highest degree 
which divides each of them without remainder. 

98. H. C. F. by Factors. 

From the definition of the last article wc easily get the 
following 
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Rule. 


(i) Put each expression in the form of factors. 

(i») Find the H. C. F. of the numerical coefficients by any 
rule of Arithmetic. 

(tit) Select all different factors with their highest possible 
powers, common to all the expressions. 

Then, the product of the numerical H.C.F. found in step 

(tt) and the factors selected in step (mj is the required H.C.F. 

99. To find the H. C. F. of monomials (Simple Expressions) 
we start with stop (n) of the rule of the last article, for such 
expressions are naturally i n the form of factors. 


Example. Find the H. C. F. of 8a 3 6°c, 12 a 7 b*d and 20a 5 6 6 d 2 
Solution. H. C.F. of 8, 12 and 20 is 4. 

a " thG ex P r « 88lon8 an d »te highest power, 
common to all the expressions is a 3 , 

°r“» « Sl1 ‘ te e V reS8ion! and He hignest power, 
common to all the expressions is 6 4 . * 

Neither “c” nor "d" is present in all the expressions 
Reqd. H. C. F.=4a 8 6 4 . 


EXERCISE 62 

Find the H. 0. F. of 


1- ab, ac. 

3. x*y, x 2 z. 

5. 3 a i b i c, 4 a b b z . 

7. 6 a 2 bc, 9a6c 2 . 

9. 20x*y* z *, 35x*y*z3. 


2. b 2 c, 6c 2 . 

4. x*y*, xy*. 

6. 4a6 4 , 6a 3 6 3 c. 

8. Sx 2 y 3 z* t 12 x*yz. 
10 . 21a 3 6 7 c 5 , 35a 6 6 4 c 8 . 


H. 18a 2 6 8 c 8 , 30a 3 6 e c 2 , 42a 4 6 4 

12. 35x*y*z, 42x*zy* t 30 xy*z*. 

13. \bx*y* z \ 60 x*yh* t 25 x*y* z *. 

14. 50a6*2«, 100a 8 6i 4 , 125o 4 6 6 . 
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100. H. C. F. of Compound Expressions by Factory, 

The rule has already been given in Art. 03. 

If the compound expressions are given in the form of 
factors we save the first step of the process as in the case of 
monomials. [See next Exercise Q. 1 to 12J. 

EXERCISE 63 

Find the H. C. F. of:— 


1 . 

ab(a \-b), b(a—b). [ Solved J 


2. 

ab(a — b), b 2 (a — b). 3. 

a 3 J*(a*4 6*), a6(a»-f l*>. 

4. 

a(a-r-b) 1 , ab(a + b). 5. 

ab 2 (a-f-6)(a~6), a(a —b). 

6 . 

a-[a — b) 1 , o(o — b) J . 7. 


8. 

\bzyz{z-\-y)*, 2 


9. 

)2ta*+b*), 18 (a+b)*. [Hint] 

10. 

20(a-f b)*, 2I(a —6)*. 11. 

a5(a-i-6)*, bc\b+c) 2 . 

12. 

24a*(a-f 6), 30a*(a 2 -j-b 2 ). 


13. 

a*+ab, a f —b 3 . [Solved J 


14. 

4(jr-f I) 4 and —1). 15. 

2a*—2ab, a*—a*5. 

16. 

6a»-9aft, 4a*-95*. 17. 

z'+y 1 , **+y 4 - 

18. 

Sa^b — Sab 3 , 6a 5 6 4 —6o*6 s . 


19. 

2a 2 b—(kib 2 , 2a J —186*. 20. 

z*-2zy + y* t (x-y)* 

21. 

2* l -f2a*r, lx*—la*. 


22. 

a*-f-85 3 , a 2 -fa6 — 2b s . [HinO 

23. 

4(a a -f-3a-f 2), 6<a 2 -4). 24. 

a s — 5a-f6» a 2 -i-a — &. 

25. 

a*— 18a + Sl, a*-f-a—90. 


20. 

2a % — 7a-f3, 3o 3 —7a —0. 


27. 

3a ? -2a-l, 3a 2 + 4a+I. 


28. 

4z 3 p—4ry 3 , 8z*y — 8xy*. 


29. 

2(a«-a 3 6 4 ), 6(a 7 b-ah 7 ). 30. 

z*+y*, z*+x*y 2 f y 4 . 

31. 

I2(2«-p«), 32. 

a 4 —4, a 3 -J-a s +2a + 2. 

33. 

a 3 —ax 1 , a*—ax, a J x—ax 5 . 
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34. a 2 -6 2 , « 3 -6 3 , a* 

35. 15{s 3 -f 1), 20(s« + x 2 -f 1), 25(x 4 -:r 3 +x 2 ). 

36. 3a 4 -f 8a 3 -j-4a 2 , 3a 5 -j-Ua 4 -f6a 4 , 3a 4 —16a 3 -12a*. 


SOLUTIONS & HINTS— EXERCISE 63 

1, I Exp.«=a6(a-f 6) 

II Exp.»=6(a--6). 

Both are already in the form of factors and cannot be 
further factorised. 

The factor a is present in the I Exp., but not in II Exp, 
[Here a beginner might commit a mistake. He might think 
that ‘'a” is present in the II Exp. But note carefully that 
that ‘‘a” is not a factor : the factor is a — 6 and not ‘a’.] 

The factor 6 is present in both the expressions. 

Again, neither (a*f6) nor (a— b) is common to the two 
expressions. 

Hence H C. F.=6. 

9. a 2 -f 6 2 cannot be factorised ; also it is not a factor of 
(a*f6) 2 . (Some beginners even commit the ridiculous mistake 
of6Uppopiqg a 2 -f6 a equal to (<H-6) 8 ]. . \ ... 

13. I Exp.=a'“fa6s=a{ad-&) 

II Exp=a 2 —6*=(a-4-6)(a—6) 

The only factor common to both is obviously (a-(-6). 

•*. H. C. F. = a 4 - 6 . 

22. II Exp =a 2 +a6—26 2 =-{a4-26)(a‘-6) [•,* the numbers 

whose sum is 1 and produot—2 are ?, and—1] 


10I. H. C. F. by Successive Division. 

I h< S m f' ttod is analogous to that used in Arithmetic. For 

hate & *’ +3 * +2 and - 
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*•+3*+ 2) x 2 + 4.r-f3 ( 1 

z 2 -\-3 x-\-z 

*+l) x 2 + 3x+2 (x+2 
x 2 -\-x 

2x+2 
2x 4-2 

X • 

H. C. F. is the last divisior , viz., x-f-1. 

However, in many cases certain modifications are necessary, 
which we propose to explain through one eximple each. It 
may be rt marked that the examples chosen for this purpose are 
very simple and meant only to teach the different rules, all of 
which taken together constitute the complete method. 

Examples. 

Group 1 l'o find the U. C. F. of two expressions having 
no monomtal factors, (i.e., factors consisting of one term only). 

Find the H. C. F. of 

(») x*+z- 6, x 2 +~z-lS («) x 2 +2x-3,2x 2 +3x-i>. 

(iitj a — 1, 3^-*—2 

[It will he noticed that none of the expressions given in the 
above examples is divisible by a one-term factor. The rules that 
we are going to enumerate are true only if this condition is 
satisfied.] 

Solutions 

(i) To begin with, we proceed as usual ;— 

* 2 -fx-6 ) x 2 -f7x— 18 ( 1 

* 2 + a; —6 

6x — 12 

Hxamining the remainder we find that the largest mono¬ 
mial which can exactly divide it is 0. Remember the remaind¬ 
er must be divided by it. 

Rule 1 Every remainder must be divided by the largest 
possible monomial. 
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Observing this rule we have the remaining process a'? 
follows : — 

6 ) 6x—12 

-~x-2~jx l +z-6 (r-L 3 
x 2 —2a: 

3a?—"6 
3x —6 

X 

H.C. F.=x—2. Ans. 

(it) x 2 -f-2x—3) 2x 2 -f 3x—5 (2 

2x 2 -f 4x —6 

— x-f-1 

The sign of the first term of the remainder is negative. 
This is generally not desirable. Therefore we cbaDge the 
signs of all terms of the remainder (this is equivalent to 
dividing the remainder by—1). 

Rule 2. If the first term of a remainder is negative, change 
the signs of alt its terms. 

Observing this rule we have the remaining process as 
follows :— 

-)-*+! 

x-l) x* + 2x-3 ( t + 3 
z*—x 

3x^3 
3 x— 3 

X 

H. C. F.=x— 1. Ans. 

(tii) 2x*— x— 1 ) 3x 2 —x —2 ( 


As the expressions stand we cannot begin to divide with- 
out using a factional quotient. To remove this difficulty we 
may multiply the dividend by a suitable number. The 
smallest number which can serve our purpose is 2. 

Rule 3. At any stage , whenever the division is not possible 
without using a fractional quotient, we may ynultiply the divi¬ 
dend by a suitable number so that the division is possible with¬ 
out usxug a fractional quotient. 
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Using this rule we have the following process :— 

3**—* —2 
2 

2a: 2 -*-1 ) U**—2*-4( 3 

6* 2 —3*—3 

z-l ) 2*»-*-I (2*4-1 
2* 2 —2* 

x— I 

X— 1 


X 

H C. F. = *-l Ans. 

Group 2. H. C. F. of two expressions having monomial 
factors. 

, Find the H C. F. of :— 


(i) * a _9*4-20, 2* 3 -?* 2 —40*.- 

(it) 4* 3 —20**4-24*, 6* 3 4-6* a - 36*. , 

Solutions 

(t) The first Exp. has no monomial factor while the largest 
monomial factor of the second Exp is 2*. We must divide 
the second expression by 2a:. 

Rule 4. When one of the given expressions has a monomial 
factor (which is the largest possible one), it must be removed by 
division. 

Hence, the following process :— 

2* ) 2x 3 — 2e*—40* 

**-*—20 ) * z — 9 *- f 20 ( I 

**- *-20 


-8*4-40 

[The remainder can be divided by 8. Also the sign of the 
6rst term is negative Hence we divide the lemainder by 8 
and also change the signs of its terms (Rules 1 and 2), or say, 

we divide by —8] • ‘ " “ " 

— 8 ) — 8 * 4*40 ' 

*-5 )**-*— 20 ( *4-4 

* a —5* • • 7 

T*-2« 

4*— 20 ' ^ 


H C. F. = *~5. Ans. 


* 
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\i«) Both the expressions have monomial factors {Ax and 
&c respectively). We remove these factors by disision and 
find the H. C. F. of the quotients obtained. The required 
H. C. F. is equal to this H. C. F. X the H. C. F. of 4x 
and 6*. 

Roles 5 If both the given expressions have monomial factors 
{taking the largest possible ones) remove them by division and 
find the R. C. F. of the quotient obtained ; then multiply this 
H. C . F. by the H. C. F. of the monomial jactors, thus getting 
the required H. G. F. 

According to the rule we have the following process 

Ax ) 4x s —20x 2 4-24.r 6x ) fix 8 4-fix*— 36a: 

x 2 — 5^: -f- 6 x 2 4-x — 6 

■r*—5x4-6* )x*4- s—6 ( l 

x*— o*-f-6 
6 ) 6 t^ j 2 

jc— 2) x* —5x4-6 ( x—3 
x 2 —2x 
— 3x + 6 

*— 3x-}-6 
X 

H, C. F. of 4x and Ox (the monomial factors of the gi\refi 
expressions) —2x» 

Reqd. H C F.=2x(x-2) = 2x 2 —4x. Ans, "• 

Note. Rule 4 is only a particular case of Rule 5, for in 
the former case one of the two monomial faotors is 1 and 
therefore their H. C. F. is also l, and therefore multipiioa^ 
tiouat the end is not nece-aary. However, we have given 
two rules lor the sake of clearness 

CONSOLIDATED METHOD 


The rules stated and il'uat rated in the last aru.-re taken 
together, constitute the complete method for finding the 
*1 C F of two expressions by successive division. They aro 
re-stated here in one place fi f ready reference J 

General Method Successive division to be performed as m 
Arithmetic* The Iasi divisor is the reqd. H C. F. 
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Group l. (When the two expressions have no monomial 
factors). 

Rule 1 . Every remainder must be divided by the largest 
possible monomial. 

Rule 2. 7/ the first term of a remainder is negative, change 

the signs of all its terms. 

Rule 8. At any stage, whenever the division is not possible 
without using a fractional quotient, multiply the divi¬ 
dend by a suitable number so that the division is possi¬ 
ble without using a fractional quotient. 

Group 2 (When the fractions have monomial factors). 

Rule 4. When one of the given expressions has a monomial 
factor (which is the largest possible one), it must be re¬ 
moved by division. 

Rules 5. ]f both the expressions have monomial factors (talc¬ 
ing the largest possible ones) remove them by division 
and find the H. C F. of the quotients obtained ; then 
multiply this H. C. F. by the H. C. F. of the monomial 
factors , thus getting the required H. C. F. 

102. We may briefly give the proofs for the rules of the 
last article : — (The particular references are from the corres¬ 
ponding examples of that Article.) 

Proof for the General Method of Successive Divisions. As in 

Arithmetic. 

Proof for rule 1. The required H. C. F. is the H. C. F. of 
the remainder under consideration and the divisor which 
gave that remoinder [Gar—12 and x*-\-x— 6]. Since the mono¬ 
mial factor [6] cr arty one of its factors (2 or 3) is not a factor 
of the divisor [r 2 4-a-— 6), therefore the removal of the mono¬ 
mial factor [6] cannot, affect the result. 

Proof for rule 2. This can only change the sign of our 
result. But in Algebra, if an expression is an exact divisor 
of another, its negative is also an exact divisor of the same. 
We change the signs simply because it is not desirable that 
the first term of our result, (or, in faot, of any divisor in the 
process) should be negative. 
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Proof for Rule 3. This is the converse of Rule 1, for there 
we remove a monomial factor [6] while here we introduce one 
[2J. Hence the proof is the same. 

Proof for Rule 4 As that for Rule 1. 

Proof for Rule 5 By this rule we in a wAy, factorise 
the two expressions, find the highest common factor of the 
monomial factors f4ar and 6x] and the other factors 
[x2_5r-f-6 and x z +.r—6] separately and multiply them. 
[See Art 98 ] 

103 The following example is meant to illustrate most 
of the abovo rules. AUo, its solution will be presented in two 
forms, fint the usual form of successive division which, 
though lengthy, is clear to the beginner, and second the 
concise form involving the same processes, which, though 
apparently confusing, is very convenient when properly 
learnt and requires much less space 

Example. Find the H C. F. of !f>* 3 —z 2 + 3a-—2 and 
20x 3 -3* a + 3*-2. 

Solution, 

Form l 

20.* 8 —3* 2 +3*—2 

3 Multiply by 3. [Rule 3] 

1 5x» - x* + 2x— 2)60 jf"»— 9x 2 +9x-"6(4 

60**—4s* +123— 8 

—) — 5* 2 — 3*+2 Change signs. [Rule 2] 
6.r 2 + 3*—2) 15** _ .r 2 + 3* - 2 (3a- - 2 

l5** + 9* 2 —6* 

-10*2+ 9*-2 

— 10*2-fi.r+4 

3) 15*—6 Divide 
ox— 2 by 3 
[Rule I] 

5*—2)5**+ 3*—2(2+1 
6 * 2 — 2 * 

6*—2 
5*—2 

X 


H. C. F.—5*—2, Am. 
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Form 2. 


3x lox 3 — x 2 4-3x —2 
15 x 3 4-9x 2 —6x 

20x 3 — 3x 2 4-3x-2 

3 

— 1Ux 2 4-9x—2 

GOx 3 — 9 x 2 4 - 9 x —6 4 

_2 -10x 2 — Gx-f-4 

60x 3 — 4x 2 4 -12x—b 

3)15x — 6 

1 —5x 2 —3xj-2 x 

ox —2 

Ox*4-3x—2 ; 


ox 2 _2x 


5x-2 
ox -2 1 

i i x ; 

H. C. F.=5x—2. Ans. 

Note Form 2 is easily understood when compared wit* 1 
Form 1 

EXERCISE 64 

Find the H C. F. oT 

Set I (Involving the use of not more than one rule) 

1. * 2 4 - 3 x -4 and x 3 4-5x 2 4-3x —9. 

2 a*-U + 3 and 4x 3 — 9x 2 — lox-f-18. 

3 a 3 4 -a 2 —2 and a 3 4~2a 2 — 3. 

4 x 3 4 - 2 x 2 — 13x4-10 and x 3 4-x*-10x4-8. 

5 2.r 3 — 5x 2 -f 1 lx-f 7 and 4x 3 - llx 2 -f-2ox-f 7. 

6 x 3 4 -Gx 2 4 - llx-f-0 and x s -{-8x a 4- 17x4-10. 

7 . 3 x 3 + 10x 2 -f7x — 2 and 3x 8 +13x 2 +17x + 6 [P.U.ID16] 
g , r 3 _ 5 .r 2 — 99 x 4-40 and x 3 — 6 x 2 —86x4-35. 

9 4 x 3 —3x 2 —24x — 9 and 8r 3 —2x 2 —53x—39. 

10 x 3 —x 2 —5x —3 and x 3 — 4x a — llx— 6 . 

11. 4x 3 —5x-f-6 and 4x s — 8x 2 -f-7x — 2. 

12 2 x 3 -f 4 x 2 —3x —6 and 3x 3 4 Gx 2 —4x — 8 . 

Set II (involving the u*e of more than one rule) 

13 3 a 3 — 13a 2 -f23a —21 and 6a 3 4-a 2 -44a4-21. 

14 4x 4 4-4x 3 —3x 2 4*x — 1 and 3x 4 4 -5x 3 — 2x- -f-T* 

-ASHMIR U*j, 

v 1 t 
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15. **- 39*-22 an<ni**-39*>-8. ,, 

16. 8x 4 +3x-f 10 and 10x*+3x 3 48. [?. U. 

17. 20x 4 -}-x 2 —1 and 25x 4 4^x 3 x 1. 

18. 3x 4 — 3x 8 ~ 2 x 2 — x — 1 and 9x 4 —3x 3 x — l. 

19. x A — 2x 3 —5x 2 + 2x4l and x 4 — 3x a — 3 x 2 46 x-f- 2 . 

20. 2x 4 — 7x 3 — 4 x 2 4 x —4 and 3x 4 — llx* —2x 2 — 4x— 16. 


21 6a 4 — I3a 3 46a s and 8a 4 -3Ga 8 + 54a 2 - 27a. [Solved) 

22. 4 a 4 — 14 a 2 + 2 a 2 -j-12a and 9a’— 33a 4 -f-6a 3 4-3^a 2 . 

23 ' x*~x*—x* — 2.r and x 3 —2x 2 -f-3x— 6. 

24 a- 6 -f x 4 — 7 x 2 + 5ar and x 4 —Or 2 —30x — 2o 

25. 30x 8 —5x 4 —175x 3 and 42x 5 -49x 4 -224x 3 + 210x 3 . 


Set III {Harder Examples) 

26 2x*y— 3x 2 y 2 -\-y A and 3x 4 -5x 3 0+2y 4 . [ Solved ) 

27. 4x*y — 4x*y 3 and 6x 4 */ 2 —6x# 5 

28. 2x 3 46x 2 i/-<-5xi/ 3 4*/ 3 and 2x 3 — 7x 2 //4 5xy 2 — y 3 . 

29. 2-r 3 43x 2 y — 9-n/ 2 and 6x*y — I7x*i/ a 4 I4xy 3 —ay*. 

30. x 6 + i/ 5 and x 7 4*/\ 


31. 2x 3 +± 2 — a*—2 and 6x 3 — U 2 -\-2x -4. 

32. a 4 4-3a 2 + 6a + 35 and a 4 -f 2a 3 -5a 2 + 261+ 21. 

33 2a 5 —1.1a 2 —9 and 4a 5 -f-lla 4 +81. 

34. 4a 8 4l6a 4 444a 2 —24a and 2a 5 —6a 3 42a. .... 

35 a 6 —a 3 —4a 2 —3a — 2 and 2a 6 -a 4 -a 3 -3a 2 . 

36 2 x 5 - 4 x 4 48 x 3 - 12 x 2 4 - 6 x and 3x 6 -3x 4 -6x 3 49x 2 -3x. 
61 

37. 2x 3 + 7x 2 -5x-4, x 3 ^8.r 2 -f 1U—20, 

and 2x 3 +l0x 2 -f 49x4-20. [Hint] 

88. r»-2x a 4l, 2x 3 4x*44x-7, and x 4 -x 2 -Ux^l. 
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39. Find the expression of highest degree which can divide 

2-r«-2.r3fr2 4 3 j _6 and 4^*-2^-f-3r-9 exactly. 

[Hint] 

40 Find the expression of highest degree which divides 

Jr 2 — Sj* 30 and 2* 3 +9r 2 + 16*4-27, leaving the 
remainders ."> and 6 respectively. 

41. What value of .r can make both iho expressions 

• ,3 + 7.r 2 -}- 1 7.r-i- 15 and .c 3 4-8a ,2 +112 vanish ? 

[Hint] 

42. For what value of r will the values of the expressions 

• r3 — 10.r 2 -|_26.r — 8 end .r 3 -9r 2 +23.r- 12 be zero each? 

[Hint] 


SOLUTIONS At- ) HINTS—EXERCISE 64 

21. I Exp. = 6a 4 — 13a ; t) 2 - = a-(Ga 2 -13a-f6). [Ruled] 

II Exp. = 8a 4 -36a :, + 54a 2 - 27a = a(8a 3 -36a 2 + 54a-27) 

[Rule 5] 

8a 3 —36a 2 -f54a —27 

3 Multiply by 3. \Rule 3] 

6a 2 —13a-f-0;24a 3 — 108a 2 4- 162a —81 (4a 

24a 3 - 52a 2 +24a 

- 56a 2 -f 138a-81 

3 _ Multiply by 3. [Rule «J] 

— 168a 2 -f4l4a — 243( —28 
-168a 2 -L364a—168 

25;50g—7 5 Divided by 25. [Rule 1] 
2a-3;6a 2 -13a + 6(3a-2 

6a a —9a 
—4a-{- 6 

-4a + 6 

X 

H. C. F. of a 2 and a =a 

H. 0. F. of the other factors = 2a — 3 

Reqd. H. C. F. =a(2a—3). An*. 
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26. I Exp. = 2x' 3 y--3.ry ^ +y 4 = y(2.r , — 3-r 2 y+y 3 J. [Rule 4} 
II Exp. = 3.r*—5.r 3 y-{-2y 4 . 

2x* - 3 x*y +0-t- y 3 ;3x* - Zx 3 y + 0 + U + 2y 4 

2 Multiply by 2. [Rule 3) 

C.r 4 _10x 3 y-HJ-}-0 + 4y\3.r 

6* 4 —g^y+O+SJ-y* 

~y) +o—3.ry 3 + 4y 1 Divide by—y. 

x 3 — 0-f3rt/ 2 — 4y 3 [Rule 1 <fc 2] 

2 Multiply by 2. 

2x 3 ~i)-r6xy---8y*(l [Rule 3) 

2x 3 — 'dx 2 y 4-n -y 3 

3y)3x 8 y-p6.ry — 9y 3 Divide by 3y. 

x 2 -\-2xy— ’ y * [flute ij 

x l -\-2zy — '■iy i )2x 3 —3x 2 y-\-Q + y :i (2x - 7y 

2x 3 4-4u: 2 y—6j!/‘- 

— lx 2 y-\- 6.ry 4 + y ; - 

~~lx i y — 14-ry 2 -\-2 1 y 3 

20y 2 )2tUy*—2Uy 3 Divide by 20y~. [Rule IJ 

* - 30* 2 +2*y-3y 2 (*-f3y ■ 

* 2 ~ x y 

3*y—3y* 

3.ry_3y a 

X 

Only the first. Exp. ha9 a monomiul factor 
Reqd. H. C. F =x—y. Ans. [See Rule 4]. 

37. First find the H. C. F. of any two expressions ; then 
find the H. C. F. of this H. C. F. and the third 
expression. 

89. The Reqd. expression is the H. (,\ F. of the gi\en 
expressions. [See Def. of H. C. F.] 

41. “To make an expression vanish’’ means “to reduce 
its value to zero.” Find the B. 0. F. of the given 
expressions. If this H. C. F. becomes zero, the ex¬ 
pressions will also become zero each [ .• H. C. F. is a 
factor of eaoh Exp.] Hence put H. C. F. equal to 
zero and solve the resulting equation for x . 
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CHAPTER XVII 

LOWEST COMMON MULTIPLE [L. C. M.] 

104. Definition. The Lowest Common Multiple, (L.C.M.) 
of two or more given expressions is an expression (i the low¬ 
est degree which is exactly divisible by each of them. 

Suppose the given expressions are a and 6. Now ab, a 3 b, 
nb 2 , etc., are all divisible by a 8Dd b. but of these ab is of the 
lowest degree. Therefore the L C. M. is ab. 

105. The L C M. of Simple expressions can be found 
by inspection. 

Thus, L. C. M. of x 2 , a: s , a -3 and x is x *, for this is the 
lowest* power of x divisible by each of them. Note carefully 
that this lowest power is the highest power among the given 
powers. 

Again, to find the L. C. M. of 6.r*t, 3 , 12 xg- and 16a 3 y 5 we 
find the L. C. M. of numerical coefficients (6, 12 and 16). 
Then, as remarked above, we select the highest powers of x 
and y occuring in the given expressions. The product of the 
numerical L C. M. and these powers is the required L C. M. 
Therefore required L. C. M. = 48x 4 y 6 . 

Hence the following 

Rule. First pul down the L. C. M. of the numerical 
coefficients and then take each letter raised to its highest power 
occuring in the given expressions. 

EXERCISE 65 

Find the L. C. M. of 

1. ab, a 2 . 2. a 2 b 2 , ab 1 . 

3. ab 4 , a l b. 4. ab, a 3 6 3 . 

5. 2a 3 , 3a6*. 6. 4a 4 6 4 , C a'lK 

7. I2a6, 8c<f. 8. 2 ab, 36c, 4ca. 

9. 3x, Ay, 6*. 10. 2a 2 6, 46*c, <ic 2 a. 

* Tho next lower power is x*, but it is not divisible by x 5 , which 
in one of the given expressions. 



lowest cojimon multiple 


2d5 


11. at*, LW'CW. 12. Ix'y, Sxy*, 2x*y\ 

13. 35a:V*, 42 y-z z x, 3 0z 2 X 3 y. 

14. 66z 2 y2 4 , 44 a-t/ 3 i 2 , 24 -r 3 </ 2 3 . 


106. L C. M. of Compound Expression by Factors. 

It is easy to see that if the compound expressions be put 
Into the form of factors, the rule for finding their L. C M. 
will be the same as that of t^e last article with the word 
'‘letter” changed into “factor”. 

If the compound expressions be already in the form of 
factors we save the preliminary step of factorisation. 

EXERCISE 68 

Find the L. C. M. of 

1. 2{a-\-b) and (a-}-6) 3 . [So/ieij 

2. 3(a— b) 2 and 6(a—6). 3. a 2 (a—6) and a 8 (a-f&). 

4. 4a 3 (a-f6) 2 and OaV) (ab). 

6. 8a6(a— b) and 1 2bc(b— c). 

6. 10a 2 6 2 (a 2 -f b 2 ) and 12a(a-f 6). 


7. a 4 and a 8 -f o a . [Solved]. 8. 3 b 2 and 126 a -f 46. 

9. 4(a a 4-4a) and a 2 -}-9a-f20. 

10. 2(o—6) 2 and 4(a a —6 a ). 

11. 6(a: a 4-:rt/) and 6|/f at 1 t/ 3 j . [Solved], 

12. 2{x 2 — y 2 ) and 3(;r 8 — y i ). 

13. 8a6c(a a —6 a ), 12aV+6*). 

14. * 2 -f5z-f6, 2x[x* + Ux-\-<li). 

15. x* 3ar-f-2, a 3 — *. 16 z 3 —S* a + 4x. 6*-f-8. 

17. 2X 3 — 2x*— 12*, x*-{-x — 2, a: 2 - Ax + 3. [Solved], 

18. 4ar 5 -f4o: 3 — 80*, 2* a —20a;* + 48a:, a—30. 
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19. 

20 . 


21 

22 

23. 

24. 


2a 2 + 3a + l, 4a 2 -fl3a+4, Ca 2 -j-l8a + 12. 

6a 2 — 2a—28, 3a 2 — 13a-fl4, a 3 —4a. 


IU( f 2 ~ y ' )2 ' 20(x*y—xy* )m [Solved] 

4(a-“ 9), 8(a 3 -f-27), 12(a 5 —27a 2 ). 

2x-—2ax, 4x -—4a 2 , Gr 3 —Ga 3 , (a^-j-a^ 2 . 

a 3 -f6 3 , a 3 —b\ a' + aV/t+b*, a 2 —a6+6*. 


SOLUTIONS & HINTS—EXERCISE 66 

1. I Exp.=2(a-f-6) 

II Exp. = (a-f6) 2 . 

j of nu “erical coefficients (2 and 1) = 2 

1 J, 16 k'ghest power of the factor a-f-6 is (a + b ) 2 
(^There is no other factor. 

L. C. M.=2(a-f-6) 2 
7. I Exp.=a 4 

II Exp. = a 3 -f-a 2 —a 2 (a-f- 1 ) 

f The highest power of a is a 4 

I^The highest power of the factor a+1 is (a + 1) 

L- C. M. = a 4 (a -Ll) = a 5 -f-a 4 

H. I Exp. = 6(* 2 -f-ary) = 6.r(.r4- y) 

IJ Exp. = 6y(a^= 6y(x-i- y)(x 2 — xy+y 2 ) 

L ‘ C - M . = 6jry(r+y)(**— xy-f y 2) = 0 xy ( x 3_ f . y3) 

17 ' TT ^ X ^‘ = ^j -2 12.r=2.r(.r 2 — x —6) = 2-r(ar—3)(ar-f-2) 

II Exp.=* 2 +a—2 = (.r + 2)(.r— 1) A ' 

III Exp =.i- 2 —l.r-f-3 «=(.r—3)(.r— 1) 

L. C. M = 2.r(.r—3)(r-f-2)(r— 1). 

21. I Exp. = 10(.r 2 y 2 ) 2 = 10^ (.r +y)( X —y) y* 

*10^-1-y)*(T—y>* 

II EXp. =r 1 o [ .r 3 — V 3 ) = 15 {x—y) f.r*+ xy -f- y*) 

III Exp. = 20(.r*i/—rv 2 ) = 20.r y(.r— y) 

L. C. M. of numerical coefficients (10, 15, 20) = 60 
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The different factprs are x \-y, x—y, x* -b*</4-!/ 2 , * and y. 
raking their highest powers we have :— 

L. C. 

107. To prove that the product of two expressions is 
equal to the product of their H. C. F. and L. C. M. 

Let A and B be the two expressions, H their 11. C. F. and 
L their L. C. M. Then we have to show that |AxB = IIxL. 

Proof:— 

Divide A and B by II (Two expressions are always 

divisible by their H. C. F.] 

Let the respective quotients be m and n. Clearly m and n 
have no common factor. 


A = mll 
B=/iH 


Also, L. C. M. of A and B=mnH. 
.V L —mnll. 

Now, A x B =»iH x «H = m«H : 
and H x L=H X mnII=mnH s 
AxB-HxL 

108. L. C. M. by H. C. F. 

From the last article, 

HxL=A x B 


T AxB A 0 

L = ir =tr x B 


or 


B 


H 


X A 


Hence the following 


Rule. The L. C. M. of two ■ expressions is equal to. thc>r 
product divided by their U. C. F. v “ 


Or 

To find the L. C. M. of two expressions , divide onc tof then , 
by their H. C. F. and multiply the quotient by the other. 

EXERCISE ft 

Find the L. C. M. of 

*• 8a?*+2.r 5 -lla;-Mand 8^4*14^ +18.r-8. [Solved] 
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2. 4x 3 —9x 2 —15x+18 and x 2 —4x+3. 

3 a 3 + 5a 2 +7a + 2 and 4a 2 +24a+32. 

4. a 3 — Ga 2 +1 la —G and a 3 — 9a 2 + 2Ga — 24. 

5 3a 3 — 21a —IS and a 3 + 8a 2 + 17a +10. 

6 2x 3 + Gx 2 — 50x + 42 and 2+* — 9^ + lOx —3. 

7. a 3 —9a 2 + 26a — 24 and a 3 — 12a 2 +47a—CO. 

8. < : a 3 + a 2 — 5a — 2 and 6a 3 + 5a 2 — 3a — 2. 

9. Ga 3 —19a 2 —9a + 3o and 12a 3 —35a 2 —23a +60. 

10. 3a 3 —23a 2 + 43a—8 and a 4 — 5a 3 — Ca 2 + 35a —7. 
11 2a 3 —5a—39 and a 4 —21a —18. 

12. 2a 3 + la 2 — Ua + 40 and 3a‘ — 34a 2 + 51a — 20. 

13. Ox 1 — 5r 2 — 6 and 8x 3 + 6x 2 — 12x — 9. 

14. 2x 4 ti' 1 - 1 4x 2 — 4x + 15 and 4x‘—29x 2 + 25. 

15. x 4 +x 3 //+x</ 3 +y 4 and x 4 +x 2 i/ 2 + »/ 4 . 

16. 20r 4 — 3x 3 */ + y 4 and G4X 4 —8x// 3 +5f/ 4 . 


17. x 3 —x* — 4x+ 4, x 3 —2x 2 —x + 2 and x 3 + 2x 2 —x —2. 

[So/ped] • p<i 

18. a 3 + 2a 2 —3a, a 3 + 3a 2 —a—3 and a 3 + 4a 2 + a —6. 

19. a 3 + 5a 2 + 10a, a 3 —19a—30 and a 3 —15a —50. 

20. 3a 3 -7 a-i + 5a6 2 -b 3 , a 2 6 + 3a6 3 -3a 3 -6 3 

and 3a 3 -t-5a 2 6 + a6 2 '-6 3 . 


21. Find the expression of lowest degree exactly divisible 
by a 1 ’—9a 2 + ‘2fla — 24 and a 3 — 6a* + 11a— G. [Hint] 

22. The H. C. F. of two expressions is a —7 and their 

L. C. M. is a 3 — 10a 2 + l la + 70. One of the expressions 
is a 2 — 5a— 14. find the other. [Hint] 

13. The L. C. M. of two expressions is 30a 4 +13a 3 -lla*- 
7a —1 and If. G. F. 5a 2 —2a —1. If one of the ex¬ 
pressions be 10a 3 +a 2 — 4a — 1, find the other. 
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SOLUTIONS & HINTS—EXERCISE 67 
4. First we fiad the II. C. F. of the two expressions. 


3x 

8** *4 2a*—11x4* 

:3 c 3 4- — 3x 

3x 3 414x 2 418x— 8 

3x 3 4 2x 2 — 11*4 4 

—4 

— 4x* — 8.x 4 4 j 

12) L2x 2 42 Vr— 12 


— 4x 2 — 8x44 1 

• 

X 

x 2 4 2X- 1 


H. C. F.**x*42x—l 

L. C. M.= ( --^“^til X (3x3 + 14^ + 18x-8) 

=* C3a?—4) (3x 3 +1 4x 2 413 x - 8). ] 

Note. If we divide the 2nd expression by the H. C. F,, 
the quotient is 8x48. so that L. C. M. is also=(3x48) X 
(8x 3 + 2j: 2 -Uar + 4). 

17. (To find the L. C. M. of three expressions by H. C. F. t 
we first find the L C. M. of any two of them and then the 
L. C. M. of the L. C. M. and the third expression. 

But the following method is more convenient and is ap¬ 
plicable in most of the cases :— 

Find the II. C. F. of any two expressions. . With the help of~ 
this H: C. F. factorise those expressions. See if one or more of 
the factors of these two expressions are also the factors of the 
third expression. If so, factorise it. otherwise consider it to be a 
single factor. Then find the L. C. M. by Art. 106.] 

We shall use the second method, which is easily applicable 
to the question in hand. 

First we find the II. C. F. of the first two expressions. 


X 

x 3 — x 2 —4x44 

x 3 — 2x~ — x 42 


x 3 —3x 2 42x 

x 3 — x' a —4x44 

2 

- 2x 2 —Ox f 4 

—) —x-43x-2 


2.r 2 —(5x44 

X 

x 2 —3x42 


H. C. F. of the 1st two expressions =x 2 — 3x4 2. 

This is a factor of both of them ; the other fuetors can be 
found by division. Thus we have :—* 
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[ Exp.=(^-8 ir +2)(x4-2)=(x— 2 )(ar—l)(z-f 2 ) .(»•) 

II Exp. = (j2-3 1 r+2)(a'+l) = (.r- 2 )(j-l)(a:-Li) . ( *) 

The different factors of these expressions are a*— 1, 

x ~ 2 - iT + 2 - " c try lo find if any one of them is a factor of 
the third expression. We succeed in the first attempt : x-l 
is n factor. 

••• 111 Exp.=(j-l)(i=+3.t+2)=(x-l)(.r+ 1 )(x+ 2 ).. '(Hi) 

From (i), (?») and (iii) we have, by Art. 106, 

Rcqd. L. C. M. = (x — l)(x+ 1)(j— 2)(.r+2). 

21. The rcqd. exp. >s their L. C. M. [by def.] 

22. The other Ex,,.= T|le glvcn T^—•[See Art. 107.1 


TEST PAPERS—SET 3 
(CHAPTERS VIII TO XVII) 

Paper 1. (Ex. 68) 

1. Solve the equation J(,r-f l)-f £(£ —1) — -|(3or—7)»1. 

2. A number consists of two digits, the left-hand digit 
being double of the right-hand digit. If 36 be subtracted 
from the number, the digits arc reversed. Find the number. 

3. If ,r— 1 be equal to y/Z t evaluate x*+- 

4. Factorise 64 and n 1 —64. 

5. Find the H. C. F. of zr’—xif and or 3 +x 2 y+xy+y i . 

6 . Find the L. C. M. of a 3 — 5a 2 +9a — 9 and 8a-f 9. 

Paper 2. (Ex. 69) • 

1. Solve the equations $(x-f-l) = J(i/ — l), J(x—l)=J(t/-f 8). 

2. A person goes a distance by car at the rate of 
36 in. p. h. and returns by tonga at 8 m. p. h. If iotal tirae^ 
taken be 3 hrs. 40 nits., find the distance. 

3. Prove that x 2 +y 2 +z 2 —xy—yz—zx can never be 
negative. 

4 Factorise a 12 —1. 





TEST PAPEK'i 




5. Find the H. C. !\ of x 3 and .t 3 +x* y -2rt/ 3 

6, Find the L. C. M. of 

j! 9 —+ and x a -10*1/+16//*. 

Paper 3. iF* 70) 


1 




equal to - 7, 


evaluate Sjc + 16. 

2. A sum of Rs. 6100 was hat out at simple interest, 
partly at 5 p. <*. and partly at U.J p. c. per annum. The total 
annual interest amounted to Rs. 380 How much was lent 
out at each rate '* 

3. Find the continued product of 

&+!/){* - //)(**—*r </*)( x 1 -+- xy ■+■ y*-){x* + y e ). 

4. Factorise 6x* + .t 3 //— 12-c 2 //*. 


5. Find the H. C. F. of 

a 3 —6 3 —c 3 — :3airr and — 6- — t ,7 —2bc. 

it. Find the L. C. M. of 

x* —5a* 5 4-*20x — l 0 and a 1 — 2.c 3 ~3.r 3 -ptte—4. 


Paper 4. (Ex. 71) 

1. Solve for x , y and r 

jf—z y—x 6 

12 8 4 3 x '-U+ l 1 

2. If 10 pounds of tea and 24 pounds of eortee together 
cost Rs. 29. and a pound of tea cost 4 annas mort than a 
pound of coffee, find the cost of each per pound. 

3. Find the continued product of 

{x-\-y+z){x+y -z)[u x -*~x)(z+x—y) t 

4. Factorise ,r e — Oa^+S, 

5. Find the H. C. F. of 

3a*+8a 3 + 4a 2 , 8a*-M1a*+6a 3 and 3a*-16a 5 -l2a 1 , 

6. Find the L. C. M, of 

a 3 — 3a 8 d»f 3a6 2 — 26 3 , a 3 —a 2 fc—a/>*-26 3 and a 4 -t-aU>*+fr*. 
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Paper 5. (Ex. 72) 

l Solve i he equation 

~i( 3r -^ITT 5 )-(2^-57)+?, = 0. 

2. Divide ISO inlo 1 parts such that if the first be in¬ 
creased hv 2, the second diminished by 2, the third multiplied 
by 2 and the fourth divided bv 2. the result in each ease may 
be the same 


3. If o~ -f- - , is equal to unity, evaluate a 3 H— 

a 2 J a 3 

4. Factorise (i) fla 4 + 2a* + l. 

(ii) (a- — 4)(a -f- l)(a-}-5)—28. 

5. Find the L. C. M. of a 3 —6 s , a*— ab+b*, a .*-f ft 3 . 

6. Find the expression of the higliest degree which can 
divide 20a 4 —3a 3 +l and Ola 4 — 8a + 5 exactly. 


Paper 6. (Ex. 73) 

l Solve for x and \j :— 



2. The denominator of a fraction exceeds tbc nuBaeffstor 
by unity. If 9 be added to the numerator and 6 to the 
denominator, the resulting fraction is> equal to the reciprocal 
Of the original one. Find the fraction. 


3. Simplify :— , 

(ar + 2t/) 3 -f-(2j-i/) 3 + 3(J:-f2t/)(2ar-t/)(3af+^ 
4 Factorise (t) 9fl 2 — 24ab + 166 2 — 6a+8b. 

(ii) ab(a—b)*\-bc(b--c) + ca(c—a). 


5 Find the L. C. M. of 

x*4-a?y*+y* t aPy+y* and (j- 2 — xy)*. 

<» Find the expression of the lowest degree whicli >* 
•\pc*ly divisible by 3 — 5a*-4-5a-r 2 and 2a 4 —2a 3 +8a*—fl*r 
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(Paper 7. Ex.74) 

1. Solve the equation 

*x + \5_\2},-x ,0 * + S' 

1 §' 3 

2. Ten years ago a father’s age was three times the sum 
of the ages of his two children, but ten years hence his age 
will be equal to the sum of their ages. Find his present age, 
and the sum of the present ages of his children. 

3. If a + 6+c=0, prove that c 3 = 3a5c. Hence 

factorise (x —J/) 3 + (y — s) 3 +(~ —£) 3 * 

4. For what values of a and b will the expression 2x 3 -f- 
ax 2 -{-6x4-6 be exactly divisible by x 2 —3x4-2 ? 

5. Find the L. C. M. of 

a 3 —a—2, 2a 3 —3a 2 —2a, 2a 4 + 3a 3 +a 2 . 

6. For what value of x will 

**—3a—2 and a 3 —a 2 —4 both vanish ? 

Paper 8. (Ex. 75) 

1.. Solve for x, y and z :— 

% 

9x-8jrt-!fc=,x-2y+j=0. ^ +-|- = 1 *. 

2. If A were to give Rs. 20 to B they would have equal 
sums of money, but if B were to give Rs. 40 to A t the money 
of A would be double that of B. Find the money each has. 

3. If a*4-6 2 -fc*= 15, a-f-6+c=5, * 

evaluate a 3 4- 6 3 +c*— 3abc. 

4. Factorise (t) x 3 —8?/ 3 -6x^—1. (ti) x 3 4-x*—U*—24. 

5. Find the L. C. M. of 4a 4 (a 3 —6 3 ). 6a 2 6 a (a 3 —3a*6+3afc* 

- 6 3 ), and 8 a 3 6 (a 3 -a 2 6 -a 6 2 4 - 6 3 ). 

6. The H. C. F. of two expressions is x 2 —5x4-3 and 
L. C. M. is ar*—I4x 3 4-68x 2 —127x4-60. If one of the expres¬ 
sions be x 3 —9x 2 -{-23x—12, find the other. 
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CHAPTER XVIII 
FRACTIONS 

109 The principles involved in the simplification , addi- 
!m:i. subtraction , multiplication and division of fractions in 
Algebra are the same as in Arithmetic. \V e therefore proceed 
at once with examples of graded difficulty, giving sample 
solutions and hints as usual. Whenver necessary the student 
has been warned against probable mistakes. A careful study of 
such notes will be found very useful. 

EXERCISE 76 
Reduce to lowest terms :— 


1. 

Gate’ {S0h ' edl 

2. 

bxy 

10xz' 

3. 

8 ayx 

4. 

1 5abc 

Sax 

256 * 

5. 

14a 3 b 2 ‘ ro , Jt 
-SlaM* [Suh ' Cd '- 

6. 

— 2 1 x*i/ 

2 Sx 2 yz t ’ 

7. 

— 24mri*p 

— 80 m'np*' 

8. 

5abc 2 
—5a 3 b 2 c ’ 

Q 

—Sxtfiz* 

10. 

m 2 n 3 pq 

w- 

16 x 2 y 2 z * 

m 3 n 2 p A ' 

11. 

— 30 a 2 x*y 

12. 

—7 fik 3 p*m 4 

— 50u 3 x 2 y 3 ' 

114 k*p 3 m 2 


Simplify :— 

— 4 n-b c 3 d 3 

13 14 - 


15. 

17. 


45 x*y7? —a 3 x 
—a 3 bc by 2 ?' 



— 6a l bc 2 
82a r 6 3 c 


-12 ac 
32 b 2 x 


. [Hint] 18. 


14 d 3 a* 27 c 2 
a 2 bc H! d 3 a 3 


Sc 

-36 2 


8 Ra 3 bc 1 2 ah 3 

~bilb 3 -18 'be*' 

■— 21 aPb* y S6x?c_ 

1 8ax 2 y —3 Oac 4 ’ 

14m*p y 4 * , — 21 m 2 y tf 
34x 2 y p 2 n 51 pyz 
Sxy 3 a 3 ^_ar Sap 
- ab A pb 1 ' — 6* 


19. 


20 


PH ACTIONS 


Simplify r 

21 

23. 

25. 


27. 


29 


31 


33. 


35. 


37. 


a 2 — ax 

ax t Solved] 

21 

a 3 —a* 

-a 3 * 

24 

**-»» 

**-V 

26. 

% 

_ a 3 +6 3 
a 2 —a6+6 3 * 

28. 


a*—b* 

£*—1 
2 ? — 1 * 

a*+ .y* 

g 2 —4 a —21 
fl 2 — 50—1,4* 


fl 1 


6 *-c* 

^rr^T iSatofrfj 


30 


32. 


34 


36. 


38. 


40 


«*-f4 

a*+ 2 *+ 2 ' 

39. 2 y*—z* 

V'-z'~&+2zv 

Simplify j—. 

41. ' •‘ ga H-QJ a —2a?~.? , 

32a:+85~* lSolved) 42. 

43. i a *± 2a l-15a-ti 
7 fl # —4a*—21a+ 19* 

45. 4g»~ 5o6+fc» 

3a 3 —3a?5+ a 53^ s 

47. ?i±^!nl2a+21 
« 4 -15a+U 


.— ■ 1 

ff 3 -!/ 3 

1-a* 

a 3 — I 

a 4 -l 

o € —1* 

a 4 +a*6*+&« 

a^P~ 

jg »—ii q-t-3 
3a 2 —J 8a+ 4 

a 4 ^j0a 4 + 0 

a 3 +4a*+8a 

a 3 + a 3 +a-H 

o a +a«+8^+8 


44. 


46 


48 


a? 3 —53^+73^8 
tf 3 —S.r +2 
6a 3 +a*—5a—a 
6a 3 +5a 3 —8a^2 
X*+8x*y + Bxy* 2 

^ ~ x% y — xy x — 2y 

7Qx*—B 3 *y+ v * 

04* 4 — 83 ^+ 5 ^’ 
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Simplify — 

49. _‘’- 63 


y firiL. [Sohfd] 

a 7 -r(ih 1 


50. 


51. 


52. 


a 2 -2<ib-\-b 2 
1 — in 3 a 2 — 1 

14-^ X (a-1) 2 

J6x l -9// 2 y -- r x J4-2 

x 3 — 4x 4x —3// 4.r4-3t/ 

iM-r»r 2 4-_6r x j3- 2i s -3t x 2 
a’ 3 — x x 2 — 9 3 : 


4a 2 4-10o4-4„ 2r2 ±_ 8n _-* fl ~ 2 

5j* o « o 1 n n 1 


o 2 -4 


54 


55. 


56. 


57. 


58. 


59 


2fl 2 4-9a-M 4 j 

4a 2 4-26fl-{-30 . 4a 2 4-22a 4-10 
4 a 2 — 0 ~~ 4a 3 —a 

2a 2 —280 — 30 2fl 2 —24a—90 

a 3 —4 a 2 ”—45 a a 3 — 6a 2 —21 a 

fl 3_6o 2 4-3r»a _ 0*4 -2160 


a — ' 


a 2 —a — 42 


a- 3 — x 2 — 2x v x 2 — x —20 
ar* + 2 a- -H x 3 -25x 
r 3 - 25a\ 3 2 — 8x—9 


.r 2 4- x 
x 3 4- 5.r 2 * 
x 2 4-4x—5 


60. 


A x 3 -17x 2 4-72x ' x 3 — 9.r 2 4- 8J? 
a 1 _< a . a 2 4-2a 4-1 . 2a 2 ± in+ 8 

a 3 — (i- ^2a a 2 — 4 a - 5 

x 3 +?/ 3 _(H -yV-Jw 


x 3 -y 3 


a — j 
37/ 


X A [//inf] 

X- — U * 


61. 


62. 


(x-?/) 2 + 3x// 

4a-m> (I-2a) 2 4-2a x 14-No- 
la» 2-5a 4-2a 2 (2—a l 3 

a'-b' 1 ^ \a+b) 2 — 4o6 . ( fl-f6) 2 -^ 

(a-^&l 3 — 3a//(a4-6) (a+6) 2 —3o6 a " l) 


Find the value of 
3x 


63 — 4- 

2 4 


a , 3a 7a 

4- ~' [Sohed] 64. -f'*"g~ iG 


o r 


. R ACTIONS 


2 67 



3a 


5a 

1 

a 



2® 


3® _ 

4® 

03. 

4 


.6 

*r 

12 * 


DO. 

5 


10 

15 

67. 

o 

6# 

+ • 

7 

2® 

— 

8 

3® ’ 

[Solved] 68. 

5 

8a 


3 _ 
a 

l 

6a ‘ 

69. 

—— 

8a _ 
10® 

s* + - 

5a 

12® * 

70. 

1 

ab 

+ 

bc- + 

1 

ca 

71. 

a 

'w 

+ 

b_ 

ca 

+ 

c 

a5~ 

• 

72. 

X 

2yz 

-+ 


z 

4®J/* 


Find the va-lue of :— 


73. 

a 

2 

a+3,a+7 . 

~ 3 + 10 “A" 

[Solved] 



74. 

a 

4 

+ a 4 5 + 

3 3 * 

75. 

5a 

12 

a-f2 L 2a—3 , B 
6~ + 9 +5 

76. 

8®- 

-5t/ , 2® 

_*/+z . 





4 

8 

3 ■ 

12 '* 



77. 

®— 

~y 

X 

2®y 

[So/ucd] 



78. 

X— 

y+y-z+z-x 

7 o 2a-36 

+ 3a-2c fl 


xy 

yz 

2® 


aa 

ac a 

80. 

® 2 - 

-yz xz — 

y 1 __**/- 





1/2 ®2 

xy 



81. 

2 

a6 

_86 2 -a 5 

at 3 

a 2 6* * l#t«f] 



82. 

1 


**“!/* . 




• 

® 3 


«V 





Find the value of 

83 i=5"i=i- 84 

85. -®-—L ©a 

a —6 a+2' 50 * 


1 1 
a+2 + a-H* # 

c _ _c 

a—b a + 6* 
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87 

i 

a ft a 

2b 

2_/,2 * 

(So/t*<i] 88. 

.V 

JT-.7 

>r 

x 2 — //* 

89 

—— f 

2 a 

90. 

•* + // _ 

_**+-.y 


a — • J 

a 2 — 9 

j -2 // 

X 2 - 4//= 

91 

2a" 

_ 2,i 

> 

1- f Hint 1 92 

> 

't“ 

_ a 


a z — b 2 

a 2 4- 

r/6 

a—a 3 

1 4-a 2 


93. 

94. 
96. 


" + :ia 2ax 

n — x o'±x a 2 —x 2 * 

2 JL- :] ' r I* 1 *? 

* + .V *-y v 2 -y- 
a 3 4-af. v—bry hr 

n(n 2 — y : ) a(<i 4- 7 ) 


[Solved] 



a 

2 (a’-!/)' 


£_+* f V 

x'y—y 1 * 


97. 


i 


a -f i 


a 3 —I a*4-a-M‘ 


[//in/] 98. 


99. 

x + // 

■r-7 

100 

x *±xy+y l 

x 2 — .n/ -* 7 2 ' 

101 . 

1 — x*_I - 

1 — x ■ l — 

•*'*. [Hint] 

102 

103. 

1 +Xfr J 

1 - r 3 

1 -.r(-.r 2 

r+i* • 

104. 


i *+ fl 

a 3 + l a 3 —a + 1 
a 2 —a 6 + 6 1 _ fl* + <?6+ 6 
a—fc * 

l-* 3 . 1+x 3 

i-i + T+F- 

a —b _a+6 
^3-6 3 a 3 +6 3 * 


105. 

106. 

107. 

108. 


_i_- [Solved] 

a 2 — 3a+2 a 2 —4a+ 3 a 2 —5a+4 

1 _ _ . 1 . „L_ 1 _ 

" 2 -^<7 + 3 a 2 —3a4-2 a 2 —5a + 6 

_i__ _*_._L_ 

„i_7a + 12 a--6a+8 o J -5(i+6’ 

1 + 2 3 

a 2 —7a +1-2 a 2 —4a+8 a 2 —5a+4* 
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m ~ a'r- a cblb^ a l +b + ai+ b i - 

110 1 + a ~ h , ab -2a* 

a—b a l -+-a6-ffc l a 3 — b 3 

111 # 4 - 4 2 

a 8 -fa-fl a 2 —a-fl a 4 -fa*-fr 


112 . 


113. 


114. 


Find the value of :— 
1 1 2b 


4b l 


a—b a+b a z + b 2 a 4 -f& 4 * 


[Solved] 


a ab 


a+b ar-b 2 a 2 -{-b r ‘ 

4 


1 + 2 


1-ha; 1— x 1 -f.x 2 l-j-jr 4 ' 

115 1 r 2 4 8 1 

1 -fa 1 -fa 2 l+a 4 r+a^flla* [H™ 1 ] 

116. 


2* _ 1 _ , 1 

«r 4 —<r*-f 1 a; 2 —x-f l 


117. 


118. 


119. 


1 


1 




I 


a-fl (a-f 1 )(a-f 2) (a-f l)(a-f 2)(a+S)* 
& "4“ 3 *+-4 8 

x^i~~x— 3 a* — 16 “ ’ 


1 . J__3a-2 


1 


a —1 a-fl a*—1 (T-f a) r * 


120 . 


121 . 


122. 


1 + 3 


— [Hint] 


*-? y *+y x+Qy x-y 

_L_Lxl_4 1 

a-2i/ x-y x x+y x+2y 


2 a 


1 —a 1-fa 


-t- 


2a* 


2a« 


l+a l (l-a)(l+ a f) (TT^JfTf^Iv 

8a* 
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Simplify : — 


123. 


125. 


126 


x+a 


2x . a(:ix — a) rrv . , 

— 4* - v -r—v- 

x—a a~ — x~ 1 


1 24 2y ~ x - tejs—v) + ?/— >2 * 

y*~—s* 


2 -y 

i 


y-t-z 


_ + + 

jr+y £*—y 2 y —x y2 


, 8a—1 

4-. -„ T 


l 


+ 


**4 y 2 

5a —13 


8a —3 1— a 2 2a 4-2 6a 2 —6 * 
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1. Given fraction— — 

Divide 4 and 6 by 2 each, getting 2 and 3 respectively ; 
cancel a with a and b with b. 

2 

The fraction = -—. 


5. Given fractions 


MaW 
-21 <ib b 


B'vcs - 

Divide 14 and 21 by 7 each, getting 2 and 3 respectively. 
Cancelling a' and a we get a 3 " 1 (t. c., a 2 ) in the numerator. 
Cancelling 6* and b 5 we get b 3-2 (or b 3 ) in the denominator. 

2 a 2 

The fraction =- 

— \a 2 b c\P 

13. Given Lxp.= --, fcr 

_ — ia 2 bc 2 (P 

6a 2 b 2 c 2 d ' 


(re-arranging factors] 


2 c(P 
3b 


(cancelling as before] 
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Change — into x and invert tlie second fraction. 

o ' - ax _ a{a — x) _ a — x 

ax ax x 


[Cancelling a] 


Ir-’pOi'tsnt Note. We cannot cancel ax with ax, because 
in lit tr-t'nt’ralor a r is not a factor. HV can only cancel a factor 
of 1 i an rat'o- ivitk an equal factor of the denominator. Hence , 
'• :c tiling zee must factorise the numerator and 

cfcfhV tor. 


— _(6 -\~c)(b—c) 6 4-» 

t"—tic 6(6—c) b 


[cancelling (6—e)) 


Note. The student may again be reminded that 6 3 cannot 
be cancelled with b 2 , nor tan the cancellation of c 2 and c give 
: in the numerator. [Why ?] 

X s + fi.r 2 —2*—7. 


41. Given Traction = 


**-32xH-85 


We may fractorisc the numerator and the denominator by 
the help of their H. C. F. 

tf 3 * 0-32*4-35 ) aO-fGx*— 2x-7 ( 1 

«H-0_ -32*4-85 
G ) Gx 2 4-30x-42 

* 2 4- 5x— 7 ) a* 4-0 — 32r-h33 ( x -5 
H.C.F.=i 2 -f 5x-7. X s + 5x 2 — 7 r_ 

Dividing the numerator and the — 5x 2 —25a:+35 

denominator by this H.C.F. vve get — 5x 2 — 25*4-«5 

the other factors, so that :— X 


Given Fraction = 


49. Given Exp. = 


(x 2 4-5x—7](x4-l) __ x+1 
(*® + 5x—7)(*—5'“ lc^-T 

[Cancelling the H. 

o 3 -6 3 ^ a*—6 2 

a 3 —2o64-6 2 X a z -\-ab~ 


C. F,] 


_ (a-b)(a'+ab+b 2 ) (a+b)(a-b) 

{a— 6) 3 u(a4-6) 


_ o*4-a64-6* 

<r *- 

a 


[Cancelling common factors] 
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60* (B—yy+Sry—x'+y'-Vxyi-Vxy^^+y'+vy), which 
cannot be further factorised. 

Similarly ( x +y)*-3Ty={x t + y 2 -xy). 

63. GivroExp.= |-+-^-+ ~ 

6 4 o 

_ 6,r-f 9^+10-Z ' 

_ 


[ L. C. M. of 2, 4 and 6 = 12) 


2 ox 


Note. The addition has been performed exactly as in 
Arithmetic. 

67. Given Exp. = -- 

^ 5 + 21 -lC 
Ox 

[V * L. C. M. of 6.r, 2.r and 3jr=6x] 


0mj rv p CL % -f- 3 . -f- * , 

73. Given Exp.= ——-^- + ~ -J 

_ 5 a- 2 (rt + 3 j + (a + 7)-5 
* - — 1Q 

_5a-2a-6-f a+7—5_ 4fl-4 
“ 10 ' 10 

_ 4(a — 1) _2(a —1) 

* 10 5 

Sole the use of brackets in the second step ; it is important . 

77 Given Exp.- 1 — ’+*±M-*f£ 

* y x 2x y 

2 xt x —i/) 4 - 2 i/( x 4 - ti) — (x* — t/ 1 ) 




[No/r f/i# ur* of brackets] 
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_ 2i *-?3n /+2aT/+2t/ a -3»+y» 

2 xy ^ 

x- + 3 tf 


2 xu 


fiH 4*^ 

81. The third frnction, — , can. be simplified. 

This simplification should be done before addition.- 
f*o6+6* f>(a-\-b) o + 6 1 

L "a 5 ? 2 0*6* a'lT J 

0 

83. ^iven Exp.= —— — —-— 

•• 1 o-5 a-4 

_(o—4)—(o—5) _a-4—a+5 

(o—5)(a—4) (a—5)(a —4) 

_ 1 

(a-5){a-4)* 

Note. o—5 and a— 4 cannot be factorised. Hence their 
L. C. M. is (a—5){o—4). 

Note the use of brackets in the numerator in the second 
step. 

87. Given Exp. = 

= _L+- » _ 

(o+6) (a+6)(a—6) 

_ (o-6)+26 _ (a+6) i 

(o+6)(a—6) ”(o+6)(a-6) =5, a^6* 

91. The second fraction cun be simplified, because a is 
common to the numerator and the denominator. 

93. Given Ex P .= a • 8rt 2ax 


+ j>« _ 


a—x a+j; (a+,z)(a —z) 

= o(a+x) + 3o(a—a?) —2oa; 

(a+*)(a-.r) 

_ Q*+aff +3q a —3gj—2og 

(o+x)(a— x) 
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_ 4a 2 —4ax _ 4a(a — x) _ 4a 
(a+x)(a —x) (a-rx)(a— x) a±x' 

97. « 3 — 1 =(a — l)(a 2 -fa-f1) and a 2 -fa -f 1 cannot be 
factorised. 

L. C. M. of the denominators=(a — l)(a 2 -f«-^l). 

101. Simplify the two fractions before subtracting 

("First fraction = = i 

L (1 —*2:) 

Second fraction = -* 1 -~ j)(I + a +f!I = »±l+«* j 


105.. Given E.\p.= 


1 


(l-*)(l+a?) 
2 




(1+*) 

1 


(a—l)(a —2) (a-l)(a-3) (a-l)(a=4) 
(a — 3)(a —4) — 2( a—2)( a —4)- f(a —2 )(a —3) 
(a —i)(a-2)(a—8)(~a—4) 
a 2 —7a + 12—2a* -f 12a - 1G -fa 2 -5a + 6 


Same denr. 


(tf-])(fl-2J(«-3)(« — 4) 

[Simplifying the numr.*) 

109. L. C. M. of dcnonhnators = (a-f 6)(a 2 —«6-f-6 2 ). 


112. Given Exp. — —— — 1 


26 


46 3 


a —6 a-f 6 ar+V* a‘-f6 4 • 

The first two fractians arc together 

_ 1 _ 1 a 4-6—a -f 6 _ 26 _ 

a—6 a-f6 (a — 6)(a-f6) a 2 —6 2 ' 

This result together with the third fraction 

__26 _26 _ 26(aM-6 2 ) - 26(a 2 -6 2 )_ 46 3 

a 2 — 6- a 2 -f 6‘ 2 (a 2 —6 2 )(a 2 -f6 2 ) 

This result together with the fourth fraction 

_ 46 3 _ 46 3 46 3 (a 4 -t-M)—4&*(q 4 -6 4 ) 

— a 4 —6 4 a 4 -f6 4 ' (a 4 —6 4 )(a 4 -f 6 4 ) 

e - / , which is the reqd. result. 

a b —6“ 


a 4 ->’ 
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115. Write down the last fraction as the first, and then 
proceed as in Q. 112, adding successively. 

120. Combine the first and the third fractions together and 
similarly the second and the fourth ; then add the two 
■ results. 


122. Combine the first, the second, the third and the last 
fractions as in Q. 112, adding successively. 

Combine the remaining two fractions separately. 

Add the tyro results. 


123. The denominators are x-\-a t x—a and (a-ha?)(a—x). 

Now x—a and a—x differ only in sign, therefore it is 
advisable to write both 'as x—a or both as a—x, making 
corresponding compensations. For this purpose, either write 


2x 


t—a 


as — 


2x 
a—x 


or 


a{Zx—a) 
a}—x 2 


as — 


a(3x — a) 
x-~^a*~ 


1 JO. Some expressions are best simplified when put in 
Cyclic Order. The student will easily pick up the method 
from the solutions of the next exercise. 

The following results, which have already been established 
in Chapter XV, should be carefully revised and committed 
to memory. They will be found very helpful in solving the 
examples of the next exercise. 


1. 

2. 

3. 

4. 

5. 




a?(b-c)+b*(c-a)+c*(a-b)^-(a-b){b-c)(c-a) 

a6(a—6)-f-6c(6—c)-f ca(c—u)= — (a—b)(b—c)(c —a) 

a(6 a -c 2 )+fc(c a -a 2 )+c(u a -^) = (a-6)(6-c)(c~a) 
a *(b-c) + b*(c-a)+c*{a-b) = -{ G -b){b-c){c— a)x 

* (a+fc-fo) 

a ( b * _c»)+*>(<? _ a 3 }+c ( a 3 -6’) = _ c) ^ _ a) x 

(a+6+c) 

a i (b-c)+b*{c-a)+c*{a-b)=-(a-b){b-c)(c—a)x 

(ct+b'+c'+ab+bc+ca) 

'• C'i, 1 
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9. Values or a and c as in Q- 5. 

L. H. S. - fl!+62 bik * +bi 


and R. H. S. = 


a 2 -6* b 2 k 2 — b z 

b 2 (k 2 4-1) „ * 2 + l 
l 2 (A 2 -l) “ fc*^T' 

c*+d* d 2 k 2 +d l 


c 2 -d l d 2 k 2 —<P 

_ d 2 (A: 2 4-l) _ &+1 

* cP^-i) “ A' 2 —1 

the two results are equal, 

. . L. H. S.=R. H. S. 

13. Values of a and c as in Q. 5. 


L. H. S. 




/ c—a \ 2 / bk—dk \* 

~{b-d)* '"l b-d I \ b-d 


) 


. fc(fc-d) )*_ 

\ -JF^dT \ - k 


andR. b S. = -|l = -^- =**. 

V The two results are equal, 

/I L.H.S.»R. H.S. , 

, . (a-fc)* aM-c 3 

15. It is required to prove that 

*3. a,b.c. d, are in proportion, therefore j*— 


(suppose) 


...(0 


. <i=W / 

•* C — r/A' \ 

Now, L. H. S. =ahcd(-~ i .+-j r +-^-- J - 1 p) 


bed , eda , dab _j_ afc 

--t- S “1 " * ~ J 
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10 . 


fe 3 


+ 


(a-b)(a-c) ' r (6-c)(6—a) (c-a){c-b)‘ 


11 . r 


—:L — 




(*-»)(*“*) iy-~)(y- x ) {z-x){z-yY 


12 a &+ c ) +~ b i c + a ) 


c(a f b) 


(j—6}(a— c) (b—c)(b—a) ' (c—a)(c— b)’ 

aib'+bc+^^bi^+ca+a^^claZ+ab+P) r nr;«rt 
l3 ‘ (a-6)(a-c) + (6-c)(6-a) + "(c-a)(c-5) * 1 1 

. [tfifi*] 


14. 


15. 


U>. 


+ 


-f 


a(a—6)(a—c) b(b—c)(b — a) c(c—tf)(c— b) 
1 1 - . • 1 


fcc(o—6)(a—c) ^"ca(6—c)(6—a) a)(c— b) 

a . b . . c 


+ 


+ 


4~ 


fcc(a-~6)(a—c) ca(6—c)(b—a) a6(c—aj(c—&) 


17. 


18. 


19. 


<i 2 -f6c . fc 2 + ca , < 

~ ■T 7 ’ v 1 * 1 v / 1 • \ * * ’ \* ‘ 1 " w 4 • 


(A— b){a—c) (6—c)(6— a) (c—a)(c— 0 ) 
7/-f 2 —-x . s-f g—y X4-J/-3 

(x—i/)(x—z) (y— z){y— x) (3-x)(2—j/)’ 

(*—&)(*—*)-, (x—c)(x—a) » (x— d)(x— fc) 
(a-6)(a^c)' r (6-#-a) (c-c)(c-fc) * 


[Hint] 


[Hint] 


20 . 


1 


-v + 


21: 


22 . 

i U 

23, 


(d—6)(a—c)(x—a) (6—c)(6—a)(x-6) 

+ - * 

(c—a){c—b)(i—c) * 

*4“two similar terms 




a 


(a—b)(a— c)(x— a) 


a 1 


(a—b)(d— e)(x+a) 


4 4 



+two similar terms. 


+two similar terms, 


[HstU] 
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1. Given Exp. = 


+ 


1 


{a-b)(a-c ) (d— a)[b-c) ( c-a)ic-0 ) 


I 


+_* 




— (a-b)(c—a) -( a-b)[b—c) —(c—a)[b—c) 

[Putting the denominators in cyclic order) 

= - ) _ l _. _ + _ 1 _ + _ 1 _ ( 

I ( c—a)(a—b) (a — 6)(6— c) (b—c){c—a) i 


= _ ) (b-c)+(c-a)+(a-b) > 
* [a-b)(b-c)[c-n) l 


O 


—. =— 0=0 


(a—bj(b—c)(c— a) 

Proceeding as before, we get numerator equal to 

. (*/+z)(y-s) + (2-f + 

= *r — 2* -t-2* — x* -f J? — if = 0 . 

Proceeding as usual, the first term in the numerator 
Cc)=(6—c)-4-a(6—e). Similarly split the 

other two terms into two parts each. Combine the 
first parts and the second parts separately. 


8 . 


a 




+ 


(a—6)(o—c) (b— a)[b—c) (c—a)(c—b ) 


+ — — 




---r_ -e_ J _._ 

—(a—6)(c—a) —(o— b)(b— c) — (c—a)(b—c) 

— 1 ** + ( 

* (c—a)(a— b) (a—b)(b—c) (b—cj(c—a) * 

____ t a *(b—c)+b?( e—a )+c?l a —b) i 

1- (a— b)(b — e)[c—a) » 

= ~ 1 ~ii^b)!b b -e)(e 3f I l Using result 1. of Art. 110] 


= — ■( —I } =1. Ans. 

H Proceeding as usual, the first term of the numerator 
=a{b*-hbc-l-c z )(b—c)=c , x b i —c 3 ). We have two other 
similar terms [Apply Result 3 of Art. 110.) 
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14.. Putting the denominators in cyclic order, we have 
• their L. C. M. equal to abc(a—b){b— c)(c—a). 

17. Proceeding as usual, the first term of the numerator 
=(d l +bc){b— c)=a 2 (6 —c)+6c(6—c). Similarly split 

the other terms into two parts each. Combine the 
first parts and the second parts separately, applying 
Results 1 and 2 of Art. 110. 

19, Proceeding as usual, the first term of the numerator 
—(x—b)(x—c)(b—c) = { .c 2 —(6-f-c)x-f6c } (6—c) 

=x\b— c)— x(b-—c 2 ) + bc(b—c). Similarly, split the 

-other two terms into three parts each. Combine the 
first parts, the second parts, the third parts separately. 

20. Arranging the denominators in cyclic order, we get 
their L. C. M.=(« —6)(6—c}{c—a)(x—a)(aj—&)(*—c). 

Adding up, we have first term in the numerator 
=(b—c)(x—b)(x~ c), as in the last question. 

23. Proceeding as usual, the numerator 

= b 2 c\b 2 _<?) +e 2 a 2 (c 2 _a=) a 2 b 2 (a? - ft 2 ) 

= yz {y—z )+ zx(z- X) -f xy (x— y) 

[Where x=a*, y~b* t 2=c*J 

=—(a 2 —6 2 )(6 a —c 2 )(c 2 —a s ). 

[re writing the values oj a?*, y t 2 ] 
111. Miscellaneous Fractions. 

We now propose to consider fractions of more complicated 
types than those already discussed. Methods are quite 
analogous to those u^ed in Arithmetic and therefore need not 
be discussed in general terms. The solutions and hints to the 
next exercise will suffice to help the student through thi* 


Simplify;— 

a x 
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a b 
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*+y _ x—y 

x-y - - x+y 

x*+y* — 
' - <*+y)* 


gj-y _ «*+!/* 
x-y x*-y 2 . 

-4-+-L* 

*+«/ *—y 


[£ofof<i] 14 . 



x*+y 5 

_**-«/* 

*■-»* 

**+?/* 


_ *-y 

x—y 

*+y 

| _ __ 

2xy 


**+y* 


a^-t/ 3 o 

- *-—8xy 

x—y 


+• 


17. 


a+1 a—1 


4G 


<x*— 1 


2+ 


FRACTIONS 






*_I a?\ ^ 2* 

.**' *"H? a—-w i Va— x a+xl a 




27. (— *+g_ - m ~y \.(*P+& X*-V*\ 

'at—xy+y* -tf+xy+y*) * Va? 3 — t/ 3 4?*+y*) 

(i + i^V r LLi. + .i_ 

V 6 a /\fc*— a*) a*-\-ab^ab—br 
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SOLUTIONS & HINTS—EXERCISE 78 

b.r 

ay—bx y by 
by ay-k-bx 

Or thus 


_ay—bx 

ay+bx 




To get rid of fraction:: in the numerator and the denomina¬ 
tor we multiply each by by and get at once the given 

- .. au—bx 

fraction = - , . . 

ay+bx 


9 . Given fraction = 


a+ - -+5 
a 


1 + 


ti 


+A 

a 2 


<z 2 -f6+5a 


fl 2 4-6a+8 

a* 



a? -\-5a-\-Q y a- 

a a 2 -4-6a+8 

(g+2)(g-f3) g 2 _ g(g+3) 

a (n-f 2)(a+4) a-{-4 ' 


Numerator= 


g+y (g-y) a 

g-y g+y (g-y)(g+y) 

= 4j y 

(g-y)(g+y)* 


% • 


Denominators 


Given fraction = 


xHy 2 (g+y)*-(g*+y a )_ jfey 
(g+y) 2 = (g+y) 3 ’ p+y) u 

y (g+y) a _ ^(g+y) t Ans< 
(g-y)(g+y) 8gy ®—9 
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1 


1- 


l 


1 + 


x 


(a: 4-1 )—x 
a: 4- i 


1 


1 — 


®4- l 


I - 


1 X® 




1 

1 


1 X(a?4-t) 

1 




*+1 



CHAPTER XLX 
INVOLUTION & EVOLUTION 
Square Root 


112. Definition. Involution is the general name fior 
multiplying an expression by itself so as to find the sBomid* 
third, fourth, or any other power. 

The following cases have already bean dealt with 

1. The square of a binomial [Art. 65.J 

2. The square of a muitmoimaJ [Art, 68, 

Formula 6.] 

3. The cube of a binomial (Art. 72.J 
Here we propose to discuss two cases more : 

1- Any power of a simple expression. 

2. Any power of a binomial. 

113. It is evident from the Rule of Signs that :_ 

(i) Even power of any quantity is always positive. 


uw dutnv 




(it) Any add power of a quantity 
the quantity itself. 

114. To prove that (*”)»=,»». where m and n ar, 
positive integers. 

Proof. («")• =*» x x- x x *-.„ factors. 


—x 


w» 4- UJ + 


m ten 


[The Index Law, Art. 231 

x n \ 
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115. Any* power of a simple expression may now be 
obtained by the following rule :— 

(i) First put dozen proper sign by Art. 113. 

(ii) Next ictite down the required power of the numerical 

coefficient, calculating it by Arithmetic. 

(iii) Next put down the required power of each literal 

factor by Art. 114. 


... i ii.. . - / 

For example, let us find the value of 


2a*6 3 \ 7 
3? V- 


The quantitv within bracket is negative and the power 
is 7, which is odd, therefore the result must be negative. 

' A J$b; ih the HuM'efaFbr 

2 7 ±2 X2 X2X...7 factors® 128. 

(a 2 ) 7 =a** 7 =a 14 . 

(^)?==:6 i>r7 = 6 a *. 

And. in the denominator :— 

a . . » . . • » i 

3 7 =3 X 3 X 3 X ...7 factors=2l87. 


(c 5 ) 7 =<J 5X7 =e 13 . 

.. Given Exp.— 2187c 35 * 

Note that the numerator and the denominator have been 
operated upon separately. , 

EXERCISE 79 


Write down the square of :— 


1. 

3 ab*. 

' 2. 

3. 

5a 2 lP. 

4. 

5. 

1#?. 

6. 

% 

7. 

Sxifz* 

- - A—« 

5a* 

8. 


— 4 <t*b. 

— Ga s b*. 



Sa'ob" 

7c'W 0 ' 


•By "anv power" we mean •* any integral power. 


FRACTIONS 


215 


Wi 

ite down the 

cube of : — 


9. 

2xy\ 

10. 

-3* V- 

11. 

4.iV/ 5 . 

12. 

— i-AV* 1 . 
0 

13. 

Go 4 6 f - 
7?d’ ' 

14. 

10g ,0 6 ,5 c 30 

15. 

(3xV)’- 

16. 

(-4</ 2 6 5 ) 5 

17. 


)8. 

(-W- 

19. 

/ 2x^ \ 9 

\ //« ) 

20. 

(-£. >“ 


116. Any power of a binomial. 

Wc already know that :— 

(a+5) s =fl* + 2 a 6 + 6*. 

(a + 6) 3 =a 3 i-3rt 2 &43rt& 5 4& 3 

Multiplying the last result by a+b t we get : — 

(a + 6)'=rt»4 ia F 'b 4 6g 2 6 2 4 tab 1 4 b 1 

Similarly :— 

•> 

(a -f-6) 5 =o 5 -}-5a 1 6 4 10 g 3 6= 4 10aW 4 5ab l +6 5 . 

(a-}-i)6=o s + 6 g 5 & +1 ofl ‘6* + 20 g :i 6 3 415a 2 6« + Gai 5 -f6 5 , 


Any one of these results can be written down dir^Mv ^ 
the rule of the well-known binomial theorem TUo „ y by , 

1 ■»» -°SS 


1st term [a«]=a raised to the given power (6) 

2nd term [e«»]. Coeffieient= gl ven power (6). 
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Index of a = index of a in the 1st terra decreased by 1. 
Index of 5 — 1. 

3rd term [15c 4 6*]. 

Coefficient 

_coefficicnt of 2nd term X index of a in the same terra 
number of terms already written down 



Index of a = index of a in the 2nd term decreased by 1. 
Index of 5 = index of 5 in the 2nd term increased by 1. 


4th term |20a 3 5 3 ]. 

Coefficient 

_coeflicient of 3rd term x index of a in the same term__ 15 X4 

number of terms alieady written-down 8 

= 20 . 

Index of a = indcx of a in the 3rd term decreased by l. 

Index of 5 = index of b in the 3rd term increased by 1, 
etc. etc. 

The method outlined above will become clearer by study¬ 
ing another example. Let us expand (a+5) 7 . 

1st term = a raised to the given power (7 ) = a 7 . 


2nd term :— 

^Coefficient =given power=7*) 
Index of a = 7 — 1=6 }7a 6 b. 

Index of 5=1 J 


3rd term :— 

coeff. of 2nd term x index of a in the same") 


Coefficient= 


number of terms alreadv written down 

__7x6 _ 2 j t 
•> 


Index of a =0 — 1=0. 
Index of 5 =l-}-l=2. 

4th term :— 


I 

1 

I 

J 


21a 5 5* 
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Coc-ffi -'([it— < 0e ^' 3r< ^ term x * n( ^ cx a ‘ n the same 1 

number of terms already written down 
21x5 

5 _=3 °* >35a*b’ 

Index of a =.> — 1=4. | 

Index ol' b = 2+1=3. J 

5th term :— 


~ r . . 35 v .i 

«. oclucient = --- = 


Index of a 
Index of b 


4—1 = 3. 
3 + 1 =4 

35X3 ... 


* 

v 35a 3 6’ 


6th term — * arl>' — '2\a*b ,J 


7th term = 


8th term — 


•»i y •* 

-r^ 

7 ' 1 1 - 
7 -* # 


= 7d6 6 


r ~.b 7 


Tims we h ive . - 

{ a+by=<r +7 a*b + 21 a'b- +35u»6 3 + 35 <i 3 6« + 21 a 2 b »+ 7ob< + b\ 

Note. If the sign of b is negative, the terms in the 
expansion will be alternately positive and negative, the first 
term being positive, thus :— 

{a-b)i=a , *-7a 6 b + 21aW-ttaW+3ja‘ > b'-2\u'h i l 7 atfi - b 7 

A careful study of the above expansions will reveal the 

following facts, consideration of which nelps a lot in writing 

down an expansion and saves about half the labour needed 
otherwise :— 

(t) The number of terms in an expansion is greater than 
the index ol the binomial by one. For example, in the 
expansion ol ( a-\-b)\ the number of lcrms=5 + l = U. 

(u) The first and the last terms in the expansion are 

respectively a and b , each raised to the same power as the 
oinomial. 1 a5 U1L 

(Hi) In each successive term, the index of « decreases and 
that ol b increases by 1. anu 
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*88 

. (iv) The sum of the indices of a and b in'any term is equal 
to the index of the binoitiial. 

i- 

J ( v) The coefficients of the terms , equidistant from the two 
ends, are equal. For example, in the expansion of (a-f £>)*, 
coefficient of second term from left=coefficient of 2nd term 
from right = 6. Similarly, third coeff. from left=third coeff. 
from right = 15. Clearly, when we have written down the 
first four terms in this expansion, the remaining terms may 
be written down by bearing in mind the facts stated above. 

EXERCISE 80 


Expand :— 


1 . 

(2a— 3b) 5 . [Solved] 

2. 

(a + l)5. 

3. 

(1 -a)*- 

4. 

(2*-l)s. 

$. 

(l-3w) 6 . 

6. 

(1—a) 10 . 

7. 

(3*— 2y) s . 

8. 

(3a-f2) 6 . 

9. 


10. 

( a—— 
\ a 


Simplify 

11. (a+l) 4 -(a-l) 4 . 12. 

13. (P-H) 6 -(P-<Z) 6 . 14. (3x-Mt/) 4 -(8x-4y)*. 


15. Find the coefficient 
(2a:-f-3) 3 (ir-l) 4 . [Solved] 

16. Find the coefficient 
(2*-l) 2 (3*-l) 3 . 

17. Find the coefficient 
(2x-l) B (* + l) 2 . 

18. Find the coefficient 


of 

** 

in 

the 

expansion 

of 

of 

x 1 

in 

the 

expansion 1 

of 

of 

x 3 

in 

the 

% 

expansion 

of 

of 

X 4 

in 

the 

expansion * 

of 
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> EVOLUTION 





SOLUTIONS—EXERCISE 80 

(2a—86) 5 =(a?— y) s (where x—ia, t/=36] 

=x s — 5x*y +1 Or 3 y 1 — 10 j 2 # 3 4- 5x y* —t/ 5 

=(2a) s -5(2a) 4 (36) + 10(2a) 3 (86) a -l0(2a) 2 (a6) 3 

4-5(2a)(36) 4 -(36) s 

[Restoring the values of x and y\ 

=32a s -5xI6a 4 x364-10x8a 3 x96 2 


-1 0 X 4a 2 X 276 s 4-5 X 2a X 816 4 - 2436 s 

=82a s —240a 4 6 4-720a 3 6 2 — I080a 2 6 5 4-8 1 0a6 4 

-2436 s . 


15. Given Exp.=(2a:4-3) 3 (a:—l) 4 . 

Now (2a?4-3) 3 =(fl+fr) 3 (where a=2x and 6=3] 

=a 3 4-3a 2 64-3a6*4-6* 

=(2x) 3 4-«(2 x) 2 (3) 4-3(2r)(3) 2 4-(3) 3 

(Restoring the values of a and 6] 

=8a4 4-8 X 4a? 2 X 8 4-8 x 2a? X 9 4-27 

= 8a J 4-36a? 2 4-54a:4-27 

and (a?-l) 4 =a? 4 — 4x 3 .l4-6a? t .l s -4a:.I 3 -f I 4 

=* 4 — 4s 3 4-6a? 2 —4a; 4-1. 

Given Exp.=(8x 3 4-36a? 2 4-54r4-27) 

^x* —4a? 3 H- 6a? 2 — 4a? -f 1) • 

In the product, terms containing a? 2 are obtained by 
multiplying 36a: 2 by 4-1, 54a? by —4a;, and 27 by Ga? 2 only. 

Hence, the required coefficients=(36)(l)4-(54)( — 4) 4-(27)(6) 

=86 — 2164-162= —18. 

117. Evolution is the reverse of Involution. It is the 
operation of finding the root of a given expression, that is, a 
quantity which being multiplied by itself the requisite 
number of times produces the given expression. 

H8. By the Rule of signs we see that :— 

W it 

Q ny even root of a positive quantity may be either 
positive or negative ('.' thexeven power of a quantity, whether 
positive or negative, is always positive). 
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(*») no negative quantity can have an even root f • 'even 
power of no quantity can be negative). * 

(in) every odd root\>f a quantity has the same suni a « the 
quant,ty .tse f , v every oJd poJer’ of a ^1" £ 
same sign as the quantity itself). 1 y c 

119. In Art. 114Ve~have shown that •—i- * 

# 

n / rnn w rnn j_n 

Hence we have rsj x =x =x 


n / o n 

Heplacmg mn by a, we get r\/x —x ' 

Thus, the nth root of a power is obtained by dividing the 
index of the power by n. 

120 It is now easy to write down the rule fot extracting 
a>*y proposed root of a simple expression :— 

(t) First put dozen proper sign by Art. 118. 

(ti) Next wiite down the required root of the numerical 

coefficient, calculating it by Arithmetic (when it is not possible 

to get the exact root, we may leave our result in root form.) 

(fit) Next put dawn the required root of each literal factor by 
J^Tt. 119. 

Note In the case of a fraction, the numerator and the 
denominator should be operated separately. 

For examples, see so'utions to the next exeroise 

EXERCISE 81 


Write down the squar- r 0 ot of the following expressions:— 

1. 9ar 2 t/« (Solved] 

3 lCa 8 b 10 

- 36 

x 3 *’ 

6 . -64 a 10 (Solved] 


2 . 

4. 

6 . 

8 . 


4-rV* 

25flW 

x''b> 

2 5y u 
-125 
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J 

Write down the cube root of the following expressions :— 
9, -8 a‘6 14 . [ Solved ] 10. 27 a*b*c». 

125 * 


11 . - 


12 . = 


7 


29y 


oo 


Write down the value of the each of the following 
expressions :— » 


13. j'Uatb'*.. [ Solved] 
IS. 




128 


14. —243?®6 1S . 

16. J/—25tsa l *b i0 . 




SOLUTIONS— EXERCISE 8^ 

1. Sign== + or —, because root is second fevenl 

given quantity is + ve. [Art. 118 ] 1 Cn) 

Sq. root of 9»=8. 


and 


• > 


2 2-2 1 
»» X max =iX =«. 


•» 


Rcqd. Sq. Root^-fSzy 3 or —3 xy*.- 
[Art. 118 J° negtttiVC quantit y «“ b '»ve an even root 
But sq. root means second root, which is even 
impossible. ^ ° f ^ g ' V ° n (which is negative) is 

the\hM e rtr^dT^thLr g8 ' and WP bave to find 
[Art. 118 ] ( d)l thcr ofore the result is negative 

Cube root of 8 =2 


9 » 




6 15 = 6 15 ^ 3 =6 5 

.. a 6 W^W>.’ 

Reqd. cube root— -‘2n 2 b' J 
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13. 4th root of 16 — 2. 


* • 


I * 


8 844 2 

a =a =a 

„ *“_* ,2 -*=6» 


Rcqd. Root = ±2a 2 b 3 , 


121 Square Root of a Compound Expression. . 

There are three main methods :— 

* » i < 

Method 1. By the use of the formulas :—r — * 

a 1 4- 2ab -f- 6 ? = («-f 6)*. 

a 2 4* b 2 +c 2 -f 2ab + 26c 4 2ca=(a 4- b -f c)*. 

etc. etc 

Method 2. By factorisation. 

% i' * 7 

Method 3. General Method analogous to that In Arith¬ 
metic. 


The student has already had some practice in putting nn. 
expression in the form of a perfect square by the use of 
formulas [Chapter XIII, Ex. 40J, and has also learnt different 
method s^ot factorisation [Chapter XIVJ. Therefore general 
discussion of Methods 1 and 2 docs not seem necessary. 
However, sufficient number of examples in Ex. 82 have been 
solved by those methods to guide the student. 

Method 8 is discussed in the next article. 


r" f 


122. General Method for extracting the square root of 
compound expression. 

Wc know that the square root of ar+2ab + b 2 is a+b ; so 
that we have to discover a method by which a + b can be 
derived from the expression a 2 4 2ab 4 b 2 . 

Wc first arrange the expression ac- _ 

cording to descending powers of a. a j a 2 + 2ab+b 2 

Obviously, the first term of the reqd. 
sq. root (viz, a) is equal to the square 2a + b 

root of the first term (a 2 ) of the given _ 

expression. | X 


2 ab 4 b* 
2ab + b 2 
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Subtracting the square cf l... first term of the rhot, i.e., 
a *, from the given expression, vre get the remainder 2ab-{-b 2 . 

The first term of the remainder is 2 ab. If this be divided 
by twice the first term of the square root, that is, by 2a, the 
quotient is b which is the second term of the sq. root. [2 a is 
called the trial divisor.] 

Since the remainder is 2 ab + b' 1 or (a-|-6)&, the complete 
divisor {viz. 2a+6) is obtained by adding the second.term of 
the sq. root, namely b , to the trial divisor. 

If we multiply 2a-\-b by b and subtract the product from 
the remainder 2 ab+b 2 , no remainder is left. This completes 
the work. 

The same method applies to expressions which consist of 
•more than three terms. 

Example. Find the square root of 9a 4 d-22a 2 + 9 —12a 3 —12a. 

Solution :— 


3 a 2 
Ca 2 —2a 
6a 2 —4a-{-3 


3a 2 -2a+ 3 

I 9,. 4 - 12a 3 +22a 2 "— 12a+D 
1 9 a* 

- — 12a 3 + 22a 2 

-12a 3 + 4 a 2 

| 13a 2 —12a+9 

! ' lfta : -12a-F9 


X 


Reqd. sq. root=3a 2 -2a+ 3 . Ans. 

Explanation :— 

The expression is first arranged in descending powers of a 
The first term of the exp. is 9a 4 . Its sq. root is 3a 2 

T« h *K ,S r Pl \ t a° Wn ^ * he ,lrst tcrm of thc reqd. root and alsc 
as the first divisor. Subtracting 9a* from the given exp we 
get the remainder - 12a 3 {-22a 2 - 12 a+ 9 . 1 

3a* is doubled (giving Ca 2 ) and put down os the first term 
of the second divisor. The first term of the remainder i " 

nn 'l - d,v,dc 1 (l b y which gives —2a as quotient 
quotient ,s put down as the second term of the\eqd oot * 
vrdl as the second term of the second divisor. 


Z9 4 - 
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The second divisor is multiplied by — 2a and subtracted 
from the remainder, which gives 18a* —120 + 9 as the second 
.remainder. 

The part of 'he sq. root obtained so far, i e., 8 a*—2a is 
doubled giving 6a 2 —4a and put down as a part of the third 
divisor The first term of the second remainder, i.e , 18c* is 
divided by the first teim of the third divisor, viz., 6 a 2 , giving 
a quotient 3. This is put down as the third term of the reqd. 

root as well as the third term of the third divisor. 

" 0 

Now the third divisor is Ca* — 4a + 3, which multiplied by 
8 gives 18a* —12a+ 9, which is equal to the second remainder, 
so that subtraction gives next remainder equal to 0. The 
process of extraction of sq. root, therefore, stops and we get 
8a ? — 2a4-3 as our result. 

v Note. For more complicated ca>es see Solutions and 
Hints to the next exercise. 

• EXERCISE 82 

1 

Find the square root of :— 

1. 4x* + 12 xy+9y*. [Solved ] 2. j^+4 x&+4y*. 

3. a*-10a6 + 256*. 4. 81a*—18a6+6*. 

5. &x?y 2 -\-\6y*. 6. a*—6a*+9. 



9. 

il. 


13. 

14. 

15. 

16. 


£--^+4. [Solved] 

*‘+4—2. 



8. 

X* 

- _ j- 9 

4 

10. 

x* y 2 
y 1 * 4**‘ + " 

12. 

4a 4 , V* 
y 4 IQx* 




4a* -f 96* 4-16c 1 +12a6 - 16ac—246c. [Solved] 

x 2 +y*+z*—2xy—2xz+2yz. 

x i -\-4y 2 +25z t -*xy-20yz+lQzx. 

*‘+ -jj-M+y-- 4 *-*/- 
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I 7 . 9 + -^--f C *-2&~6c+?^. 


18. (x 2 - t r-6)(x 3 +*-l2)(.r 2 + 6x-f-8). [Solved] 

19. (x a -2x-15)(x 2 -3x-10)(x=-f5.r-f-6). 

20 . (6x 2 —x—2)(4x 2 — l)(6x 2 —7x-f-2). 

21. (2x 2 -3^-2y 2 )(6x 2 +x^-^)(3x 2 ~7x^+2 i /*). 

22 . (») (a 2 +ab+b 2 )(a 2 — a&+6 2 )(a 4 -f a 2 & 2 + & 4 ). [//a/i/j 
(**) (2x—3)(8i 3 —4x 2 —lOx—3). [Hin/J 


23- (x +1 )(x+2)(x+3)(x+4) -f 1 . [Hint] 

24. (x+2)(x-M)(x-f 6)(x+8) + 16 . 

25. (x+l)(x+3)(x-4)(x-6) + 49. 

26. m(2&i+l)(ju—2)(jS*n—3)+l. 


*[See Foot Note ] 


27. **+ -]j-8(*+I) + i g , t s o(l . fd ] 

28. **+-ji-0 (*+-'-) + !!. 

29. <a’+~)+12(«+JL) +17 . [Hint] 

30. 9 ( a>+i) -o( „ + JL) + 19 . 

31. lo( a*+^r) +8 ( a- j_ 31 . 

32. 


( *+ ~a~)* ( x - J-). [WlnjJ 

“ WeljQUei1 ^^^ 
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34. 

(-+T 

)* 4-6 ( a- ■ 

t)+«- 

35. 

(- r 

r -«( ■+ 

— ) 4 - 20 . [Hint J 

a / 

36. 

(-■r 

j 2 —10 (-*+ 

L) +29 . 

37. 

, i 

^+^r 

+“ (*•+ ^ 

)+6. [fl.tf] 

38. 

x,+ ^ 


)+r. 

39. 

x,+ ^- 


j* —2. [HwUl 

40. 


+ 8 (*+ — 

) S+2 ‘ 

41. 


% 

•)* +4 ( a+ 

4 - 

42. 

( m2+ mV 

) 2 _w( OT— 

i)'-- 

43. 

(-+F 

r -* (**- 

i)- 

44. 

*•+■3- 

+ 10 ( **+-?■ 

)+27. 

45. 

( m ' 2+ J 

«r)‘ -• ( - 

- -V) 2 - 8 - 

m* / 


46. Sx 2 — 2x4-1 — 4x*+ Ax*. [ Solved\ 

47. r 4 4-14-2x4-2.r 3 4-3x 2 . 

48. 4 n 4 4-25-12a 3 -30a 4-29a*. 

49. 9a 4 — 12a 3 —2a 2 -|-4a-fl. 

59. 1—4a 4-6a 2 —4a 3 4-a 4 - [Note] 

51. 4— \x-lx 1 4-4^4- 4x 4 . 
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52. at-tx 3 +8x+ 4. 

53. x 4 -|-4a J — 2ax 3 — ia 3 x+5a 2 x 2 . 

54. 25x* -}- 16a* — 30ax 3 — 24a 3 .r+40a 2 £ 4 . 

55. a 6 - I2a 5 + G0a 4 - 160 a 3 -*-240a 2 -192a+64. 

56. m«-22/n 4 4-34w 3 -f-121m 2 -374m + 289. 

57. z* + if-h 4x s y+4xy s — lOx 3 !/ 3 . * 

58. l-2x+3z 2 -4x 3 + 5.r*~4.r 5 -f3;E 6 —2r 7 -Hr*. 


59. 4a 6 -f4a 7 —Ga 6 —4a 5 -f4a 4 . [Hint] 

60. 4x* — 40x s + 108a' 6 — 40.r : -f4;r s . 










69. 

70. 

71. 


x*— }-{-{fc 2 . (So/ued) 

7x 2 

x*— 4-1+ar——. 

4 

a«-V+§« 5 +iV 2 -^+i- 

a'-W+ia’+la*- -£-+*. 
x 4 , , air 2 , a 2 ’ , 4a.r 

T+** + T^TT ~ 2j ^ — 3- 

a^ _2a 3 .r , 14a*.E*_<iaj* a 4 
25 15 + 45' S‘ + ‘T* 

© 

J4+A _ l!+4j . +i _ JL. [5o/ued] 

fe2 +^- -a*+«I- 4 • 
*‘+4!-+8* i + -P-+ 2 *- 

+20* 2 - ~ -3. 

36+4-4-4® 4 82* 2 +4r*. 
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72. 

*‘+4«+ 6 *‘+ 

% 

4-15x 2 4- 


73. 

«»4- a V —4a 4 4-4 ( 

-~J) 

1+2. 

74. 

4a 2 4-4a —114- + 

a* 

i+i- 

_ 10 

’ • 
a 


75. 


76. 


77. 


78. 


79. 


(i 2 


6 2 ~ 

9a 2 

6 2 


. a 2 

-T- 

, 6x 

—r— — 

6 a 

1 7 

X 2 

a 

X 

*r # 

. b- 

_ 2a 

26 


f 

a- 

6 

a 

+ 3. 


6 a 

56 


101 


25 


x 2 


46 46 2 

15a ^ 9a 2 * 

o 

r 


-=-4—-- + —-xv-24- £- 

* y y* J 2+ x 2 * 

o 4 . I6y 2 __8x 2 x 4 __32.y 

• “*“ ggi' y * yt 


80. (x4-y) 4 +a44-y 4 . [Hint] 

81. (a-6) 4 4-a 4 + 6 4 . 


Find the fourth root of :— 

82. 16a 4 —32a 3 4-24a 2 —8a 4-1. [//ini] 

83. 16x 4 - 96x 3 y+216x 2 y 2 - 21 exy 3 +81 y 4 . 


Find an expression, containing no higher power of x than 
the first, which must be 

84. subtracted from 27x 2 —9x-f2 —lOx 3 +x 4 to make it a 
perfect square. [Hint] 

85. subtracted from 10x 2 —x4-9 —12x 3 4-9x 4 to make it a 
perfect square. 

86. added to 4x 3 —7x 2 —6x4-7-f-4x 4 to make it a perfect 
square. [Hint] 




w. 

91. 

92. 

93. 
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bddcd to l-f^-t-Gx 3 to make it a perfect 

square. 


For what value of a will 9a 4 — 12a 3 -f-12 — I8a.*t-22a* be 
a perfect square ? [Hint] 

What value of x will make 9x* — l2x 3 -i-5x—2x t -\-6, a 
perfect square ?. 

For what value of m will the expression a 4 -f6a s -F7a a — 
6 a + to, be a perfect square ? [J/inl] 

For what value of k will 9a; 4 — 12a^ +10**—4Z+2&, be 
a perfect square ? 

Find the numerical values of a and b if a; 4 — 8a?+Z2ax+ 
8b is to be a perfect square. 

1 

Prove that if 1- be added to .the product of any four 
consecutive integers, the result is a perfect square. 

[Hint] 

Prove that if 16 be added to the product of any four 
consecutive odd numbers, the result is a perfect 
square. 

Show that the statement of the last question is true i; 
the word " odd ” be replaced by “ even.” 


SOLUTIONS & HINTS—EXERCISE 82 


Given Exp.=4**-f-12a^+9t/* 


«(2*)* + 2(2*)(8y) + (8y)* 
=(2 *+8 y )* 

Reqd. Sq. Root = 2a;+8t/. 


Given Exp.= 
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Reqd. Sq. Root=— — 2. 

13. Given Exp. = 4a 2 + 9fc 2 + lGc 2 + 12a&-16ac-24&c. 

\ «=(2a) 2 +(3d) 2 +(“4c) 2 + 2(2a)(36) 

1 + 2(2a)(-4c)+2(3&)(-4c) 

=(2a + 3&-4c) 2 


Reqd. Sq. Root = 2a+36 — 4c. 

18. Given Exp.=(.r* — x— 6)(x 2 +x— 12}(j: 2 +Gar+8) 

= (.r-3)(x^2)(j: + 4)(x-3)(a:+4)(x+2) 

[Factorising] 

= (z-3) 2 (z+2) 2 (.e+4) 2 
Reqd. Sq. Root=(.r—3 )(;t + 2)(.t+4). 

22. (i) Either split the third factor into two factors. 



Multiply the first two factors ; the product obtained is 
equal to the third factor ; thus the sq. root=thc third 
factor. 

(it) Obviously, the second factor contains 2x—3 as a 
factor [y otherwise the sq. root is not exact). 
Therefore divide the second factor by 2x —3 and 
factorise the quotient obtained. 


23. 


Given Exp. = (z+ l)(.r+2)(j:+3)(.r+4) + l 

= { (*+l)(®+4) > { (*+2)(*+3) > +1 
= (x 3 + 5x + 4)(^^+ 5.r+0) +1 
= (a + 4)(a + G) + 1 [where a = x 2 + 5ar] 







= a 2 -)-10a+ 24+1 
=a 2 + 10a+25 
= (a+5) a 

=s(a^+5ar+5)*/ [Restoring .the- value fy 
Reqd. Sq. Root^a^ + Src/tk. 


*J 5 


• • • 


INVOLUTION AND EVOLUTION 


301 


27, Given 


E\p.= z-+ -i- ~8( x+ *”■_)+18 

= ( ,+ ^) S -2-8( ,+ i-) + 18 

[••• **+ * =( *+ f>* - 2 ] 

=( x + 7 -)’ -«(*+ -Jr)+ie 


[Combining —2 and 18J 
=fl 2 -8a-H6 '• '* 1 11 

-(a-4)* 


where a=x -f j 


-(•+ i - y 


[Rewriting the value of a] 


Rcqd. Sq. Root=£-f ~I_ -4. 

X 

Or thus :— 


l T Q.%Ol h0d Shm ’ d b ‘ " Udied ° fter fi n '* hin i the etercise 


upto q. 70) 

Given Exp.= .r’+JL _ 8x _ «_ + , g 


X 


(Opening the bracket] 


=.r 2 - 


8j+ 18-- -fJ_ 

x x » 


[Arranging according to powers of x) 


progressive algebra 


802 


2x —4 


8 -K 


x 


x— 4-f 


x 


x 2 -8x+l8- 


i+ * 


— 8;r-f-18 

-8.T+16 


2 - 


2 — 


.1 + -L 

* ar # 

— + -1 
x a? 


Sq. Root=x—4+ — 


Or :— 

Given Exp.== a? + -L -8 a;--+I8 

a:* x 


a? + l-8a?-8a;-h!8a^ 


[opening the bracket] 


. x* 

_ a? — 8a?-f 18a?—8a;-f 1 

x? 


We find the sq. roots of 
the numerator and the 
denominator separately. 

Reqd. Sq. Root 

__ a?—4 a;-f 1 
x 

*= xZ _ 4a? _|_ 1 
xxx 


x*— 4ar-f I _ 

2 * a?-8a?+l8a?-8a;-fl 


2x 2 — lx 
2x a -8x- I 


x 4 


-8a?-f 18-r 2 
-Sa?+I6x* 


2a ?— 8*+1 
2a?—8a:+l 


x —4 + 


1 
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• * 

N^te. Questions 27 to 45 can be solved by any one of the 
abovfe three methods. 

29. 4 ( may be written as 4 j | a+ JL ^*—2 j. 


or as 4 




31. 16^ a 2 +^-) may b e written as 16 | ( a -i.y+2 J. 


or as 16 


(, - 4 r 


+32. 


33 • ( *+ -i-) may be written as ( x - 

31 ( a- -i ) may be written as ( a+ -i )*-*. 

37, may be Written as ( iF»+iy_2. 

39. Given Exp.= ~4 ( a:- 

^*+ 1 ? - 4 ( a ^+ -2 >-2 

" **+ p" “ 4 ( ** + ^)+8~2. 

Now write x*+ -1 as ( ** a. 1 \* « j 

^ as \ ^ + ) —2 and proceed as 

or#* ** / 


before. 

46. 


have ; -^ rranSmg the exp * in descending powers of x t we 


2 ** 
4a :*—x 
4** - 2a?+1 


2** — a+1 

4x * - 4:r r -f5r* — 2z +1 
4X* 


-4**+5a? 

~4g»+ g* 

4x* — 2a: +1 
4 t* —2a:4-l 


**OQR ESSIVE 
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Sq. Root=2^«—aj-fi. 

5°. Note The expression, as it stands, is arranged in 

sstvss#- 7W ”" ~ —SSLa 

59. Given Exp.= a «(4a«-Ma J -7a*-4a+4) 

Sq ' and lui^lt by ^ the Sq - ^ ° f ^ ^ 

hate : ~ rranging the cxp ‘ in descend »ng powers of a: we 


a: 2 

2a: 2 - $x 

2a?-3*-$ 


^-3a?+|£a?+a:+. 1 l 

x 4 

-3a: 3 -f *j 2 

nifl±£±l. 

x 


Sq. Root=x 2 —:]ar —*. 


(-8a?^2a?=-J;r] 

[ —l^ a ^-2x*= —J] 


Or diu* :— 

Given Exp.=ar*—32 3 +}9 .t*-|_j. + i 

= 86j4 ~ 1 ° 8 * 3 +57a?-f 86x -f- 4 

36 


Sq. root of the numerator will be found = Cx 2 -0x-2 
Also, sq. root of the denominator =6 

\ Reqd sq. roo f == __ ^~9a:-2 _ 9* 

6 6 6 •* 



=a?-ga?-§. 

[By this method we get rid of fractions in the actual work 
extracting the sq. root] 

67 In this expression a: occurs in the numerator as well 
as in the denominator. To arrange it according to 
descending powers of x we first arrange the terms 
containing x in the numerator as usual, then we 
write down the constant term (i.e., the term free from 
•r), and then we arrange the remaining terms according 
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to ascending powers of x as they occur in the denominator . 
The student will learn in the next chapter that this 
‘arrangement of the remaining terms is in fact 
according to the descending poivirs of x, and in keeping 
with the previous arrangement. 

We have :— 



2x 2 -\ 
—1-j—— 

X 



® 4 —a*+4a?+i-— + 

4 x x 2 

X 1 


—x 1 +4x+± [—= —n 

-**+0 +£ 


4x 

2 

X 

+ x* 

£ 4x~2x i — 

4x 

_ 2 
X 


% 


X 


Sq. root=a: 2 —J-f 


x 



Given Exp.=ar*-f — 2 - -x l +4x+t- 


Note that at any step we may bring down as many terms 
as necessary. J 114S 

Or thus :— 

W -®-i-«+*- ~ 

_ *** + 16—4x 4 -f 16a 3 -f x*- 8x 

Also sq. root of the denominator= 2 ;r. 


• • 


Reqd. sq. root=^ 3 ^ a;+ , 4 ^^ 3 -_f 4 .* 

2x 2<r 2 




floe 


PROGRESSIVE ALGEBRA 


75. 


x 

a 


n» 


SJ+o-i 

a x 


- + 3 -^- 
a x 


x z 6x 

-J-+-+7 

a* a 
x* 

a 2 


^a a 2 
x x 2 



- a ~ - =3] 
a a J 


— 2 - 


6a a 2 

a? 


L a x J 


Sq. Root = -^--f3_ 5L 


a 


a 

x 


x 2 


Or Thus 


Given Exp.= ^+fl + J!£__ 6 « 
r /|2 ' «a ~ ^ 


a i 


4-7 


j4 4- a 4 4- 6aa4 — fia 3 .r 4- Ta 2 * 2 

a 2 x 2 ‘ 

Sq. root of the numerator can be easily found=* 2 4-3aE-a 3 , 
Also sq. root of the denominator=ax. 


Reqd. sq. rool=^±^Z^ = ± 


80 


--=-1-3— —• 

ax a x 

Given Exp =(x + ^)‘ + i J +f/ 4 

= ( x* -f- 4 x 3 y Gx 2 y 2 -f- 4 xy 3 4- U*) 4" <*4 4- 
= 2x* 4- 4- Gx 2 y 2 + +2t /* 

= 2(x*+2x*y+hx?y 2 4.2xrf+y*) 

Sq. root of 2 is y/2, and sq. root of the exp. within bracket 

ran , e casi| y found. Reqd. sq. root = the product of these two 

results. 
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82. Find the sq. Toot of the given expression and then the 
sq'uare root'of this square root. 

84. Arrange the expression in descending powers of x and 
proceed to extract the sq. root by the general method. The 
last remainder (which contains no higher powers of x than 
the first) is the reqd. expression. 

86. Proceeding as in Q. 84, get the last remainder. This 
remainder i* the expression which must be subtracted for the 
purpose, hence this remainder with its signs changed is the exn 
wh»ch must be added , and therefore the reqd. exp. 

88 Proceed as in Q. 84; put the remainder equal to zero 
and solve this equation for a. 

™?/? o «T r0( | eeC * aS ,n * ec l uate the last remainder to 
zero and solve your equation for m. 

92. Proceed as in Q. 84 : equate the coefficient of * in the 
last remainder to zero and aNa the constant term to zero 
These two equations give the values of a and b respectively. 

91 Let the Consecutive integers be *-f i, * + 2 and x + 3 . 

Then we have to show that .r(x+ l)U+ 2 )fir 4 - 3 l-ul i. a 
perfect square. Proceed as in Q. 23. ( K+)+ 1 ,S a 


CHAPTER XX 
INDICES 

“i“!' ' **"■" d "“• ti* pi—l of 'todi-"; 

124. Laws of Indices. 

; r !}‘ 0Wing ,a ™ °f 

Law 1 a {Fundamental Index law] 

Law 2 r>1) 

Law 3. {a n ) u =, a mn . • 



808 progressive algebra 

Law 4. (ab) n = a v b n . 

Law 5. ( a \ = £? 

\ 6 / b n ' 

The proofs are reproduced here for ready reference 

- a xo = («x a x ax ... m factors)*, axa xa...n factors) 

axaxax .factors 

=a m + n . 

2 ~ = a XQXQX..m fac tors 

a axaxax .n factors 

=aXa * a * . (m—n) factor* 

= a m-„ f after cancelling n factors] 

3 (a”)- =«"xa'x«* x .n factors 

= a ” + " +, ” + . ™. [Lawn 

= a m \ 1 

4 (ab) " =°bxabxabx .n factors 

— {nxaxax . . factors) 

x(bxbxbx... n factors) 

=a\b\ 

5 ( b ) = ~b X t~*T . . factors 


_ axaxax . n factor s 

bxbxbx .n factors 

_ a” 

~~b*" 

*25 To prove that a°=l 


Proof 


n* _ 

a* ~ f* numerator=denominatorJ 

a n 

a v=a n ' n . [Law 2] 


Also, 
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126. Fractional and Negative Indices. 

tiie'^^ iSfraCtl0nal0rn<?Sat,Ve ’ a " has QO for, 

^ow !t . fan P Qrtant all ibices, whether positive or , 
negative, integral or fractional, should be goveruid^bv the 

?Sl! aWS w ^ haVe been estab, ishcd for positive integral 
indices. We therefore assume the fundamental inZx l™ 

r;i; : -sr £-r=~5 

oe given, as it is beyond the scope of this book.) 
above. 6 Th "* 

process is tb fix symbols >ivo ‘ ^ USua algebraical 

the roles for tbfttwiSSi »»<* U>en prove 

ro find a meaning for a», p being a positive integer. 

«y the fundamental index law 


a. jl .1 
a p XaP xa? x 


1. ♦ »_* 
=a P P 


p factors 


[> r««s 


i Xf> 

=a P = a . 


Hence a > is the pth root of 


a. 


"*£. T ° Cnd 3 mCani “3 for «* • P and ff Peu.g p„s, h , 
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the fundamental index law 


•£- JL JL “ 
a * * a< i xav x .tog factors. 


p 4- 

7 .? 

P*< 

=a? =a^ 


2 


f.tf., \flj/ =flp. 

Taking gth root of both sides, wo have 


Q — 
G ? = -V/flP 


Hence 


of is 


equal to the gth root of fiP. 


Besides this, we have another meaning qf o£s- 
By the fundamental index law 


-L -L _L 
« y Xfl?Xfl5x 


to p factors 


-I_ 4- J_ 4- J. + 


p term* 


t.e., (c *? ) 


a * 

JL 

a i / 


af 




Hence a V also means the pth power of o 4 

».e., /;th power of the gth-root of a. [Art A 127] 

Note. It is now clear that when the index Is a fraction, 
the numerator indicates the power and the denominator the 
/pot, and zee may operate upon the base cither first by the pozeer 
OH# then by the root or first by the root and then by the poioer. 
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For example. f4)^ may be evaluated to two ways 

( 1 ) (4)£«:(4^) 8 M(second root of 4) 3 . i.e., (sq. root of 4)* 

-=(2) 3 -8. 

(2) 4^ = (4 3 )^ «=>(64)* = sq. root of 04«8. 

129. To find a moaning for a'"*, where n has any positive 

value 

By the fundamental index law 
a n Xfl" ,, =fl , ‘‘ n *fl 0 « 1. [Art. 125] 


“71 


• • 


7T 


Hence a~ n is the reciprocal of a n . 

Also, clearly, a n is the reciprocal yf a~ n . a n =^i*jj 

Note. From the equalities a ~"<=-4 and a n «» -r^ it follows 

' • i • ■ • 

that a factor may be transferred from the numerator of a 
fraction to the denominator, or from the denominator to the 
numerator, by changing the sign of us index. 

_ u : 

Thus - i =* -=-v . 
s 4 a 5 i/ 3 a 5 


130. Here is tho summary of all the fore-going articles 
of this chapter :— 

(a) If m Is a positive integer, a m = dxaiXflX .m factors 

‘a’ is tho base and ‘m’ the mdcoo. The plural of ‘index’ is 
•indiofes/ 


(6) For all values of m and n (positive or negative, in 
tegrai or fractional) :— 

a m xa”«=>a rn + n [Law 1) 




i ffl -rfl n or— 

. a 11 


m-n 


[Law 2) 


,(a m ) n ~a M *. [Law 3) 
(ab) n [Law.4) 
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sn 

(<* \* «f* _ 

U i fo*~ l" aw 5j 
(c) [f p^nti q are positive integers, 

* p means the pth root or a. 

p 

° * means the <?th root «f *P, or the pth power of the *th 
root of a [iu r„ or (Va)fy 

^^2 J mcans the 2od root of °* the ** 
(<*) a®sal. 


' (f) a — ami t r • • 

a* ami o j n being any positive number, 

from 1 T’ 1 ' That iS to sa y- a factor “V ^ 
nominate o?£om° f * fraction «'• «* «*- 
changing the s £?f tawST” 1 * *° 016 DUraerat ° r - ^ 

e«mp?e”TnTn r ]^‘^ f ( r e f ? We f ?«*l is ««*« to work 
of Ike laws which ® cslde ? th «*. the following extxntions 

fromthe lawsgiven 
.«*°* # * c ^.[Extension of Law 1 ) 

if »W* 

J { t I ~ x0lfd | Extension of Law 3] 

l J J 

(abed .) —a .6*.c®.(T*. [Extension of Law 4) 

/ . 

' *3^.*^*2*1^7“ [Extension of Laws 4 and 5) 

at.b n .c* . 

aP.b9.cT7. . ,f * r . [Extension of Law 21 











VNDXCES 


•EXERCISE S3 {a ) 

Find the value of ;_ 

V 3 4 . [Solved] 

3. 2 5 . 

3, 4" 

4. 5*. 

5. 3“ 5 . [S'e/uerf] 

7. 4~ 3 . 

6. 2'*. 

8. 3^ 

8 (‘iS’o/ttfrf] 

11. 16* 

10. 81*. 

12. 1024^ 

11 236 ~‘- [So/wd] 

15. 1024 *. 

•* 

14. 343 *”*. 

16. ] 96 

2/ I*5o«V«rdJ 

19. 32 f. 

18. 25*. 

20. 729*. 


3, ‘ [Hint] 

23. 32 ~~$ t 


22 . 64 ^ 1 . 

24. 25 * 



h pos)tivc ind . ws _ 

30 


4* 


-i 
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Express with radical signs and positive indices :— 
35. [Solved] 36. 8a 



Remove radical signs and express with positive indices > — 


39 ' 2 ^*-* ’ [‘ Soit ’« d ] 

4°. ^ 

* 

b 

4 , 

41 ' 5 

42 

^ -2 


SOLUTIONS & HINTS—EXERCISE 83 (a) 

1. 8 4 =3 X 3 X 3 X 3*=S1. 


3' 6 = 


3x3x3x3x3 
^8 = 2 . 


13. 


n 

25 ^ 


2 5f> 


’95fi 


= 1 - 


17. 

21 . 


25. 


27 3 = (^27) 2 =C0) c =9. 

27“*=*., eto. (&*§!?]. 

or* 


25 


>* 






INDICES 


3)5 


=(VA)* that ,s ’ T / base be invert 

=(|) 3 ed, the index changes', sign 

X? ( xj} = T jj 5 . In this question, base—2£-) 

29. 8 o~’*=—I- the factor a~*. is taken 'from 

o* the numerator to the denominator and 
therefore its index changes sign] 

32. Don’t try to change the sign of —5. This sign can 
never be changed. Also note that you have to maKe 
the indices p’ositive ; —5 is not an index. 

-S 5 5 5 


35. *m 


.1 


or 


39. 


-1 


-«* 


-1 


_2 

2<r 6 


‘2 


EXERCISE 83 (6) 


SfenpUfv, 
poshjve lodi 


I. 4ji X 8>l. [Soiled] 

8. 

5 . y'o ’ 8 X y/o*. 


2 . • 

4. ^ a x f/a - 3 . (tf ml] 
6. (W 2 x ( ,( V*)" 1 . 


7. e~§-ra * [SoitKd] g. 


9. 


10. 

4-y/a 

l]!a~ r * 

11. 

(a 5 ) 8 , (£ofoed). 

12. 


U. 

(«*)t 

14. 

cM. 

1 i. 


16. 

(«*) 

t*. 

(Vo) - *. J.Wtnf] 

18. 

(&u)i 


rBOOBBSSTVB ALQTCBttfr 



19. 

21 . 



20 . 

rjwyx' 2 )^- [Soloed] 22. 
<^ a§ ry 24. 


Vx~l 

3 J(^ 

i'i 

(Va~i)k 


Evaluate :— 

26. 2 3 rr.{2 3 ) . 26. 2 33 -f(2 3 ) 3 . 

-27. (S 3 ) ~ 3 2 . 28. (2 3 ) 3 — o3 2 . 


SOLUTIONS & HINTS—EXERCISE 83 (6) 

1. **xa* =*- + J — = ^5- or (^)5 4 
4. Given Exp.=fl®xa*~^ etc. 

7. s-S-tf-To ^-f+A . 

I _ 1 

.*^ 7 * 

II <*»)' «« 8x5 =* 15 . 

17. (V ki)—* - fript ct<? . 

3l - (s /w'*-> 4 = ] [* 

[removing all radical signs] 

= *-§xixi =iB -i = 1 _ 1 

■ J **' 

25 ., 2 a * = 2 9 [•/ 8 2 = 9 ] 

f2 3 )* =2 3X2 =2® 

Given Exp.=2 9 -r2 # =2 9 " c =2 3 *=S. 
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2 1 / 

Note carefully the difference between 2 3 and (2 3 ) - 2 

means that 2 is raised to the power 3 2 , i.e., to the power 9 r 

while (2 3 ) 2 means that the third power of 2 is raised to the 
power 2. 


* EXERCISE 83 (r) 

Simplify and express with positive indices 

6 


1. 


(lja-‘ b> )“ 3 - 2 ' ( 


4 v l<>a s \ —1 


3 

5. (9b-^\6y) -i . 


-5 J\- a 




3 I, 27a 3 \ —2 




8b~> 


) 


6. Ja. 


7. */ * J/ -3 • 

8. x 3 x(a^ x 

9 */a~ l y^ 3 - V.h. 


10. 

(6 k#y) 6 

xt/' 2 

>/*>"*■ 

11. 

( l 2 ^ x 

0 j x' 

■’ 2/' 4 
-- • 


\ X 8 1/ 7 ) 

r*J X 

"* y 4 

12. 


-1 ~ 

i 2 6" 2 \* 


U 6-* ) 

V 6 

r* b l ) 

13. 

/a - ^ x^ x 4 

' 6 /- 

a” 2 

l *~Va ' 

'x/ 

x" e ’ 

14. 

( ^ 



Vi — •>1 

V c -/ 

c 

-i* ) 


[So/aed] 


818 
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Simplify : — 

i x 1 \ a +5 

Sr) 


a$ \i +c 


x 


( 4 ) 


, _c x c + o 

(-5-) • 


«• (*)•» ( 4 r x ( 4 )* 

»• (-S-)" + ' !,+s ' x (4) 

' *(-?)■ 


a* ) ~ \ a" 

a V \y*-\-yz+z 2 


-f ZZ + Z 2 


[Hint] 


A * 

19 (,r' 5tr/ ')'*~ c X two similar factors 

»• H-SM-SOMS-H' 


- 2-+'. a*--". s m+n ^L [Solved} 

Z1 * c m % l0 /! + 2 # 15”* 

l 0 m-n ^ 1 o m+1 . 5 n 


22 . 


23. 


24. 


25 . i5 m_1 . 2 a7n ' n+2 


26. 



2 « + i # e" 41 . 10*‘ 

-n 

• 

oi«4i t 3*'«4« . 25 m_1 

. 15 

3 

5 

. 2* . 10 * 

25. 

“ 

15* 

J_3. p 

.6 4 • 4« 

243^ . ?6* . 75- 



3 -2 * 0 . 9. 



(256) JjMllil 3 
3x2^ X 243 J 


27. 


29 . 


0*42_30 . 6" 


O' 1 * 1 -2 . 6 a * 

3 . 2 n+I —4 . 2 71-1 
2»_2 71-1 


[Sotaf] 


5^45_25 x5 J 45 
28 ' 40 x5a; 42 

3" +3 -G.3^ 

30. 8^+a'^.2T3 ,, + *" 


[//in/] 
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SOLUTIONS & HINTS—EXERCISE 83 (c) 

t. (iy<r r ¥f 3 = | (a-* b | ' 8 =( a -* 6 3 ) - * 

[V -3x.}= —J] 

=(a~ 4 )~ (6 3 ) i =a' ! 6 J = 

6 • 

7. y/x~ Z y X — (£-2 y)l x(xt/~ 3 )^ 

—(af 4 )^ xj/^ x x^x(y~ 3 )^ =x“ - xy^ xx b 

= xy'~l c=£~> . y~l=x^—^. 

U. <*_ 


=(*~ 3_8 . ^+: )T 1 5 x {x -\+s , ^ 

=(ar 10 y 10 ) 1 ^ x(^ . % y~*$ 

** X ^ . t / 3 . . y~~ 3 

=r* y~% — I xj/~=-L- 


-•‘i 


§ 


15 Given Exp.=^jL J 


\b+ c 

I x c y 

C + <J 

*(*-) 


) 

a+ft 

b+o 

• 

x (x> c ) x 



Ctd 


={x a ~ b ) 

=x ia ~bY' t + 0> xx tb-cnb+ c > X;c (C-auc +j, 
=a a2 - 6J x / 3 ~ cJ X x c '-~* 1 . 


__,p a2 —6 a 4- 6* — c*+c* — a a _ x0==1 

17. First factor^-J^+^+y 8 «, «(*-»)(**+*****> 

4^ —1/3 

=a * etc. 


320 


FROGRESSIVE algbbba 


21. Given Exp = 


i 32-^1 


- rt 


i/> a 7 | 


6 n 


6 W 10" + 2 15" 

2 ™*' 32 "*“* . 5' n+ " . (2x3)* 

(2X3)”* . (2 X 5 ) n+2 . (3 X 5) m 
0 ^ + 1 ^f?T + n # on gn 


. (Factorising all bases] 

2*. 3 m 2 * +2 5 »+; 3m 5 «. [openiDg brackets] 

_2 T7, + 1 + n- m_,t “ 3 Q 2 n-n+n-m-n g«+»i-n-a-n 

[Combining factors having the samfc base, by 
adding the indices m the numerator and 
subtracting those in the denominator] 

= 2 -1 8°. 5 a — } x 1 x = 2 x = 5 l o • 

25. (256) can be conveniently written as (2 8 ) ^=2 3 ~ 

Similarly (144)$ = (16 x9)$ = (2*x3 2 )* = 2^' X3$. 

„„ „ 6 7l+a —32 . 6 n _ 6”(6 2 —32) 

27. Given Exp.—g« +1 _ 2 g»T e’^G 1 —2) 

[See if you get back the original exp. 

by opening brackets) 

6 *-~ 3 ?L [Cancelling 6"] 


6-2 
36-32 


-*-!• 


EXERCISE 83 (d) 

Multiply 

1 . <r^+a:^+y^ by x^—y^. [ Solved ] 

2. r^-xty^+y^ by x^+y^. 

3 by fl^-a^^+6^. 

4. .r+y+z-ff^-yM-aM by x*+y*+*V 
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5. 3 a - *+a^+ 2 a* by a 6 '—2. {Solved) 

6. a“ J -l. 

4 —t 1 i —i 

7. a 3 -2+a 3 by a 3 -a J . 

8. 3 a?S—4a^—by -6x ®+3x*+x •*. 

Divide :— 

9 . x^-\-3x^y~^ Sx^y *—y 2 by x 3 -by ^—2x^y K 

10 . <r$+x* + 21,r + l by 3x^ + 1 . 

11 . x*-y$ by x^ — ij*. 

1 _2 _1 „ — i 

12. 64a +276 by 4a 5 +36 3 . 

13. 1 —a - -+2a^+a- > by l+fl _ *+a 4 . 

14. aty"*+0*x"* + l by xy -, +tfx* l -l. 

15. a— 6+c+3a*6^ by a^ — 6 J +f 3 . 

16. x l *—-x _,2 +6(x®—x _B )+9(x*—x’ 1 ) 

by x 7 — x' 6 + 3(.r 2 — x* 2 ). 


Find the square root of :— 

17. x3_ U2; 5 +x -2_i4 X “i + 2x - ^ + 49. 


18 

19. 

20 . 

21 . 


6 •; 1 5 2 

x 3 +4a-» + 2x <! }-4x—4x B +x 3 . 

6 _2 *2 3 _I 

a 5 +a ^+1 —2a J —2a’+2a ' 

(a + a -1 ) 2 —4(a—a~ l ). [//in/) 

l _ i 

a + a“ l —2(a- +a -) + 3. 


[Solved] 
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SOLUTIONS & HINTS—EXERCISE 83(d) 

Hence JehaT*" a ' ready ,n d ^ondin R powers of,. 


* 11 2 
X s 4 -x'y 3 -\-y 3 


2 4 


1 2 
5,,3 


a: +^ 3 i/ 3 4-a ,3 i/ 

* \ 1 £ 

—x'y l —x 3 tj z — y 


x 


-y 


[Note that a?^ xa^=a3"^ ^ 

Or Thus :— 


etc. etc.] 


Put x 3 =a and if^—b. 

•• I I\xp. = ( ;r^) 4-a: 3 i/^4-( */^) =0*-\-ab-\-b 2 

and it Exp.= a -&. 

Keqd. Produtt = (a 2 -f.' a 6-j_6 2 )(a^6)=a3-6 3 

= ( a:^) — (j/^) [Putting back the 

values of a and 6] 

~x—y. 

5. [Note. - When negative indices are involved, the be- 

some difficulty in arranging an expression 
according to powers of a letter. For this it should be re¬ 
membered that — 1 is less than 0, —2 is less than —1, —3 is 
less than —2, and so on.] 

Arranging according to descending powers of a we have 
the following process : — 


fl- , + 2a 3 + 3a « 
u^ — 2 

o^-h 2a-+3 
_ —2 a- — 4a ^ — 6a ^ 
a 5 —4a^4-3 —Ga~^ 
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9. Arranging according to descending powers of x we 
have 

M 3x^j/“" 6 +3x 5 ?/ ^ — u y ^ 

1 i—l 4 —i 
x* — 2z i y * + x h .y 

— x^y— ^+2x*y~ - ^ —v — ^ 


16. Dividend =x 12 + Gx 9 +9x‘ -9r" 4 - Gx' 8 -x- 12 
Divisor =x*+3x 2 —3x“ 2 — x -6 

x^—7+x -1 

• • 

o i 

i7. _ ; 


x5 ' x3_14x3+49 + 2x 


~h_ 


-1 -2 
14x -{-x 


2x^—7 




-i 


2* 5 -14+x 


— H.r5+49 

— 14x5 + 49 


-1 


2x ^ — 14x + x 


-2 


_ 1 


-1 


_■> 


2x 


— 14x +x 


X 


20. Either open the brackets and proceed as in Q. 17, 
or write (a + a" 1 ) 2 as (a— a -1 ) 2 — 4a xa' 1 , 

that is as (a—a -1 ) 2 —4. 


EXERCISE 

83(r) 

Find the square of :— 


1. U$+ x -i. [Solved\ 

2. 2x* + 4x~^ 

3. i m +i\ 

_ n 

4. x 2 — nx 2 

5. 3a^—a*—[So/xcdj 

6. 1 —— a ~ ^ 
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7 J-Jy-l+y-l 8. x a -J-* “• 

Find the cube of :■— 

9. x^-r3*r — K [ Solved ] 10. x*—x 2 % 


11. g" 



' 12 . 


Write down the value of » 

13. (or* — y*) (**+y*) (**+¥*)• [Solved} 

14. (xt+yh{**+v*)i**-yh- 

15. (x^+yh (i’-iV+J/*)- 

16. (x* — y~h (x*+x^y~^+y **)• 

17. (J-a _ *-l) (a5-La _ 5 + o + a i_ a “i). [ffinf] 


Write down the quotient of : 


18. 

20 . 

22. 

23. 



25. 


a_9& by a*+86*. [Solved] 19. x*"-l<>by x"-4. 
^" + 8 by x"4-2. 21. l-8a~ 3 by 1 —2a” 1 .. 

j-yq-z-FS^t/M by x*-y*+z*. 


If ar = 2^-F2 — K prove that ‘ix 3 — 6x=5. [Solved] 

If x=3^—3 — show that 3x 3 +9x=8. 

If a — 3 •?_ _JL show that 2a 3 -}-6a — 3=0. 

v 2 


Simplify and express your result with positive indices : 

^ x+5 + 6^ . ^-2^-3r- 3 

Zo. 


l-+-6x" l 4*8x" 3 * 


[Hint] 27. 


9x~ l —x 



INDICES 


3*5 



x-'+y- 1 




y- l +ar l 

if 1 —x~ l 



IT 1 -*- 1 

tr 1 —a- -1 



SOLUTIONS & HINTS—EXERCISE 83(<?) 

1. (1*^—a?“*)**»(l*^)*x xor”* H*®"”*) 

^\x^-x^-\-x~K 

5. (3a*-a~*-2) 2 

=(3a-) 2 +(- a ~*)*+(-2)‘+2(3a*) (-a”') 

+2(3a^)(—2)-f 2(-rO _ ^)( —2) 

=9a+<2“" 1 -f4-6a°-12a“ + 4a“^ 

=9a+a“ 1 + 4-6-12<z--Mfl~- [V a°=\] 

—9a — 12«- — 2-f 4a~^+a“ . (Arranging according to 

powers of a] 

9. (a^+3»“"^) 3 =(^) 3 -t-3(*V(3*"'h+3(*^) (3*~V 

+(3x“ i )* 

=*+3xa:*x3a:'"’^-f3xa^ x9.r — ^-|-27 .it 1 

=*+9.V*+27z ~ * 4- 27.iT 1 . 

13. Given Exp.=(a4-]-?/^) (x^ — y^) (x“-f»/-) 

[writing last factor first] 

= {(**)*-to*)* }(**+!/*) 

[multiplying the first two factors by the formula 

(a-+• b){a —6)—a®—6* ] 
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=(**-»»} (i-+y-) 

12 12 
=(*’) -Ur) 

[Applying the same formula again] 

=m-y. 

17. Applv the formula (*4- y+z){x 2 +y*7\- z 1 —j/z-zj) 

18. Dividend=a—9f> = (a^) 2 —(3fc 4 )*=(a i +3fc 4 ) (a' s -3^) 
Divisor =a- + 36-. 

Reqd. Quoticnt = a 2 —36^. 


23. x = 2^ + 2 i 


[given] 


= 2-p2 — * 4-3(ar) [V 2 i X2""*=2°=l 

and 2*+2~*=* (given)1 

i.e. t f>=2 + H3i=5+3x 

or 2 x 3 =5 + 6x 

or 2x?— 6x=5. 

6 

*+5+ — 

26. Given Exp.=*-^-£* etc * 

1+ ¥ + ‘i* 


EXERCISE 83(/) 

Solve the following equations 

j 4*+a t _g*-3 [Solved] 2. 3 r+8 = 9 

3 8 t(e-i>— 4 *+V 4. 2 ar+ft =i>!2. 
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s. 

8*~ 8 =1. [Hint] 

6. 

(\/5) x = 125. 

7. 


8. 

(V'7) 8X -* = ( > y49)**- 1 . 

9. 

a 

« 

9 r = %■ [Solved] 

10. 

oJ* + 5_ 

Z — 2-2X* 

11. 

25'- 5 T 

25 - 2 -r-i • 

. 12. 

9.3—= 


13. 

2 jr+3 =2 t+5 —6. [So/ued] 14. 

3 r+5 = 3 r+3 + 2 3 . 

15. 

4* _1 = 2 2r+1 —7, 

16. 

125 T = 5 3Jr - l + j. 

17. 

• 

2*-*.3*-i-i8. [So/iW] 

18. 

i 

3 r + S 5 t+ 6 _U25 

• 

2 r+3 .3* +2 = 432. 

i 

20. 

7 x-i 3 r - 2=7 

21A 

2 r+ V=32 ) r „. n 
3 r -!/=3. • {'[® in 0 

22. 

3 T .9^ = 81 

3* 4-9^=9. 

23. 

4^x8y=128 

9*4-27^ = 3. 

24. 

3r+y-2;_27>P-V 
4 3 ^ = 16 : + - r - 1 ‘ 

2 -.ir +2 :-y = 1# 

1 

25. 

• 

2 r+ 3’ / = 4 ) rc . 

2 r+| -j-3!/+i = i i, 

,j 26. 

3* + 47=19 
3 r_l + 4^-1 =5. 

27. 

2- r f5y=9 > r ... 

4*—25^=—9. 

28. 

7 r — 5^ = 6 

49 r —23" =48. 


SOLUTIONS & HINTS—EXERCISE 83 (/) 

1. 4 J ‘ +2 = S ' 1 ”* 3 

or (2 2 )- r+2 =(2 3 ) 4 ' 3 [reducing both sides to the same base, 2) 
or 2 2Jr+5 -.=2 3,r ~ 9 

2r f-4=3.r— 9 [The bases being equal, the indices must 

be equal] 


®= 13 . 
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928 . 

v 

5- 1 may be written as 8°, 

9. • 9*= JL 

3 X 

I 

3 2 

or (3 2 ) x =-^- • [reducing each power to the same base, 8) 
or 3 ZT =3 2 ' X 


• 

• • 

2x—2—x 

[equating indices] 

• 

• • 

• 

tm 

•II 

• 

13. 

2 X+3 =2 X+S —6 • 

# 

• 

0 

or 

o*+5 _ 2 f+3 =6 

[By transposition] 

or 

2 X+3 (2.2-1) =6* 

0 

or 

2 X+3 X 3 = G 

[V 2*—1=4 —1=3] 

or 

. ^ x+ 3 =2 

9 

• 

• •" 

x+3 = l 

[Equating indices] 

or 

x= — 

2. 

17. 

2 X ~ 2 x 3 X_1 =18 

2 X - 2 x 3^ _1 

9 

or 

18 =l 
2 X " 2 X 3 T ~ l 

[Dividing both sides by 18] 

or 

2 1 X3* 


or 

2 X ~ 3 X 3 X_3 = 1 


or 

(2 x 3) x_3 =l 


or 

0 x -3 = i = 

= 6° 

• • 

a: —3 = 0 

[equating indices] 

or 

CO 

II 


21. 

2 x+ y = 32 

...(0 


8 x -y = 3 

-..(ii) 


From (i) 2 X+ J' = 2 5 x+y=5 ..{Hi) 

From {ii) 3 r -'J=3 X x—y=\ ...(to) 

Solve equations (tit) and (tt>) simultaneously. 
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25 . 2*+3 y =4 ...(f) 

2^ + 1 +3y + i=n ...(it) 

From (u) 2 X X 2 = 3? x3=ll • ...(»{) 

Put 2 X =a and 3 V—b, then :— 

(i) becomes a-b 6 =4 ...(to) 

(m) becomes 2^4-36=11 ...(u) 

Solving (iu) and (u) simultaneously, we get :— 
a= 1, x 6=3 
.*. 2*=1 and 3^=3. 

Of these, the first equation gives 2 r =2°, so that ar=0 
and the second equation gives S^S 1 , so that y= 1 . 

27. The second equation may be written as (2 2 ) r — (5 2 )^= —9 
or as (2 x ) 2 -(5?) 2 =-9. 

Now, if we put 2 r x=a and 5^=b t the given equations 
become :— 

a+b =9 ...(i) 

and o’- 6 2 =- 9 ...(«) 

Dividing (if) by (i) we get a- 6 =-l ...(»») 

Solve '(i) and (iff) simultaaeously ; etc. 


CHAPTER XXI 
SURDS 

.. . When a root of a number cannot be exactly obt oincd 
it is called an irrational quantity or a surd, e.g., -y/‘_\ ^ 4 , 

V 7 . etc. 


When a root of an algebraical expression cannot be 
enoted without the use of a fractional index, it is also called 

an irrational quantity or a surd., e.g.. V a, V "«* + &*' , v^ 1 , 
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4 • 

Note that V4, v 727 and V 625 are surds mere, y in form J 


they are not really surds, for \/4 = 2, ^27 = 3, and/625—5. 

Quantities which arc not surds are called rational 
quantities. 

132. The order of a surd is indicated by the index of its 


n 

radical sign. Thus is a surd of the third order ; yja is .a 
surd of the nth order. 

Surds of the second order are also called quadratic surds. 
Thus V 2 and V x are quadratic surds. 

133. A rational quantity may be expressed in the form 
of a surd of any required order. For example : 

2 = /4 =^3 =VIG = . 

a — \/a 2 =\ya 2 = y/a* =. 

134. Simplification of Surds. 

A surd can sometimes be expressed as the product of a 
rational quantity and a surd. For example :— 

y/\8 = y/0x2 =\/0x y/2 = 3\/2. 

^24=^8x3 =^'8 X^3 = 2^3. 

A surd so reduced is said to be in its simplest form, if the 
integer under the radical sign is the least.possible. 

Conversely , a rational coefficient of a surd may be put 
under the radical sign alter due modification. For example . 

5 y/2 = /3 2 X V 2 = V 5 " X 2 = VW • 

135. Surds arc said to be Similar or like when they can 
be expressed with the same irrational factor. 

Thus 3^2. W* and _5v ' 2 arC SimUar SUrdS ’ beCaUSe thC 
irrational factor in each case is y/2. 

V8 and V"=o arc also similar surds, for they arc equal to 
2y/2 and 5 /2 respectively. 
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136. Addition and Subtraction of Surds. 

These operations arc possible only when the surds are 
similar. For a beginner >t is - better to put the common 
irrational factor equal *«» a htter. In this way the method 
becomes self-evident. For example :— 

13 v / 2 + 7\/2 — y/ % l— I3<i -r “a — 5a (where \/2) 

-15a=15x 2. 

But after a little practice the result should be obtained, 
directly, without making any substitution. 

137. Multiplication and division of Surds. If the bases 
are equals apply tin* lavs a m xa" =<i'''* u and a"-n'=n 
but if the bases arc unequal and cannot be made equal reduce 
the given sards to surds of the same order and apply the laws 

• 

Vox and Vu-V6 = Solved examples 

of the next exercise will make these methods quite clear. 

EXERCISE 84 

Express in the simplest form :-?• 


1 . 

V 75 . [Solved] 

2 . 

V 80 . 

3. 

5 V5 4. 

4. 

£ V128. 

5. 

^”54 . [So/mf] 

6 . 

•I/ 375 . 

• 

7. 

4 

V 312.V 

8 . 

\/ —2187. 

9. 

y/'6tia?b. [Solved] 

10 . 

v i«n s 6* 

n. 

$ — 108a 4 6 3 . 

12 . 

Va J + 2 x*y + 'xy\ 


Express as entire surds :— 

13. 6V2. [Solved] 

15. 7 -y/3. 

17. }V 32 * 


14. 

16. 


5V7. 

a 2 by/ ab » 



18. 
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19. 3J/5. [Solwd] 20. %^3. 

21- 2 v »/9. 22. ^ ylti . 

% 

Simplify :— 

23. y/ 32 -f V so . [Solved] 24. V 40 -\-y/ 90 . 

25. V 147 — Vio8 — y/S. 26. JV'ts'— 

27. V 128 +V72 -V^ -v'200". 

28. lv/ 486" -y/~*f 

29. ^320 + v 1 ^625 — y 1080. 30. ^ / 128 + ‘^ / 432— N J / l024. 

31. \/50x* -f- y/72x i — 128* 5 . 32. 8^8p— 22^125*+^27?. 

33. Express 2 as a surd of the fourth order. [Solved] 

34. Express 5 as a surd of the third order. 

35. Express 4 as a surd of the fifth order. 

36. Express a as a surd of the nth order. 

37. Express y/5 as a surd of the 12th order. _f Solved] 

38. Express y/Q as a surd of the 20th order. 

39. Express f/\ as a surd of the 24th order. 

10 

40. Express y/5 as a 1 surd of the 50th order. 

Reduce to surds of the same order :— 

41. V3, C/5. [Solved] 42. y/2, j'5. 

43. C/2, V3. 44. C/Q, V3. ^2. 

Which is greater :— 

45. C/5 or V3 ? [Hint], 46. or V*0 ? 

^ v^5 or ^6. 
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48. Arrange in ascending order of magnitude :_ 

V'a, \/ 4, ^7. 

49. Arrange in descending order of magnitude':— 

^10, v' 6, -v/3. 

50. Arrange in order of magnitude :— J/5, ^ 3 , ^ io. 
Simplify 

51. y/2 x \/18. [So/ced] 52. V 3 X %/75. 

S3. V5XV12XV15. 54. VW X^Xv/^T. 


55. 3\/2 x4\/7. [So/crd] 56. 3y/Sxy/^- 
57. 2V14X3V21. 58. 8 VHT x 5 V «F. 


59. v^x VS. [Soford] 
61. ^3xV4. 

63. V2XV2X^2. 


60. V 3 x ^ 6. 

62. v^x-^Tx^T. [Solved] 

- ____ | ^ 

64. y/ab . f/ab . Vo&". 


65. ley 21 ~V2«. 

66- 4V“54 -r2Ve . 

68. ^6-^V3. (So/wd] 

70. ^o-r-V'lO. 


[Sofoed] 

67. 21V334'i-8V 96 . 
69. 


1. 

5. 

9. 

13. 

19. 


SOLUTIONS & HINTS—EXERCISE 84 

V73=V23X3=Vis X Va"=5 X V3 =: 5 V3. 

V54=y 27 x 2=V 27 X V2=S x V2=3V2. 

Va&a^ =V36T?ir^= Viex V«*" x Vai=6aVa6 

6 V2=V36 X ‘ 

*#*=#■>1 X ^5=V‘i7^=Vm. 
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23. 


33. 


\/{j2 4- \/so= \/l0x2+\/25x 2=4\/2+5\/2—9\/2. 

[A beginner may put \/2 = x, so that the given exp. 
=4x-\-5x=9x=9\/ , 2, after re-writing the value of x ] 

2 = (2‘)‘= (16)^ = VlO. 


4 1 3 12312 

37 . v'5 = 5^ = 5 T ‘2 = - v /5 =y\ 25. 

4 . 1 3 12312 

41. y3 = 3 4 =3 12 = \/3 =^/27. 

1 2 12 2 12 

v B /5=5® = 5' 2 = \?5 = \/25. 

[Note that 12 is the L. C. M. of 4 and 6 ; we have 
expressed each of the given surds as a surd of the 
12th order.] 

45. Reduce the given surds to surds of the same order as 
in question 41 ; then that surd which has the larger number 
under the radical sign is greater. 

51. \/2X \/18 = \/2 xl8 = y/- X‘2x3x3 = 2 X 3 = 0. 

55. 3\/2 X 4\/7=3 X4 X ^2x7=12 X \/ 14=12 \/14. 

59. •$/'! X y/5=2^ x 5^=2^ X 5^ [reducing the indices to 

the same denominator] 

= y2 i x^/5 9 

— y 4 X f / 1 25 = C/ 4x125-= yzod. 

62. y/7 X.J/7 X ^/7 = 7“X7^ x7^=7^^ fl =7 , .=7. 

[Note carefully that in this question we need not 
reduce the surds to the same order, as in Q 59, for 
here the bases arc the same and therefore we can 
multiply by the fundamental law of indices]. 

_ _ _ 16X-v/2V 16Xy/7~ X\/¥_16XV8 

65. Given bxp.=-—— =- T^TT TT- TTi" 

1 yj 28 v 7 x V 4 V* 


65. Given Exp.= 


= 162^/3 =8v/3 


68. 


^6_ 6^ _ 6^ = yG = 12 / o x G x 6 x 6 = 
^3 7 3* -V 3X3X3 


3 _ _ , 2 /GxGx 6 x 6 

* _ *a tv -v 3x3x3 
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138. Compound Surds. 

An expression which involves two or more simple 
connected by the sign + or - ,s called a compound surd. 

Thus y/3 arid \/2 are ' simple surds, while e3 + i /2 
compound surd ^ " 


surds 


is « 


139. Multiplication of Compound Surds. 

Compound surds are multiplied like compound expressions 

hu'iteC^ mpleS ° f the " eXl excr -''“ -« '»-*= method 


EXERCISE 85 

Multiply :— 

l ’ V'2+l by V'2 + 3. [Solved] 

2. y/3 + 2 by -v/3-1. 3. V2-3 by 2v/2~5. 

4. ^3 + 7 by V12 —I. 

5. 4v/5-3V2 by 3^5 + 4V2. [So/yed] 

6. 8 v '2-2v/3by 3^2—-v/3. 

—4-^/2 by 2y , 5 + s3y'2. 

8. 5-v/T — 4\/5 by 2y7-f- v '20. 

9. 3-y/2-f -y/3 by 2V5+-v/7. . 

10. 2 v / 5+- v /24 by V '12-2 V '2. 


Find the value of :— 

11. (3 V '5 + 2 v' 3 )( 3 v / 5 - 2 v / 3 ). [So/ucd] 

12. (5 v /2~2 v /o)(5 v /2-f2v'5). 

13. (2^6 + v'3)(\/3-2 v /6). 

14. (5v'7- % /80)(4v'54-5- V /7). 


l5 ‘ (5 —3\/7) 2 . [SoZwrf] 

17. (2-V/G-3-V/5) 2 . 

19> (Va+x - y/^T x )\ 

21 ( 3 V'‘C T +y 2 —2v/£rzp)2 


16. (2 v '3-f3V2) a . 

18. (4v/3+V6) 8 .' 

20. (2v'J-v/l+4i) a . 

22 . {V^+i — y/wZTi)*. 
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23. (v/24- %/3 - \ / 5)( V2 - v/3 4- v'5)* (Sofoed] 

24. ( v'5 + v/74-3 v /2)( v'5--1/7 4-3^2). 

25. (4\/3 — 2\/24- x/ 5)(4- v /3 4-2V'2-V3). 

26. (5 x /2-2 v /5-1)(1+3\/ , - + 2V5). 


Find the continued product of : — 

27. (14- \/3)( V- + \/6)(2V2-K W- [*So/ved] 

28. (V3+v'5)(3-2V1o)(\/5+\/3).. 

29. ( v/‘J 4- >/3 4- \/5)( - y/2 + V3+ V- r >)(\Z« “ V* + V 5 ) X 

( V '2+V r 3-\/5)- [Hint] 

30. ( ^3 + v'5 + VZ)( - V3 + V5 + V7)( \/3 -V5+ >/7) X 

* (V3 + V5-V7) 
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Reqd. Product = (\/24-1 )(y/2 + 3) 

= (V2+i)xVH(\/Hl)x3 
= 2 4- \/2 + 3 y/2 +3 
= 54-4^2. 

Reqd. Product = (4 v'5—3\/2)(3\/54-4\/2) 

= (4 \/5 - 3 v/2) X 3 \/5 4- (4 v'5 - 3 V2) X 4 \/2 
= 12X5—9v'104-10 v /l0 —12X2 
= 64-0^104-1«\/10 —24 

=364-7\Zl°- 

Given Exp. = (3\/5-l-2 \/3)(3 y/o 2\/3) 

= (3v'5) 2 —(2\/3) 2 [.*. {<i+b){a-b)=a--b - ! ] 

=9X5—4x3 


=45 — 12=33. 


(5 -3Vr ) .-( 3) »+(3^ry»-*x5 ? <8V7 w=ai+4t _ Sfl4] 

=25-*-0S — 30 \/7 
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23. Given Exp.=(v/2+ V3- y/5)( \/2“v/3+\/5) 

“{ V'2+(v/ 3-V5)> { v'2-(v'*-v'5) > 

=(V2) 2 -(V3-\/5)- 

=2-(3+5-2 V 'l5)=2-(8-2 V 'l5) 

= 2-8 + 2^15=-6 + 2V15. 

27. Given Exp. = (1 + v /:>)( % /2+>/«)(•>^2-v/6) 

= (1 + V'3){ 2X2 + 2V12-V12-6 } 

[Multiplying the last two factors] 

= (1 + + 4 V3—2-v/3-6) 

= (l+v'3)(-2 + 2 v '->) 

=2(1+ V3)(-1 + ^3) 

(Taking out 2 from the second factor] 
= 2 { (V3) 2 -(l) 2 > =2(3 —1)=2 x 2 = 4. 

30. Multiply the first two factors and the last two factors 
separately (See Q. 23J. Then multiply the two 

nrrwiitsito * * 


irrn! 40, . Ratlonallsin g Factor. When the product of two 
irrational expressions is rational, each is said to he th* 
rationalising jactor of the other. t0 be the 

V2x°V2=2. Ple ’ a ratl0nalisin 3 factor of is ^2, for 
A rationalising factor of 2-^3 is 2 + ^ 3 , because 

(2 \Z3)(2-j-y'3)=4—3 = 1. 

tfa^ventjj^ ^tiopolising factor 

, simplest. Thus thl !• W *i l houl ? cI ? 00S0 thut which is the 

y although Js V32 ral,0I,all5i,, g factor of V* is V 2 , 

h V*. V32, y/, 2| etc., are also rationalising factors 

«<«> 
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EXERCISE 86 

Give the simplest rationalising factor of :— 

1. \/3. 

2. V12 

3. V20. 

4. 3 -v/c. 

5. ^3+1/2. 

6. 2 y/b — \'Z. 

7. 44-3v/3. 

8. 3V5-5V7. 

Express with rational denominators :— 

9. ±. [Solved] 

10. 

•v/o 

11. \ 5 . 
v/10 

12. . 

V3 

13. 

3\/2 

14 . V ? • 

x\/n 

Ral ionnlise the denominators of :— 

15. — j- !-. [.Solved] 

y O —^ l 

U - VS-*' 

17 _ 1 _. 

18 2 

\/6— 

4-3v/2 

19 

v/3-v/2‘ 

30 

Z0# 5V3-3Y5* 

21 • 

^ V3+V 2 

2Z * v^-V 2 

2V5+V3 

S V5 + 2 v/3 

V 7 +V 2 

4 0 4-2^/14 

2Y» + 3Y2 

5-f2V« * 

_ 8V5-3Y2 

26, 2 \/ 5 — 5 V 2 

Divide :— 

27. V5by % /5-v/3. 

28. y/2by y/b-y/'l. 

(So&ed) 

29 . 5y?~ 2 b y v^-V 2 * 

30. 4 y/6 — 8 -y/2 by V 3 + V 2 - 
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Express witH rational denominator :— 


31. tooted] 32. 


33 V^+Vg-i 


35. 


37.. 


V2 


1+V3HV** 

4 

v 8 “\/2“*r 


(Sotodj 36. 


38. 


39. 


40. 


2. 


Vl8+v/50~V»^ ‘ 

_ . 5^8 


(Hint] 


\/x*+a l +a 

34. ’ V**H-y a 4- VV-^y» 

vV + 'Z 4- V&-y l 


1 


\/ z + \/8—• \/5 


V75 — VoOO-h-v/108 * 

5 

V27 - ^32 + V8 - yl 2+VI§ 


Simplify :— 

41 • *5^3+2“+^8- ( S<>,Wd ) 

v.. 43 4+v6_4-v'o 

4 V5 4-f-v/5* ’ 4 *— y 6 4-fV<J' 

44. y a —Vb , Va+Vb 
V<*~\-\/b y/a—y/b' 

2 —V3 \/8-fV2’ ^3- 

46. - 8 Vg..._ ■ V6 

V8-f-v'6 V0-tx\/2 \/2-f\/8* 

47. — V« 1 _ Vi> _a~b_ 

Va-Vb y/a+y/b n-f6‘ 
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SOLUTIONS & HINTS—EXERCISE 86 


9 i — 5 * v 2 = 5 y 2 

V* \/2Xa/2 2 

|__ ^ y \/3+ 1 _ \/3 + l_\/3 +1 

V3—1 \/3 — I \/3 + l i>— I 2 

71 8+-V/2 _3-f \/2 w 2-r\/2._ 6 + 2 x /24-3 V>-f 2 

2— V 2 2— \/2* 2 + \/2 4-2 

_ * + 5y /2 
2 


27. Reqd. quotient 


= V5 __ 


V 5 x \/ 3 +v' 3 


V5-V3 V5+V3 

= 5 ± yi5 = 5±yi5 = 

5—3 2 


G + \/o : — a + y/ a 1 — x 1 y a + y/a z —or 5 

a — \/ a*—or* a — \ZaTTJs a 4- V a *“x s 

_a 2 + (a 2 —x 2 )+ ‘lay /a* - x- 

a 2 — (a 2 —# 2 ) 

_ 2a 2 — .r 2 + 2a yV-a 1 

x 1 


35 V 2 = V2_ x (L±v'?)-v? 

\ 1 + V3 + V2 (l + \/3j + v'2 (I + \/3)-v/2 

_\/2(I +\/3-V2)__ V2+\/C - 2 

(I + V3) 2 “(\/2) 2 2+2^3 

[V Den =1+3 + 2 v/3 —2 = 2 + 2 v 3 l 
_ y/2 + v /«-2 x l-V3 

2(1 +-v/3) 1 —V3 

_ \/2 + ^/6 - 2 - y/6 - 3 v/2 + 2 \/3 

;2(-2) 

_ — 2 \/2 — 2 + 2 +3 _\/2 + 1 — \/3 

— 4 2 

(Dividing the num. and den by —2J 
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38. Denominators V^+ySO- V98=3 V*+5 
= a/ 2. Rationalise the denominator. 

3 2 15+3vg-j-10 -2V3 ^25+V 3 . 

4l * 5—y'3'"^~5+ y/3 W— 3 

25+V 3 
“ 22 

1 _ 1 v?±V?=y 

45. First fraction—2 — V 3 2+V# 1 

=2 + V 3 * . # 

Similarly, rationalise the denominators of * h .® ^ lber 
fractions and combine the three results thus obtained. 

47.. Add the first two fractions and then add the sum 
obtained to the third fraction. 

142. Theorem. The square root of a rational quantity 
cannot be partly rational and partly a quadratic surd. 

Proof. If possible let y/a=b+Vc t where o and b are 
rational and y/c a true quadratic surd. 

Squaring we have :— 

a=6 2 +c+26\/ c 

2 by/c^d—b x —c 


V c — 


a-hP—c 

26 


I 


that is, a true surd is equal to a rational quantity, which is 
impossible. Hence the theorem. 

143. Theorem. lfa+y/b=>x+ y/y, where a and x'are 
both rational and y/b and y/y are true surds , then zvill a=x 
and b=y. * ’ ■ ' 


Proof. If a is not equal to x, let a be equal to x+m, 
where m is a rational quantity*. Then we have :— 

x+rn+y/b=x+y/y 

w+y/b—y/y 


that is, sq. root of y is partly rational and partly irrational, 
which is impossible by the last theorem [Art. 142] 

Hence the theorem. 

' 'i 
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Cor. If a-{-y/b —then a — \/b=x —^y. 

[For, by the above theorem a=x and b=y and therefore 
the two sides are equal,] ■ ' 

Note. The theorem of Art. 143 is true only when y/b and 
Vu are true surds and not surds in form only. Thus 2 -f-\/9 

=3 4-\/ 4, [' each=5], but from this we cannot conclude 
that 2=3 and 9=4. - 

144. Theorem. If y/a+y/b=y/x+y/y t then y/a-y/'b 

= y/x — y/lj. • 

Proof. V a ~i~Vb=y/ x ^rVy [given] 

a-\-y/b=x+y-\-2y/~^f [Squaring both sides] 
a=x \-y and y/b=2y/~$f 

[Theorem of Art. 143] 
a— y/b=x+y —2y/~Zy =(y/x— y/y) 2 

Va — y/b — y/x—y/y. 

145. To find, the square root of an expression of Vie form 
a + y/b, where y/b is a true surd. 

We shall give three methods by solving a particular 

Example. Find the sq. root pf 144-6^/5. 

Method 1. 

Let \/14 t-6‘^5 = y/x-\-y/y 

\*+§y/o=x-\-y-\-2y/ ~&f (Squaring both sides] 

■ * x4-y =H ••»(*) J rA r i 1431 

and 2 ^/jt/ =6-v/5 or 4a:^=130 ...(»*> f *- * J 

Now, (x—y) z =(x-t-y)*—4xy (Formula] 

=(14) 2 - sS 180 * [using results (i) & («)] 

— 16 . - * 

•*-?/=4. (Hi) 

(<)+(»/) gives 2x=18 or .t=9 

(0 — {Hi) 2y=10ory=5 

Reqd. sq. root= v/9+ y/5=3-r ^5 
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Note. After obtaining equations (0 and (it), which are 

and xy=45 

we might be able to find the values of * and y by 

For. * and y are those quantities whose sum = 14 and pioduct 

=45. ^ . 

Method 2 


Let y/l 4+«V 5 —. 

Then VL4-6Vi= y/x-Vv l ArL 14t l 
Multiplying the two equations we get 

V(i4+6V 5 M 14 — 6 v^)=(V*+ Vy){V x -Vy) 

i.e„ y/\ 96 - 18 Q—x—y 

i.e. t x-y=t .(“) 

Also squaring (i) and equating rational parts only, we get 

ar+t/=I4.(m) [ as in Method 1). 

Solving («) and (iii) we get x=9 and y=5, etc. 

Method 3 {by inspection) 


14+6 ^5=14+2 X 3 X V > 

=14+2^43 [by taking 3 inside the radical sign, 

where it becomes 3 2 or 9.) 

=9+5+2Vox5 [The number 9 and 5, whose 

sum.is 14 and product 45, 
have been found by ins¬ 
pection.) 

=(3) ! + (\/5; l +2x3xV5 
«=( 3 + V *) 3 

.\ Reqd. sq. root=3+ \/5. 

145. i Square root oj an expression of the form a—^b is 
found by supposing it to be equd to y/x—ify a-«d proceeding 
as in Art. 145 (Methods i and 2) or by inspection as in tho 
same article (Me hod 3). For actual il u>t rations see solutions 
to the next exercise. 

147. Square root of an expression of the form y/a+^b of 
y/a-y/b* 
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Express the given expression as the product of two 

factors, one of which is of the form y/k and the other of the 

form \/q or p-y/q. 1 he sq. root of y/k is f/k and the 

root oi the other factor can be found by Art. 145 or 146. 

The required square root is the product of these two square 
roots. 

Example. Find flic sq. root of 14V2+6V10. 

Solution 14 -y/2+6\/10=-\/2(14-{-6\/5) 

Sq. root of V 2 —\V2 ■ , 

and sq. root of 14+ 6^/5=3-}-y^5 

[see solved Example, Art.' 145 ) 
Reqd. sq. root=^2.(3+ y/5)i 

EXERCISE 87 


Find the square root of :— 
1. 7-f4 y/8. [ Solved ] 

2. 

•34-2v/2. 

3. 

54-2 v/6. 

4. 

84^-2^15:* 

5. 

114-4^/6. 

4k 

36+12^6. 

7. 

14-6V5. | Solved) 

8 n 

7rrW) 0. 

9. 

\8 — 8y/5. 

10. 

41 —24 v^2. 

11. 

18 —12\/2. 

12. 

35-12 v/6. 

13. 

2 — y/3. [ Solved ] 

14. 

3- v/5. 

15. 

44-V7. 

16. 

64-\/35. 

17. 

2 2 v 

18. 

| + v' 5 - 

19. 

u , /fi 

20. 

8 To v ^ 6 * 

21. 

y /32 4- y/ 24. [Solved] 

22. 

[ * W 

y/Jl- y/iA. 

^ f 0 %. ^ m 

23. 

5y/5— y/\2Q' 

24- 

y/17 5 4- Vf+7* 

2a- 

6 % 

y/bi — y/So • 

26. 

Vl80+ . 
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27. ' If V 13 + 2 V 30 = V®+ vty. evaluate a; and y.. [Htni]. 
28- If Vi^fSV 3 = V*+ V>. evaluate <r and y. 

29. If y'IS —10\/^ —V a— ' V^» evaluate a and 6. 

30. If — f°V 6 — Vp—Vq> find the values of P and f* 


SOLUTIONS & HINTS—EXERCISE 87 

1. Let ^/7++V3= V^ + V*/- 

Then 7+4V 3 =«+»+ 2 ^*5’ [ s q unrin S both sidcs 1 
• . : (z) » [Equating rational and tr¬ 
im! S rational parts] 

From (ti)'we get y/xy =2\/3 

xy^ 12.(m) [squaring] 

From equations (i) and (Hi) wc note that sum of a; and y 
is £ and product of .i‘ and y is 12. Therefore, clearly, x 4, 
!/—3. 

Reqd. sq. root= \/ 4 + -y/3—2 + V 3 * 

Note. We may say, <c=3 and j/^4; these values also 
give the same result* However, when our result is of the 
form y/x — y/y we give larger value to x and smaller to y, so 
that our result may be positive. It is understood that we 
have to give a positive result in each ease, otherwise sq. root 
in the above example can also be — 2— y/'-i. 

7. Let y/U— hV5= Vs— VV • 

Squaring, 'l 4 —G\/o = x-\-y — 2y/xy. 

Equating rational and irrational parts we have : 

I x+y =14.*..(0 

and 2 y/xy =0\/5 or y/ay =3y/5, xy^= 45....(ii) 

Numbers whose sum is 14 and produet 45 are 9 and 5. 

.. scsa$ and y= 5. 

.' Reqd. sq. ropt= y/Q-r y/5 — 3 — y/S. 

13. Let y/2 — V 3 = yjx— y/y . (i) 

___ * 

f v/2+V 3 = V*+ Vy .(”) 
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Multiplying, V( 2 - V3)(-' + V3)=(V*- V*+V*/) 

or 1 =x—y . {Hi) 

Also, squaring (i) we have 2 — y/3=x+y—2y/xy. 

Equating rational parts 2=<r+ y ...(* y ) 

Adding jiii) and (w) 8=2®, .*. *=$ 

Subtracting (tit) from (»n) p l=2t/, .*. y=*=£. 

Reqd. sq. root=V:] —\/i- 

Or Thus :— 

% 

Let y/2—^S^y/x—y/y . (i) 

Squaring 2— .y/3=®+y— 2y/xy. 

Equating rational and irrational parts we have :— 

*+y=2 ..(**) 

and 2y/xy —y/3, 4xy=8.>....(&) 

Now, (x—y) 2 =(x+y)~ — 4xy [Formula] 

= (2) s —3 [using results (ii) and (tit) 

= 1 

x—y— \TT =1 .(™) 

[Taking only positive value] 

Solving (it) and (»u) we get, as before, x= y=h etc. 

21. v^2" + V r 24' = 4 \/ 2 + 2 V /G = = V'2(4+2\/3). 

Now sq. root of y/2 is J/2. 

And sq. root of 4+2 y/3 may be found as in Q. 13, 
or thus :— - 

4+2 V3=>3 +1+2^3. 

= (V3) J +(1)* + 2X 

Sq. root of 4 + 2-\/3= y/Z + l* 

Reqd. sq root =J/2(y/S + 11. 

27 Square both sides, etc. etc. 
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148. Some questions in surds are best done by the use 
of ceriain devices instead of obvious methods. This will be 
clear from the solutions to the next exercise. 

EXERCISE 88 

1. If a:=3-f \/S, find the value of £ s +#“*. [Solved) 

2. If a;=2-f\/ 3 > find the value of a: 2 -bar*. 

3. If a=3— 2 y/ 2 , evaluate o*H— 

4. If m—^y 6~ y'S, evaluate 


5. If /; = 2 — -y/5, evaluate | 

. [Solved) 

6. If Z=3+V10» evaluate | 

; -t)‘ 

7. If fl = l-f <y2, evaluate ( 

' , *\ 4 
a+— ) * 

^ a / 

8., If a:=l —^2, evaluate ( 

f 1 \ 3 

-). 

' a> / 


9. If 1=2 — ^/3, evaluate a^-b"*- [Bird) 

10. If <7 = ^ 2 — 1 , evaluate a 4 -J--i-. 

a 4 

11. If m= y/3 -f2, evaluate m*+mr 4 . 

12. If a;=3— 2y/2, evaluate a^-f-ar 3 [Sofoed] 

13. If a:=2— y/3, evaluate a^-fj: -3 . 

14. If a;=2 -f-ys, evaluate a- 3 — ar*. [Hint) 

15. If a=3-f-y'io > evaluate o 3 —a -3 .' 

16 . If n=- v /2+l, evaluate «*+»-*. [Hint] 

12. If 7»=a2-b \/3» evaluate m 3 —m~ 3 
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18. If ar=5+2v^« evaluate a^+« [Solved] 

19. If 2=4 —\/I5, evaluate a^+a? 

20 . It a~7+*V&» evaluate V fl + 

21. If a=5 — 2 -\/6i evaluate [® M *0 


22. Evaluate m^—m -when (i) m=»4+\^15, (it) m—4—V 15 
Find the value of :— 


23. (3-f \/8) 2 -f- (W [ZfinZ] 


/ I \* 

24. (v^-V5)4(v' 6-V , 5)-*-25- ( S+VlO-gq-TIo). 

26. (V3+2) 1 + (V' 3 + 2 )' 4 - 71 ■ •(2-V8) 3 +(2-v'3) J - 

28. (2+^5)’-(2+v'S)- 3 . 

29. (7 + 4 v '3) i +(7+lV3) T i 

30. (0-4 V '5) J -(9-4v , 3)'-. 

2 ±V? an d . evaluate x'+’f. [S»to«f 

2 —V8 2 + V 8 

$^ and ^$^ valuate ^ 

Sf 5 and 6 =fe^- eVa,Uateat - 6S - [ei,,<1 


31. If x= 


32. If x= 


33. If <z= 


Eind the value of :— 

34 /vE^_ /2E* 

^ '\/v'5+2 


35 




v/5—2 

r |1 ■ / L i- • ~ - 

V5±v/8 . / V5-V 8 

y/5—y/8 *** y/5+y/&* 


[5ofc«i] 
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36 1-/G + V2 I 



SOLUTIONS & HINTS-EXERCISE 88 
L [The obvious method is : ;r'-f. 2 r 2 =.r 2 4 - 

£~ 

=l a +'W + ( 3 Tvs)’' et0 - 

But jfc is rather tedious.] 
a;=3-{--v/8. [given] 

• 1= 1 - 1 ^-v^s-va 

*’ z 3+^8 3-fv/S 3-V<* 0-8 “ V 

*+-i-^(3+V8) + (3—V 8 )“* 

(*+i) ! =(6)« 

J 2 -}-—, + 2 = 30 
x 2 

.. a 2 + -^=36-2=34. Ans. 

5. A=2 —-/5 

. 1 _ 1 Ny 2 + v'5_2-f • V /5_2-hV'5 

A 2-^5 2 - y/5 2 +■ y/S 4-5 -1 

«-(2+VS) 

t+i=(2 - V5)-(2+ V*)- -2^5 


’ (* + Tf=<-2-*/5)*=4X5= 


20. 
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9. First find the value of as in Q. 1. Square 

•once more and get the value of £ 4 +-^ s . 

x 4 

12. *=3-2V2* [given] * 

• *- 1 - 1 x 3 ^2V 2 _ 84 2 V2 

** a? 3-2^2 8—2^2 8+29-6 + * ' 

«4-|- = (3-2-v/2)4-(34-2v'2)-6. 


••• (*+i) 3 =( 6 >" 

••• ^+i+ 3 -|( I +^)= 216 


■ • • 


a: 3 4-^3-h3(6) = 216 
X 3 4- -^=216 —18 = 108. 

a: 3 


14. The value of — will he found equal to — 2 + \/G* 

x 


'®-4-=(2 + V5)-(-2+v'5) = 4 

Cube both sides, etc. 

16. n4- will be found equal to 2\/2. 
n 

• ^ n+ ±j 3 == (2^/2) 3 =2-v/2X2v/2X2^2 = 16^ <* c 
18. x = 5-}-2y/5. [given] 

-L =_!_= .... 1 ,x 5 -^ 6 =g^- g « 5-2^6 

a; o + 2\/6 5 + 2 V6 5—2^/3 25—24 

^4- —=(54-2v/6) + (5-2v/6) = 10 

* * ‘ 

1 ^ . • . # -‘ 5 i*, . v v< 

-[-2 — 10 + 2. [adding 2 to both sides] 


6URDS 




(V*+-L)’- »*• (V (V+ 7-x)* + T +, 1 


or \/\2 = 2\/3 


21. First get the value of a+--. Then subtract 2 from 


both sides. 


1 I 1 \ 2 

Remember that a + — — 2 = ^ v* a— : 


I l \ 2 l 

Important Note. We get ^ “ 8 * "V a ~~ ^ 

= + y/8 or ~V 8 - To decide the sign, we note tlmt 
a=5—2y/6 which is le*s than 1 (because -\/G>2, 2\/6 

>2x2 i.e. t >4). Therefore y/a is also less than 1. There* 

f° re is greater than 1. Therefore ^ a ~~J~ a ‘ s ne 6 ative - 

Hence reqd. ans. = — y/8 or — 

23. Given Exp.=(8+VSl'+^yygy =* ! + -p 

[where tf=3-b \/ 8 ] 

Now. x— 3-h-\/ 8 and we have to find the value ef 


** + 


ia * 


This is exactly Q. 1 . 


31. 


„ 2 + V3 . 2-V 8 

*“2—V8‘ “ nd ^2TV3 
T , 2+VV 2~^ _(!+ v/3)*+(2-\/rd 
J 2— \/3'2-f* x/* 1 (2— \/3H2+ v/3) 


2-VS 

s 2(4+8) 
4-3 
= 14. 


[V (fl4-t) 2 + (a-'6) a = 2(a- i -t-6* > l 


\lso 


2±V3 2-V- 1 
V 3-V8 2+VS *' 
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•’* xZj ry z=z {x-\-y)- — 2xy [Formula] 

=>(14)*—2=196-2=194. 

33. Find the values of a-\-b and a-b, and multiply the 
two results 

34. Let *=3g±§. and y=^ 5 ~ 2 . 

Vo- 2 J Vo + 2 

Then we have to find the value of V x ~V l J• 

Now, x+,,= V / 5 + 2 4 , V /5--2 j ( % /5 + :^ - t -(v'3-2 )» 

Vo —2 Vo-\-2 (Vo—2) lVo'+J) 


and 


Vo —2 ' Vo- f-2 

-*£?- 18 

V'5 + 2^v'-5-2 , 

aw = - X —-.= l 

V° — 2 V^t - 


• * 


V .i y ==l. 


• • 


or 


• • 


X+y-2V z<j =18-2 = 16 

W*-Vi')-= 10 [V 1 . {V*-Vyr-=x+y-W«n 

V x ~~Vy = Vi6=‘i. 


149. Irrational Equations. 

Equations in which the unknown quantity occurs under 
the root sign are called irrational equations. 

It should be noted that in such equations the positive 
value of the square root is meant. For example, if x—2 t 
V 4 * +1 means 3 and not —3. 

We shall take only those equations, for the solution of 
which knowledge of quadratic equations is not required. 

EXERCISE 89 

Solve the following equations arid verify your answers :— 

I. v/a^-“2=4. [Solved] 2. V}<r-ib—5. 

3. Vv + l = 8 v*—7. 4. -y/ 3 *-5—2 = 0. [fftnJ] 

5. ^*^14-2=0. 6. ^4^-5=0. 
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7 % / x ~i -h x / = 7. [Solved} 

8 \/j; — 5 4 \/.»7-7 = C. 9. V-Z+7 .1 = 1. 

10 \/x -Ts = 4 — \/.r. 11 • V ~ *~ v/.'i 11 -h3 = 0. 

12. 10 - - 3 \A*= 0. 

13. !i\/,r H—2— \Aj.r — S = 0. 14. \/A t' — 5 — 2 \ /.»• — 1 4-1. 

15 34-j?= 0. 16. 3.r-f 1 — v/u.7'-£ =0. 


17. \/j+Z 4-\/.r~3 — \/vr-h=0. [Solved] 
18 \fx 1-3 4- — y/\.v +21=0. 

* 9 y/tix +17 — yj 2x —• y/*r + *J = 0. 

20. y/$x+i = y/ar+2 4- \/4~l. 


21 ^ 


2x-\ 


V 2x 4-1 

3.t-i 


[Solved] 


22 . - 1 = 


23. 


Vte +1 

5x —i 


~-^r=3 + 


V 3.c —1 

■ ‘ 1 « 

2 

V"sT — - 


V 5x 4-2 


24. v'*— v*~' 


•> 


c> 


13 = - 7 =-=-. [//ui/1 

V*-J3 


25. v'^+V7-l-a;-— 0. 

\/7+x 

26 c V g -n_2 V , ^4*l 

3-\/‘* "" \/^4-0’ 


27. y/4x+o — y/4;c—n—2. [ Solved] 

28- Vi^T2i-vf2T4T2=l. 29. + \/ 3.7^=6. 

30 V5*+i9+y/5x^i=\0. 

I I -I 

i-’ ^ x ~+ x 1 ~ V* 1 —ii=G - \ZTT. [Soto^J] 

31 V2a<.. | -j- v/2^32=74-4V3.* 
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3J. yf'Jx* -f 1 — -8=7—2y/l0. 

34- */Ox - 2 + = 5 + 2 -\/2. 


35 4 V \/; rr-1 

4y/x— \/T7^. i 


[tS'o/cTc/J 



V-r r l — y/.f - i 
\/ x -t-1 + V1 



37 y 1 7 ±x—yi- x : 

y/n-rx-t y/i'i-x 



3r— y/Ax- x- 
3 x + yj.lx-x'- 
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1. y/i&x-'i ” = 4 

3x— 2 = 16 [Squaring both sidesj 

or 3.r= lG-f-2 = 18 

or x = >* = 0 . 

/> 

4. Trnnsoose —2 lo the right hand s : de. Remember that 
whenever there is only one radienl in an equation, it 
should he kept all alone on one side while squaring. 

7 y/x~ 1 + \/x + g — 7 

• • Vx-1=T-V*T« [Transposing \/^Tc to R. H. S.] 

• • x— I = 49 + (x+ 6 ) —14 v/xTg [Squaring both sides] 

14y'i+c=;49+a?+6—a?+l=56 
or y/i\-8 = 4 [Dividing bolh sides by 14] 

1 + 6=16 [Squaring both sides] 
or t=1G—-G = 10. 

Important Note. When there are two radicals in an 
equation , bolh should not be on the same side while squaring, 
otherwise second power of x v ill enter into the equation. 

17. ‘V/ir + 2 h\/x—3 —\/4x —3 = 0 

or y/xA ‘2+ y/x — 3= y/-Sx — 3 

x-h‘2+x—34-2\/(x+2)(x-3)=4x—3 

[Squaring both sides] 

or 2\/x 2 -x-G = 4x — 3—x — 2—x+3 = 2x—2 
or \Zx 3 ~x^G=t£—1 [Dividing both sides by 2 ] 
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a*—ar-G-a?—2r+l 
ar 2 —»—l+G 
or x—7. 

21. L. 


[Squaring both sides] 


ic -1 


y/2x -b 1 y/2x 4-1 y/ 2 * — I 

[Rationalising the denominator] 
— n _ 

- (toTMj--“ V a* -1 

' r* , 

The given equation is ^/~—t —l -i 

_ *J 

or ~ ^ 2 ^—• 2 ^ 2+ y/~ 2 x — 1 [Multiplying by 2) 
or 2\/ 2 j: —\/ 2 jT— 2 —1+2 = 3 
or y/Hx =3 

2®=9 [Squaring] 

or 

. __ r» 

V^~ vx-13— 


24. 


V*—l* 
or ( 2 —13)^6 

[Multiplying both sides by 

or v'^-i3*=6+a;—13=a?—7 J 

Square both sides ; etc. 

27. ...({) 

Inverting both sides of the equation we get 

_1_* 

V *V + 5 — V*4x -Tl ** 

tUs° n Jom«l Sing ' he dtn ° minator * ‘he left haad-sid* 

■v/4*+5 + ‘\Zax'~ u „ .y.rr: t /.- 

or — 

or V*B+3+Vite~lI=8 

Adding (t) and (ii) we have 

2 \Z 4j! +s=io 


PtfOCRESSlve ALarBR» 
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or 

\f*x *5 = 5- [Dividing by 2]; 

# 

• 

ix-\-5 = 25- [Squaring] 

or 

4x = 23 — 5 = 20 

or 

jr=?o.=5. 

31- 

-fu~V ^“-n = G — y/~\\ 


Inverting both sides of («) wc get :— 

I I_ 

• yjx- -Ml — y/x'- 11 6 — V'iT 

Rationalising tlic denominators of both sides wc have 
\A--! 11 y/v?— I f 6+ -»/ i4 - 



22 


22 

\ 

or 

y/x- 11 -f- y/.r- — 11 — 

G+VTi 

♦ • • 

Add 

ing (/) ami (»'i) wc get :— 



2vWli=12 



0 

4 * 

y/.r 1 j-11 — (» 



• 

• • 

a: 2 -j-l I =3f» 

[Squdr 

* n gJ 

or 

X- =30- 

-11=25 


• 

• • 

+ 

II 

oc —5, 

/.r., -4-5, 

35. 

Introduction : — 



The 

student should know that if 

a __ c 

M A 


* • 


C“f*d m , t • • c p 

* ,ia * » s > » two fractions are equal, then 

Numerator o f I fraction -I- its denominator 

Numerator of 1 fraction — its denominator 

^ Numerator of II fraction-f-its denominator 

. Numerator of II fraction—its denominator 

This is Called the Rult: of Componendo and Dividend*). It 
Will be proved in the next chapter, but wc shall use it here to 
sotvc the given equation. 

--7~— = 3 [gi veil J 

4 yJx—>/\\x- 1 3 Lb J 
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S v 'x _5+3 
2V3r~l 5-3 
4 -Jx q . 


[Comp. Sc DividendoJ 


= 2=4 


\/.U-\ 2 

■=» 

V&c- * 


3.7 — 1 


=1 


S.r — 1 —x 
2x = 1 


[Dividing by 4) 
(Squaring) 


■ 

TEST PAPERS—SET 4 
{CHAPTERS XIII to XXI) 

Paper 1—Ex. 90 
1. Factorise:— lO^'-f 9 . 

-2. Find the H. C. F. of 

I5(«3-j-l), 20(a*4-.a 2 + l), 

-3. Simplify :— * 

£^t Ht •» ) 

, *('+T>‘~r(-r+' ) 

4. Find the square root of:— 

<-£+£)- 3 °( j+t)+“ 

5. Simplify 

^81xV1Sx^ 3 /40 

V2XV12xV27x^5 V 

*• **' ° r * fix P- SS ,h - '»«„ 


progressive 


4<C EPKA 


•) H 

Paper 2—Ex. 91 

1. Factorise — G 4 a ,c — a c ’ 

2. Find i lie L C M of 12^+^), 1 S iy-(^ -,f) and 

21 x*!/ £ (.x* + x 2 y 2 + y'). 

3. Simplify :— 

-- - 1 - % f W_ 

x + l J x — ij //*—. i 2 z*+y* 

4. Find the square root of :— 

(a -2 -f 8x 4- 7)(2a 2 — a—3)(2a 2 -f 11 a — 21). 

5. Simplify :— 

0-1 + 2 B tfn-H-n 5 ri + «4! _ G« 

G"‘ . 1 o^Tu"* ' 

6. Evaluate :— 

(V*+VW($-2\/'5) 

(» + ^3)(V2t VC)(2~ v/3) # 

Paper 3—Ex. 92 

1. Find the factors of a 3 —ISry —*27 —8// 5 . 

2. Find the II C. F. of:— 

(a*-b*)(a*+2ab+b 2 ), n'-b\ 4a'+a*b-5arb 3 . 

3. Simplify ;— 

**+y G x ^ 1 -a 2 /^j-// 1 

**—//* a+y a 4 -fa 2 // 2 -fy 

4. Find the square root of (2*-3)(lga 3 -51a*+44a:-12). 

5. (i) If w and m are positive integers, show that_ 

(a m ) ,, =a" 7 ’. 

(ii) Find the value of ( 3 2 ^— 32 3 
t. Simplify and express with rational denominator— 

f + V*- V2 

2 — V *2 — % /» 


TEST a> 
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Paper—4 Ex. 95 

l- Faclorise :— (ar— (1— x) 3 —(1 — 

2. Find the L. C. M. of 

15(a^i/-.tV), 25(aty—afy 3 ) a *>d 35(ih/-xy«) 

3. Add together :— 

1 1 '2t „ 4j 5 


*-2y ’ *+2y’xN-4r,« 

4 Find the square root of 

** + _ 2 * _ 2 " ,, 
y* x* x < *** 

5 . (t) Prove tliat n°=l. 

X 1 v«H-c 


and 




X* i&*C-4 


*(£) 


(.-.■) Simplify x ( |y ) 

<6. Find the square root of 1 -h 

Paper 5—Ex. 94 

1. Factorise:— — 2x 3 -}-2x — l. 

2. Find the II. C. F. oT :— 

8ar , 4-4x , -“4a: 2 —8r and Cx 4 — 4a: 5 -f 2x 2 —4* v 

3. Simplify • 




IT* 


(*-K)(*-i) ' (y-cKy-xJ^t^xX.-yj- 

4. Find the square root of :— 

+c ( *^-V)+7. 

5. (i) If m and n ho positive integers, show that 

o m Xfl 7, «a w ’ + - and u* 

tti) Simplify ! * tJQ \* ^ 

. 0 4 X»i« 

*• Find the square root of y ^ 
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(. 

2 . 

3. 


4. 

5. 

6 . 

1. 

2. 

3. 




6 . 

L 

2 


Paper 6—Ex. 95 

Factorise (rr-4fll(<z*-4a- 1) — 20. 

Fmd the L.C.M. of a z -~a —2 and —2a—4. 

Simplify ;— 


\n —i— —Tt i — I a b a ' b )• 

\(i—h a+b! \ —v—- £- 1 -— J 

x b a b a ^ 

Show that the product of any four consecutive odd 
integers increased by 16 is a perfect square. 

Divide x~ l 4-/y-2~ 2 + 3j - ^ t by 


x * + w 


4 — 2 

r* -z J . 

If a = 3 — y'lO, evaluate a 3 —a -3 . 


Paper 7—Ex. 96 

Factorise:— 4.r 3 — 3r-fl. 

Find the II. C. F of :— 

9a«-b2a 2 6 2 -f6 4 and 3a 1 -8 a*b-t-5a*bz-2ab\ 


Simplify : — 



Find the numerical value of k which will make 
a 4 + 6a 3 -t-7« 2 — Ga+A: a perfect square. 

If <r = 4 ' -t-4 K prove that 4a. 3 —I2.r—17 = 0. 

TP X — \ 

If x=0 — 4v / 5, evaluate x- — v 


Paper 8 —Ex. 97 

FactQnse (a-r3)(a-F4)(a—$)(a—9)—64. 

H. C. F. of two expressions is .r 2 -f3 r and L.C.M. 
(2a>*— x)[x*-\-2x— 3). If one of the expressions be 

3r, lirul the other. 



3. 


ROTIO AND PROPORTION 




5. 

6 . 


Reduce to its lowest terms :— - ———- ~ • 

x J — llx+10 


Find the souare root of : 

4 





Solve the equation :— 1 


22 J --1 


4 1G* 41 

S* — 32 


Solve the equation :— \/‘j.T-2-f y/x + 1 — +/*r -»-:t7=0. 


CHAPTER XXII 
RATIO AND PROPORTION 

150. Definition. The ratio of one quantity to another 
of the sami kind is the quotient obtained when the first is 
divided by the second. 


The ratio of a to b is written a : b and is 


equal 



The sign : is really only — with the bar omitted. 
Example. Ratio of 12 annas to 8 annas =->^=3. 


151. In the ratio a : b, a is the first term or antecedent , 
and b is the second term or consequent. 

Ratios are compounded by being multiplied together, 
thus the ratio cbmpounded of a b and c : d is 



which may be written ac bd. 


A ratio compounded with itself is called the duplicate.ratio. 
Inc duplicate ratio of a : b is a 2 : b\ 

Similarly, the triplicate ratio of a : b is a 3 • P 


EXERCISE 98 

Find the ratio of 

1. 4 annas to Rs. 3. [Solved] 

2. 8 ft. to 2 yds. 3 . 100 yds. to half a .aile. 

4 annas to G yards. 
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Find t>ic value of x, if - 

5. The ratio of 2x-f 5 to 5a?-f-2 be equal to 7 : 8. [Solved] 

6. The ratio of 4-\-x to 8x—4 be equal to 3 : 5. 

7. The duplicate ratio of 2a?-}- 3 to x —1 be equal to 4. 

[Hint ] 

8. The duplicate ratio of 3 j? to 2a*—5 be 0 : 4. 


Find the ratio x : y from the following equations 

9. 4r —Gy=0. [Solved] 10. 8a?~20t/=0. 

11. 4x i -20xy+25y i =U. [Hint] 

12 Ox* -24*1/4- 16»/ t =0. 

13 G.i 2 —1‘Jjr^/d-15i/ ? = 0. [Solved] 

14. 8i 2 -‘2Cai/-f I5y*=0. 15. 12x*~ 23xy +10^=0. 

16 15(a?*-}-*, 2 )=34ri/. 

17 If the ratio 7a?— \y : 8a?-f y be equal to 5 : 18, find the 
ratio x : y. [Solved] 

18 If the ratio 8*-}-!/ : lOx—r/ be equal to 5:4, find the 
ratio x : y. 

19. If 2z 2 — 3?/ 2 : a- 2 -f t/ 5 =2 : 41, find the ratio x : y. 

20. If Gz*—xy : 2zy—y*=*G : 1, find the ratio x : y. 

21. If x : y — 2 : 3, evaluate 0 x+ly : 8a?-My* [Soiled] 

22. If x : y—3 : 4, evaluate 7a? — 4y : 2 x-\-y, 

23. If -f—as8, evaluate 5a*-j-fc* : 2a 2 *f &*• 

V b 

24. If -^—*=3 evaluate 2rt 2 +o6 —6* : n t —a64-8I ,, • 

o 

25. If 3a —b :3a-2b^5 : 4, find 5a-f b : &a±7b. [Mint] 

26 If n — 4b : b — 3at=i3 : 2, evaluate a s —ab {-!'* * 
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27. What number must be added to each term of the ratio 
17 • 21 to makcAt equal to 6 : 7. [Hint] 

28. What niynbcr must be subtracted Ijotn e»/*h term of 
of the ratio 37 : 49 to make it equal to 0 : 8. 


29. Two numbers are in the ratio of 5 : t and their 
difference is equal to 136 ; find them. [Unit J. 

30. Two numbers are in the ratio of 4 : 3 and the difference 
of their squares is G3 ; find them. 

31. Two numbers arc in the ratio of 5 : 6 and if 5 be 
added to each of then , the sums are m the ratio of 
6:7; find the numbers. 


32. If a is greater than b , prove that the ratio — is 

greater than the ratio where a, b and x aro 

positive quantities. {So/actf] 

Note. Another statement of this question is • ° A ratio of 
greater inequality is diminished by adding the same 
positive quantity to both its terms.’* 

33. If a is less than b, prove that the ratio is less 

b 

than the ratio g? (a, b, x are all positive). 

34< t *l? t a rati ° 0f s rca,cr inequality is increased by 

taking the same positive quantity lroni both its terms. 

3S ‘ a rali0 ° f leSS ^equality is diminished by 

taking the same positive quantity from both its terms. 

SOLUTIONS & HINTS—EXERCISE 98 

4 * 1st Quantitya4 annas 

, *» ^Rs. 2=48 annas 

- *'Heqd. Riaio= % 4 8=i , 2 0f 1;U 
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c 2* + 5 . f . . 

5. —— = 4 given] 

5x4-2 ® 10 

By cross multiplication 35x4-14 = 10x4-40 

or 35x — 16x=40— 14 
or 19 £=2 6 


or 


— 26 


x = 


1 9* 


7. The duplicate ratio of 2x4-3 to x— 1 
_(2x4-3)* _4.i 2 4- 12.r4-0 

(i— lj* "x*— 2 x+f 
9. 4r— 67=0 

.*. 4.r=6 7 

x 


2 / 


_6_.S 

4 2 


or x : .7 = 3 : 2. 

11. L. H. S. of the equation is (2x — 5//) 3 . 

13. 6x 2 -19x;/4-15r = 0 [given] 

Factorising L. II. S. wc have :— 

(2x —3//)(3x—5/y)=0. 

Now, the product of two quantities will be zero il either 
of them is zero. Hence we have : — 

2x—3r/=0 or &r—57=0. • 

The first equation gives 2.r = 3 7 .*. or x : 7=3 : 2 ^ 

! 

The second equation gives 3 x=3y /«- = $ or x : 7=5 : 3.J 


!/ 


’r-*y = 5 
3x4-2/ 13 


17. -I = y$i [given] 

% 

9lx-52f/=15x4-5/y | By cross mnltiplicathn] 


01 x — 15 x=*5;/+52// 
or 76x=5 7y 

— 5i —a 




or 

»c.. 


y 


= 7C = 


x r y = 3 : 4 
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21. Rcqd. Ratio = 


~T~ ,} !f _ 

Zz-r 


•It) 


-4-5 


Hf) 




(Dividing numerator ami denominator by ij ] 


« X r, t r> 

3 X l -r t 




_ 0 

— « 


— u or 


•r 

U 


A 
• • 


24-1 
Qr thus :— 

[given] 


o . 9 

U . *- 


• • 


.r _ ;/ 

‘2 3 


Let cadi of the ratios J 'r and 47 be equal to A 
x = -k and y—3k. 

Gx 4- •">!/ _ 6 X 2 /,- 4 -5X3A- = 12 A* f 15A__27_Ar _ 

3x-h4i/ 3 X 2A*4“4 X 3A Cfc-f-iaA* 13A- - 

23. Divide the numerator and denominator of the required 
ratio l)V b' 1 . 

25. First find the value of then proceed as in Q. 21. 

# 

27. Suppose the reqd. number is x. 

Then, according to the condition of the question we 
have :— 

17 4 -a* 

21-f-x 

29. Let the numbers be x and y 


V 


r=‘i, ete. 


x 


or 


T s Hj‘ ==A: ( sl, PP ose > 


Then -- =5 

y 

*=5 k and y= t>A*. 

According to the condition of the question 9A— 5k 
=130, etc. 
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32. Gioeti ; a t b,x are positive and a > b. 

~ , a a+x a 

To‘prove*. >--or 

o b-\-x 


• . • 


a + x . 

r-b+i ,s pos,tlve ' 


Proof : 


<z _a-hx_ab+ax—ab—bx_x(a—b) 

T 


b-\-x b[b+x) b K b+x)' 

In this result the factors x, b and b-\-x are'cleariy positive ; 
also a—b is positive (V u>b). Therefore the result is 
positive. [Q. E. D ] 

34. Let the ratio be ( a>b ). 

Then, if x be a positive quantity, it is required to show 

that is less than 


a—x 


6 m%+ • v w v • • | 

b—x 

152. Equality of Ratios. 


Suppose 




If we put each of these ratios equal to a single letter, say 
' k we get x=ak y=bk, z=r.k..'.....M inv useful propositions 
can be proved by making use of these values of the numera¬ 
tors. [See Ex. 99] 

Note. The above equality of ratios can also be expressed 
as follows :— 


x : y 


a : b : c : 




153. Proportion. 

Four quantities are said to be in proportion when the 
ratio of the fir t to the second is equal to the ratio of the 
third to ih“ fuurth. Thus the four numbers a. b, c, d are in 
proportion if a : b=c : d. This equality may also be written 
thus :— 


a : b : : c : d or 



The proportion a : b : : c : d is read “ n is to b as c is to d.” 

The quantities a, b, e, d are called terms of the proportion,, 
a being the first term, b the second, c the third, and d the fourth. 
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The fust and the fourth terms (viz., a and d) are called 
the extremes (end terms), and the second and the third terms 
( b and c) the means (middle terms). 

The fourth term (d) is called the fourth -proportional to 
a , b, c. 

154. Theorem. Jffour quantities be in proportion, the 
product of the extremes is equal to the product of the means. 

Let a, b, c, d be the four quantities. Since they are in 
proportion, we have :— 


a _ c 
b d 

By cross multiplication, we get ad=bc, which proves the 
theorem. 

. 155. Converse of the above theorem .—If the product of 
two quantities be equal to the product of two other quantities, the 
Jour quantities (taken in proper order) arc in proportion. 

Let <id=bc. 

Dividing both sides by bd we get 
a. __ c 

b ~d~- 


a, c , b, d are in proportion. 

ordm'as well C *^ C[Uiint ' tics arc in Proportion in the following 

a > b, c, d ; b, a, d, c ; b, d, a, c ; d, c, b, a ; etc. etc. 
156. Continued Proportion. 

>A ? = }I4K' 18 [’ea;L n 3 ] e in C0,,tinucd proportion, for 

ealkd t,ic ihird *££* 
-'e 2 : V:V* in contin « d pro- 
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Here 6 is the mean proportional between 2 and 13. and 
18 is the third proportional to 2 and G. 

158. Theorem .—Mean proportion'd between two given 
quantities is equal to the square root of their product. 

Let x be the mean proportional between a and b, then 
a , x , b arc in continued proportion. 


159. If 
results :— 



a _ x 

x V 

x-=ab x= \/~ab . 

c 

. , we have the following 


(0 

(*■> 

(in) 



d 

c 

b 

~d~ 

c-\-d 

d 


called Jnvertando . 

> 

,, AlUynando. 

,, Componendo . 


important 



a—b_< — d» 

~b 7T 



a-\-b _ c+d 
a—b c—d 


>» 


Dividcndo. 

Componendo dr Dividcndo. 


rroofs :— 

(i) -£■ —j- [given] 



b __ d 


(••) IT= 


d 

b 


b c 


= —r- X 


[given] 
6 


P . W I, 1 

Multiplying both sides by | 


c 



RATIO AND FROfOATION 




m b 

* c —jr- 

(«<) I- “ t telvtnl 

“_ +1 _ « +1 (Adding 1 to both •idea] 
b d 

"ip* 5 <r * 

W [giVeDl 

. « _ 1== _£_ 1# [Subtracting 1 from both sides] 

•• b d 

a—6_c—d 
"b^d' 

(») =~T ts' lven l 


«+& c-\-d 

b d 

[Componcndo] 

...(1) 

. a—b c—d 
and d - 

[Dividendo] 

...(2) 


Dividing (1) by (2) we get ^= C ~J- 


160. If !=v=-*- 

a b c 


then each of thes« 


_ » 

. /px n +qy"-f fz* +.\ " 

ties is equal to fi *4^1+—) 

This is almost Q. 46 of the next exercise. The student 
ill be able to do it after attempting Questions 38 to 45. 

lfwctak c p=q=T— .= 1 and also n=i, we get the 


Uowing simple but important theorem :— 

* = JL= 2 
a b c 


u v 4 = 


tqual to *±|±*± 
a+b+c-{- 


then each of tfuse ratio* 


M 
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EXERCISE 99 (a) * ‘ * 

Find a fourth proportional tq 

1. 2,3,4-. [Solved] 1 6,8,9. ' ’ ~0 

3. 2 ab,a\b\ 4. a z -b 2 , a a +kVa 5 -fc* 

_ • 4 

Find the third proportional to:— 

5. 4, G. [Solved] 6. 5, 10. 

7 - + V~a'~+b*~. S. -v/3 + 1.2. 


Find a mean proportional between :— 

9. 2 and 32. [Solved] 10. ab 3 and <z 3 6. 



11. 4— v/~ and 4+ y/~ • 


. a 2 + ab , ae-ffcc 
12 .-and -—:—■ 

c a •) 


13. 

15. 

16. 

17. 

18. 


a-f/und aHl' 3 . 14. a 2 —i- and 

o 1 a- 

What number must be added to each of Flic ifumbers 

1, 5, 7, 17 to give four numbers in proportion ? [Hint] 

• ■*» 

What number must be subtracted from c ich r, i of the' 
numbers 12, 1G, 20, 28 that the remainders may be 
in proportion ? - r 

What number must be added to each of tlie numbers 
14, 6* 2 so that the sums may be in continued 
propoition? [Hint] 

What must be subtracted from each of tlie numbers 
13, 10. 2 > so that the rem nnders may be iu continued 
proportion ? 


SOLUTIONS & HINTS-EXERCISE 99 [a) 

1. Let the fourth proportional lo 2, 3 and 4 be x. Then 

i - 4 

we have 

• X * 

By cross multiplication 2.r —12 or x=Q . 
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5. Let the third proportional to i- ant? G he i 

G 
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Then j we 


have :— = 


.r 


By cross multiplication 4.e=3G or r=9. 

9. Let the mean proportional between 2 ami 3 *> |> ( « r 

Then we have — = ~ 

s. ...... c 32 

% 

-Bv cross multi plication, or r ^ v / fi4 — ^ 

15. Let the reqd. Number be /. Then 1 -j-.p. 7 q_ tC 

17-Ki: are in proportion, lienee we have :_ 

l+ 5 _ 7+x 
5+. 1 *'“ 17-Pj: 

Solve this equation for x. 

t7. Let the reqd. number be x, 

are in continued proportion. 

14-fx _G+x 

G+«z,' 2 +x* 

Solve for x. 


then 14-f-x, fi |-x, 2 -+-x 
nonce \vc have :_* 


EXERCISE 99 (h) 
n : b : : c : d, prove that 
1 . a{c+d)=--c(a+b). [So/ccd] • 

( <l)-d(a-b). 3 . (a+b){c-d)=:{c+d)(a-b), 


a vV*-</*== Cv / fl r7,jp 
6 . ^-n 2c = 5a-4c 

a6 —56-4d* 

8 . ^—hc = mb~nd 

V«-qc p ^-J 

10 . = c 2 -! cc/+d- 

tF-ab+b 2 c*—cdq-rfe 

AC 2 


s 2n-f36 = 2c+3rf 
4a4c+5d* 


9. 


tna — nb __mc—nd 

a +6 ' Ac+d 

«!+tf _c* +d 2 
cP-b- c~~~d z 


11 . 


**+'* 6 d* 


12 . 


?£* _ wki* — m* 

ph -4 Qd-~~ n,J,i 
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13. 

15. 

16. 


• a—c)* _ a 3 - 
(b-~d)- b 2 ' 


14 (a-cy_ a 3 
1 (fc^rf ) 3 6 s 


(a-fc) 3 : (6+c/) 3 : : a s -hc* : 6 3 +d 3 . [//in/] 
tf 3 &* : c f (P : : a A —b* : c*—d*, • 


17. 

13. 


(a 4-c) 4 • (6 -f-tf) 4 ==a<^ : b(P. 

a 2 f* _ 2ac .q <*c* _ (a4-c) 3 

6* ^'rf 2 6d * 6*d + 6d 2 (6-H*) 3 


^ (a-f c) 3 __ a(fl-hc) 2 ,, o*d-We+W ^ ^ 

(6+d) 3 S[?T2ft‘ a*c+Fd c+d 

pa* -f- ga& -f rt* p^-f-gcd-t-rd* 
la^+mab+nb 2 L* +rricd-{-ncfi 


If a, b, c, d be in proportion prove that:— 

23. abcd[ -i + ^ ~)-fl 3 4*<» a -b^+d*. [Solved] 

24. i(a-\-b)(c+d\=bd[ + \ • 

». ' ,i+a ’■ i5fc =c,+dj '■4®'- 


a . b c | d 

26. -s-+ :«= - r +“-:e. 

I m l m 


27. - 

0 


b 

a 


ab 


a 3 +6* 


=4+- 

d c 


«d 


d 2 


If ii : 6=c : d. show that :— 

28. a + & : c+d=^d*T 5 » : y/f+d- ‘[Solved] 

29 . rt*Tc 8 : \ 7 b-T#=c : d. 

30 . y/a*~+ab+b* : \'c'+cd+ r d* =a*-f & 3 : ac+bd . 

31. ^fl«Tc T : v'6*+d , =^ , +mc 2 : !6*+md*. 

32. \/n* -6= + v'a 7 +** : + ^ €*+■# =b ; d. 



aATIO and proportion 
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If a :b=c: d~c :/, show that 
ma-^-nb _ b*c 


, ,, a*+<?+* z _ 

33. M 

* _ 7 " % % /* 


35. *•+«»+«* : fc 3 +d 3 +/ 3 =^ : M A 

36. pa+gc+re : p&+$d-f : T 

a +6 <?jH* 


37. 27 (a+6K c + d )(*+/) := ^f( 


+ .£±£ ’ 
+ / 


) : 


If 


38. 


40. 


If 


* = L = *- show that 6ach of these ratios is equal 

rdf 

to :— .. • 

I *mSf **+' 39 - : . 

Ifror- 41 ‘ S+ 5 + 5 r 

_?_=»„=J- show that each of these ratio is 
a b c * 


42. 


43. 


44. 


equal lo i— 

{lx 1 —mtf+nz 1 )^ 
(la*—mb 2 4-fie*) 
jpxy+gyz—rzx 

t\J pab+qbc—rca' 

( *~*+tT*+g~* | 

\ a-»+ 6 ‘*+c-* ) 


~. [SolwJ. 


3 1 

rs/\£a~*+$6 _3 +»T 


46. 




l * > >,i~l y.ii 

V pa^+^+rc 


-). 


1 

* 


If — — “ =—, shd$ tfi4t:— 
a b c 

4ff, 2 , js ^ mewi proportion at between d 4 -+-6*-t-c* 
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4 « w' + if +z* = W, 

a 3 4-6 8 4-c 3 at# ' 

{ax±by -i- cc ) 3 _ (a 2 -^ 24 -^*) * 
.r//c abc 

-n / « s x 2 +b*!? +<?*»* \I— l.xyt 
V « 3 i4-t 3 ?/ + f 3 : * 'N/ a!* 


If ax=by=cz, show that: 


51. 


52. 


53. 


be 


u 


ca . ab 
J > 2 


fL + JC + -ii= 

t/; zx xy 

a 2 + fc 2 +f 2 _^ ab+bc+ca 

~x*y l 4- fc a^z(/P4-j/+2) 


[Soived-I 




x 3 4«/ 3 +=: 3 


=abcxyz. [Hint] 

1 


, d 2 r- 2 4-6y 2 +c 2 2~ a \S_ r 

r^i- r 4 6 8 !/ '+cy i ) y 


i 


V abexyz 

* • 

SOLUTIONS & HINTS-Ex. 99 (b) 

I Method 

l = r lfe ’ ivenl 


• • 


• • 


b 

• « 

« 


[Invertando] 


—iHl£: [ComponcLdo] 


a 


r {b+ n )=a{d-Tc). [Cross multiplication! 

E. IXJ 

II Method 

To prove that «(c-f d)=c[a + b) 
or that ac4-ad .= ca+cb 

or that ' ad — cb [cancelling oc from both sides] 
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or that 


ad 

Td 


cb 

Od 


[dividing both sides by bd] 


CL C 

or that which is given. 

Hence the required result. 

HI Method 


(8 iven )—M su Ppose) 

a=bk ( 

c=dk 1 •••(*) 


Now L. H. S. 


and, R. H. S. 


=a(c + d) 

—bk {dk+d) [Substituting the values of 

a and c from (»)] 

-bd&+bdk. 

=c(a+b) 

% 

s=dk(bk+b) [substituting from (*) 
=bdk t -\-bd/c. 


Since the two results are equal, 
L. H. S.=R. H. S. 




(given)=* (suppose) 


a —bk and c—dk 


• • 


1 H _ 2g+«6 26*+ 36 

4a+56 46*+56 

_ 6 ( 2 *+ 8 ) _ 2*+3 

b[4k + 5) 4*+5 


and R. H. S. 


2c 4-3d 
4c+5d 


2dfc + 3rf 
4dk+5d 


_d(*k 4- 3) 2*4-3 

d{*k- 4-5) 4*4-5 

the two results are equal 
/. L. H. S =K, H. S. 


% 




«7G 


PROGRESSIVE ALGEBRA 


8. aHb z -c 2 )+b?{c*—(P)+c\a*-b*)={a-b){b-c){C' v 

' (ao+cp+ca) 

v x(a s +/> 2 -^c 3 +«fc-hpc4-ca) 

Besides the above results, the following may also be 
noted : they can be easily verified by opening braqcets : 

10. (a— 6 )-f-( 6 — c)-h(c—:«)« 0 

11 . a(6-e)+6(c-a) + c(a-6)=0 

12. a 2 (6 2 -c 2 )+fc 2 (c 2 -a 2 )+c 2 (fl 2 -b 2 ) =-=0 

13. n 3 (6 3 -r l )-l-6 3 (c 3 - a3 )+c 3 (a 3 - fc3 ) ==0 ’ 

etc. 

\ EXERCISE 77 


Find the value of : 

A 


1 . 


2 . 


3. 


l 


(o— 6)(a—cj + (i>—a)(6— c’) T (c— a)(c b) 

a . -l c 

(«-6)(a=c) ^ (6 - a)(6 -£) (c-aj(c-6)* 

b - c - a 


z _+ 

k . I \ 1 


. [Solved] 

— n f 


(a—6)(a—c) + (6—c)(6—a)"*"(c — a)(c 6) 

y+ Z , 2 +* , x +y 


4 ‘ —2/K^—~) * (!/— s Hir—?*0 


5. 


2/“ 2 + 2 “* 


* l+« 4-__i±L_-4-_It--, IIKiH] 

6 ‘ (a— b)(a-c) (b - c)(jf - a) (c-a)(c- 6 ) 

7. ' 




9 m 9 * 

b—x _l 

-4*-—rrt-.+ 


c—a: 





n# 

2 


a * i a._ 

® 6 c , ca ■ & 

9. -----* + 


l/C J__-r - -^->e-« 

(S^fr)(a-c) (l>-c)(I>-a) 
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L. H. S. 


and R. H. S. 


V ^4-d 1 


__ b&k ± —— 1 -fsubstituting from (i) 

W~ b ^ dk d 1 

end E. H. S.=a 2 +i> t +c>+d 2 =i** s +6 s +d , fc I fd 2 

[substituting from («)] 

V The two results are equal, 

/. L.H.S.p=R.JI.S. 

a 2 +6 s _ (a*-f 6 2 )(<*+&) ^ 

25. L. H. S. g 3 o 3 

a-\-b 

28. Values of a an$l c as in Q. 5. 

. r tt c _ bk+b _ b(k-1 -1) _ b 

.. L>. xi. o. c+rf dA;-fd d v fc+l) d’ 

-K'«• H. S. SS 

__ J FfF+i) = /il =-4 
fs/d*( F+l) n/* d 

V The two results are eq\ial, 
t. H. S.=R. H.S. 

#?• T^'T^Y .te iven > (suppose) 

a—bk, c=dk, e=fk 

Now, L. H. S.=--^= = W+«) e= 2 

me 4-»id wdfc+nd d(tn&-f h) d 

and, R. H. S.=-£=££= * 

d*a d*.M d 

V The two results are equal 
L. H. S.=R. H. S. 

38. =-§-=- 7 - {giyeo)=A: (suppose) 


=-|-=j (given; 
*Wfc, c=dk, e=fk. 


{given)=fc (suppose) 

+—ri> 
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/. The given Kxp. = ^^eJlbk + Zdk+tfk 

'£d+3d+\f '2b-\-3d-\-4f 

__k('2b+3d + ifj_ 

' { &+3d+4f) ~~ K - 

Hut each of the given ratios is also=A: 

The given exp.=cach of the given ratios. 

42 - V = Y (S iven )=*( s, W<> se ) 

/. x—ak, y=bk , z = k 

. hm • i< /lx* — ni~\h 
.. The given 

I 

_/ la 2 k~ — mb-kr + nc 2 k*\% 

\ la- — mb 2 -f- ne 2 ' 

= ) k 2 (lar —mb 2 +nc z ) ) * 1 . 

( (7a»-ffiP+n£*) I . * 

= euch of the given ratios. 

47. It is required to prove that 

ar + tf+c-_nx-\-by+cz ~ . 

ax + by+c* # 2 + // 2 +z 2 *** ' 

[See definition of ‘mean proportional’ from Art. 157] 

Or that (ax-f- 6 yd-cz) 2 =(fl a -r 6 3 -f- > c 2 )(« 2 -f!/ 2 + 2 2 ) ...(*») 

(Form (*) is belter than Form (n).j 

51, ax=b<j—cz—k (suppose) 

k k k 

•' *“ 7* ®~r** = 7 

Substituting these values of x, y and z % we get 

il A 2 

1 II .. r 1,2 + C ~ - 

Li. n/ *», — i • i- /. 


•- 7- 


k k_ 
b ‘ e 

A_ x — 

A 2 


A- k k li 

c ' a a • b 


k 8 ca k* 

b- A - 2 + c- 


l^^ca^nb =RiH _ s 
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53. Values of x . y, z as in Q. 3? 

a*-ub 8 -fc* 

L. H. S.= 


a 3 + fc3 + c 3 


(xM 


b_ 



r 

) 


. etc. 


EXERCISE 99 (c) 


ir fl , b, c be in continued proportion, prove that 

1. a 2 -i b J : a 2 — b 2 : : a-f-c : a—c. [Solved] 

2. a 2 +b b 2 +f 2 ::«:c. 

3. fl 2 -fab I b* : b' i -\-bc+c 2 = n : c. 

4. (a+b) 2 (b 4 -c) 2 =o : c. 

S J_ +J- = J- 

a+b b + c b * 

6. a 2 + fc 2 + r 2 =(a+b fc)(a-b+c). [Solved ] 

7. (a 2 —ub + b 2 )(b*+bc+c 2 )—b 2 (a 2 +flc + c 2 ). 


8. 

9. 

10 . 


g+b+ c __ (g + b+c ) 2 
a—b+c a^ + ^+c 2 * 

aW(a _3 +b- 3 +c _3 )=a 3 + +c 3 . 

a 1 —b 2 +c 2 _, 4 
a- 2 -b- 2 +c- 2 ' * 


11 . If b is a proportional between a and c, prove that 
ab + bc is a mean proportional between a 2 +c 2 and b* + c*. 

[Hint] 

12. If a, b, c be in continued proportion, show that a has 
to c the duplicate ratio of a+b to b + c. [Kinf} 

13. If a >y—y : 2, prove that :— 

• X * + V Z _ y 2 + z * _ (g —?/)“+(?/— z )' 1 
x+y t/+s x—z 


[Nwt] 
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3§0 

14. If y is a mean proportional between x and 2 , show that 

x yzjx+y+ z)*' [Bin q 
{xy+yz+zx) 


If a, b t c, d be in continued proportion, prove that 

15. a : d :: a? : b 3 . [Solved] 

16. fl— c : c : : b—d : d . 

17 . b+ c is a mean proportional between a-f b and c+d. 

18. (b+c)(b±d)={c+d){c+d). 

19. a*+b*+c* : b 3 +c i + (P=a : d. 

20. kz 3 -t-m6 3 -fnc 3 : lb*-\-mc*+nd?=a : d. 

21. (fl+c) 1 : ac=(fc-f d) 1 : d 2 . . v 

22 6 2 +c 2 is a mean proportional between a*+& 2 * nd 

^-fd 2 . - , . . _ 

23. u 3 4-6 2 +e 2 ,«6-{-6c+cdand6 2 4-c*+d 2 are in continued 

proportion. 

24. (a-d)*=»(fe-c) 2 +(c-a)*-f(t-d)*. 

25. v'?d+fr'+^^+^) == ‘V /a6+ ‘ l/6<:+v ^^; . 

26. If a, b % c be in continued proportion and if a(6—c)=*2&, 

prove that a—c= ^ [^°^d] 

27. U a, b, c be in continued proportion and a+c=2&, 

prove that a 2 (&+c)=a 3 +6 3 . 


SOLUTIONS & HINTS— EXERCISE 99 (c) 

1. Y 6, c are in continued proportion, 





(suppose) 


b=ak 

and c=bk=ak.k—ak t 

, a 3 -r6 2 a+c 

\t is reqd. to prove that 



ROTiO AND VROPOR-M0W . 


S8& 


[using result (t)] 




[Q. B.*D.| 


_ _ a»+6*_a’ + a 2 A* 

NoW ’ a *-a*A* 

and a+C= ! + ^! t usin e rcsult (“M 

a—c u—(J a 

I — Ar* *' ' 

a 5 -ft* 

From (lit) and (iv) we have — 

6. Values of 6 and c as in Q. 1. 

Now, L. H. S.=a 2 4-6 2 4-c a 

= a t - 1 -(«A*) , -f(«A.* 2 ) 2 [V b-ak, c^ak*) 

=a t - l rd t k 7 +a z k i =a-{\+k* \-k*) 

and R. H. S.=s(<r+&4*0(a—&+0 

«= (a + a A- ~i- a A' 2 )(o —ak -h a k') 

=a 2 ( 1 + *+ k 2 ){ 1 - A- + A 2 )=a 2 (1+ fc*+ fc 4 ) 

The two results are equal. 

L. H. s.~r: h.s. 

a b 

T“ c ‘ 

o* -f-h ? afe-J-fcc 
flb-j-fctT 6 1 4- c 2 


• • 


11. Given : 


To prove 


«« a (a + b\ z 

12. To prove: T - (6 +gr* 


13. 


* _ y _ 1 

'X 


(suppose) 


J/ 2 

.*. y=xk, z=xk*. etc. 

14. Eif/tir substitute the values of y and * obtained in the 
last question. 

Or thus .— 


* 

V 


y 


or y r —%x. 


Given : 
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= 1 . 


15. 


The given exp. =*J?S ? + !l ±*) 3 ^V-Sfix+y+z}* 

[xy+yz+zxp (xy-tyz+tfyT 

(Replacing zx by i/ 2 ! 

s*£ _ V ~i~ V~*~-0 3 __,V 3 (x+y 

{ y(z+z t?/i } 3 yV+y+s ) 3 

* _ b c , . 4 1 

T c- d (g,ven) = k (suppose) 

b=aj; 

c=bk=ak k=a k 2 

d~= ck = ak 2 . k=ak*. 
da 1 


Now, 


and 


ale 


•3 


A: 3 




a 


3 


n 


b* (ak) 3 a 3 k 


1 

k 3 


-O') 

...(a) 


2 

From (i) and ( ii) we get ~ = or a : d : : a 3 : 6 3 . 

26. Iler-* we are given that:— 

« 6 _ i 

~ b ” -j- (s.iy), which gives b=ak, c=ak i '> 

(ii) a(b—c) — 2b, which gives 

^{ak-nk 1 ) = 2ak [.substituting the values of b and c from rill 
or a 2 k( l —k) — 2ak ' ' 71 

or «(l-/.-)r=2 [Dividing both sides by «£]. 

Now. a—c will be equal to 2 —-iti'i 

If a-ak *= 2 ± a ~ C .? 

a 

[Substituting the values of b and c from (i) ] 

or if a(l-f-A-)(l — k)=2( l-f-Ar) [Factorising L. II. S. and 

simplifying R. H. S.| 

if 0(1— k)~2 [Dividing both sides by 1 -f-A*] 

But this is result (ii) which is given to us 

u-c^^+h. 


a 
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T.ATIC AND PROPORTION 

EitEKCISE 99 (d> 

1. If 6a-\-7b : fic-f-T'fi' ; : 6a—7b : 6c—7d, show that 
a : b : : c : d. [Soil ed | 

2. if 2a—3b' : . 2a+3b=2c—3d : 2 c-i-3d, show that 
a : b : : c : d. 

3. Ii'(3a-\-$b) y :h'-SJ)=(3a-Sb){3c+*d), then will a : b = 
c ; d, [Mint] 

4. If (a+6+2e+2^)(«— b — 2c+'2d)--={a-b-\-2c-2d)>- 
{a+b—2c—2d), show that a, 6 , r, d are proportidnnls. 

(SWi.rd] 

5. If {fi-\‘b-\-c-\-d)(a—b—c-i-d) — [o. — b~ c — d)(a \ h — ('—d) t 
then a. b, c, d are in proportion. 

6. If (a-f 26 4-4- id) (a— 2b—3r + ld)=( a —2b^3c— Id) x 
(a+2b—3c—4d), show that a : b : • 3r : 2d. 

7 If (2a4-3&+4c+6d)(2a— 3b—4c+6d) 

— (2a~\-3b — 4>c — 6d)(2a —36-f-4e — t >d) prove that 

a, 1, c, d are proportionals. 


■ 8 . 


9. 


10 


1 1 


12 . 


13. 


14 


If , = H± fmd the value of l±i° + f±^. 

a ~r b x- 2 a x -2b [Solved 


2 mn 


If , and the value of + x ± n 

m 4*« x—m x—n 

If X=-^- t evaluate 

VS-i-Vr x—y/3 x—y/2' 

If evaluate *±^ 5 +*±^!. 

V°+ \/7 ^ J'—y/o X—y/7 

x -I- i n x-‘- 4 in 


[Hint] 


... 12wn 

A * x=——evaluate 

m + n 


x —hi x —4m' 


" *-W;"." 

„ „ j-j±i . 'gating 
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M4 


15. If x- 


16 If x = 


v/o + 3MV^-86 shQW that 3 ^ 1 - 2 ax + 3b-0. 

^ a+3b " V °- a6 [ffmil. 

show that a*- 8 a**+- 8 »—a« 0 . 

a + i 


Solve the followin'' equations :— 


• 

17. 

V 3 +\/ 3 -z =3 (Soloed) 
y/3— y/z—x 

18, 

19. 

•l-‘i s /\-z flint, 

1 4 - v/f- ir 

20 . 

21 . 

<>( v/*kr -HO — \/2.c 5)_| 

y/\i «- 9 4“ \/ 2 .c ! 5 

22 . 

30. 

11 ( ’ -f-x4- x ■)_ 1 4 -x 

ftfi-s+i*) 1 —x’ 

24. 


V lx 4- yj\x~^ __ ^ 

V7* - V** “ 8 

6x4-2\/^l6_3 

3x — V*r , -46 

l-fg4-a*_ 62(14-gl 

1 ^e+s* 63( l —x) 

[f/tnf] 

16 (*=S\ # --±?. 

\a4-*r / a-x 


25. 


If -— ■=.- show that jr + y-j-:—0. 

6 —c c—a a — b 


[Hint] 

[Solved] 


26. If , r-—«_= - 


V 


b+c — 2 a c + fl -*26 a-\-b — 2c 

x + y+z = 0. 


show that 


27 If 


a 


28. If 


q+r — p r+p—q p+q—r 

a{q-r)-\-b(r-p) + c(P~<l) = 0 

J 1 —= - = -- , show that 

1/4-2 s4-x x+y 

a(b—c) b (e — a ) _c(a — b) 


, show that 


0 *- 2 * 


2'—X' 


x 3 -y* 


Tf JL.= JL= — prove that each ratio is either 
11 6-f-c c4-a u 4-« 

equal to \ or — I. [Solved] 
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80. If 


33 


y+z—x- z+x—y x+y ^ 2 
=1 or — 


y _as _* — prove that each ratio 

__t# 2 r 


31. If 


Z ~*~ 3 L a and *4-!/+* not zero. 


ay + bz az+Ox ax+by 

2 


32. If 


then each ratio= 


V 


a-f b 


- r - -;---—j— and x-fy-f z 

ax-\-by+cz bx+cy+az cx+ay+bx 

1 


is not zero, show that each ratio= 


a±b -f-c’ 

If a+6 : 6-fc=c-fd : d-\-a, show that eit6er a=c 
or a4-64- c 4-d=0. 


34. If »+—* .«+*~y„»±g^, prove that 

6 


a 

x 


c 

[5ofoed] 


£+c c4-<» «4-6* 

35 , f «y+t,-. n ff +« g-,_te+fr-* shpw thftt 

a b c 

_ !/ 


26+2c—a 2c4-2a—6 2 o-f 26 —c* 

36. If *+£=?-«*=*- £±5=1*, show that 

x \y z 

Sf+s+J2* _ z4-x4-2.v _ g-f-ff t-2z 
64-c c 4*0 a-i-6 • 

37. If (x4-j/4-z)a—(y4-2—x)6=(z4-x—y)c=(x-fy—z)d, 

1 111 


prove that — = —|- 

a 0 


« +4 


(fftnf) 


38. If (a ? -f 6 3 J(x*-f y*)=(ax4- by) 9 , prove that g, a, y, b arc 
proportional. [So/oed] 

S9. If a«+c« :.6*+<P : : « : M, show that a. b, c. d are pro. 
portional. ^ 
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4* 


40. If 2a-\-3c : 3a- 4c =2b+3d : 3b—Ad, show that a, b, c , 

d are in proportion. 

41. If ax+by+cz is a mean proportional between 

a?+y 2 +z- and _|-6“d - c*, *how that x : a=y : b=z : c. 

[Hint] 


1 . 


SOLUTIONS AND HINTS EX. 99 (d) 

Ga+Tb __6a — 7b 


6c-±-7d 6c— Id' 
Ga + 7b_6c+7d 


[givenj 

[alternando] 


• • 


6a-7b Gc—7d * 

12 cl 12c t\- * 

lift—14d’ [Comp. ^ O.v.J 


a 


c 

~d 


or 


a : b : : c : d. 


3. Transfer (3a-8b) to L. H. S. and 3c-8d to R. H. S., 


« • 


or 


then . 5?±^ = 2£±^,etc..etc. 
inen * 3a-Vb 3c-8d* 

The given relation may be written as : 

a+b+c+d_a j-b-c—d 

a —b+c—d a—b—c+d 

2 'i + 2 c^2o-2c (Comp . & Div.] 
26+2d 2b-2d 
a-f-r a—c 


or 


6 +d ~b—d 

a+c_b + d 

a—c b—d 

2 a _ 2 b 

2c 2d 

a b 

c d 

a _£ 

d 


[Alternando] 
[Comp. & Div.] 


9 • 


[Alternando] 
a, b, c, d are proportionals. 
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• * 


10. 


~3* [8iVen] 

26 


...(0 


[Dividing both sides by *2«/) 
2 a a-f6 L b 

X +<la = 9h+a &Div .j 

a—2a 6—a 


Mi) 


13. 


♦ • 


Again, dividing both sides of (*) by 26, \vc get :— 

* _ 2a 
26 a+ 6 

x+2b Sa+b & Div ^ ...(fiij 

*—26 a—6 1 K J ' 

Adding (it) and (tit) we have :— 

*-f2a r4-26_fl6-f-a^.3a + 6 _36-f-a_3a-f6 

*—2a" 1 ”*— 26 6—a a—6 6—a 6 — a 

86-ha—3a—6 26 —?a 2(6—a) 

= —r-=r-= jt -r =2 * Ans * 

6—a b — a [b—a) 

2\/« 2y/9‘y/2 2ab 

x= —rMr —;« = [ where a — \/3, 6= \/2) 


V^d- V 2 a-[-6 


2a 


Dividing both sides by 6 we gut -y From 

n J 

this get the value of —v by Comp, and Div ) 

Similarly find the vclue of ?--•? . Add the two 
values. 

2a6 , . . 

*-«*+! (B*ven] 

X 26 


a 6* + l 


(Dividing both sides by a) 


~V =b ~W l Inv<:rttmdo ] 

Now apply Componendo and Dividendo, take sq. root of 
both sides, and ap'ply Componendo and Dividendo 
once again. 
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15. Applv Componendo and Dividendo ; then square both 
sides and multiply. 


17 


t r. 


V3-r - y/3 — x_ 

V 9 — V3-J 

2y/3. _3-|-l 

3-1 

Vg. _o 

V3-a * 


j- [Given] 
[Comp. & Div.) 



[Squaring both sides] 


or 3 =12—4* 

or 4.r=12 —3=9 
9 

or x= — Ans. 

19. Dividing both sides of the given equation by 2? we ge* 

1-xA-ig 
l+\A-.r ' 

Now apply Componendo and Dividendo, etc. 

Note. The student should note carefully why both sides of 
the given equation have been divided by 2 

22. Transferring 1 4-.r and \ —x from R. H. S. to L. H. S. 
we get 

{1 -Kr-t-£ 2 )(I — .r)_ 62 l—^ = 62 

(I— * + £*)( I-f x) 63 or 

Now apply Componendo and Dividendo ; etc. 

24. Transferring a+x and a — x to I,. H. S. and 16 to 
R. H. S., we get :— 



BATIO AND PROPORTION 




25. — - —- = -^-. — k (Suppose) 

b—c c—u a—b rr 

J!=/C(fc —C) 

*,=*(<»-«) 

2 — fc(a—6) 

x+t/4-2=A:{6-c) + A:(c—a) + A(a-6) 
=A( 6 +c+c—a+rt— 6 ) 
=kxo~ 0 . 


39. 2-=-L=.°_ 

t+c c+a a+6 


[given] 


Kach oi these ratios = 


d+ 6 +‘* 

(h + c)+(c+a) + (a+bj 
( a+b+c) 


2 (a+fc-fe) 


[Art. 160] 


In this result we can cancel the factor (aonly if 
a-\-b+c is not equal to zero (V division by zero of 
the numerator and denominators .is not admissible) 


If a-\-b-{-c is not= 0 , we have each ratio = J 
Hut if a-f 6 -fc= 0 , we get b-j-c— —a 


First ratio— a — a - = — | 

b+c —a 

Each ratio=--l [•/ The three ratios are equal] 

Hence each ratio= - J if a 4 - 6 -f-c= 0 ') 

and if a + b+c=Qf Q. E. D. 

34 y+ z — x__z-\‘X~ij x-\-y~z l 

a b ~ c * k < su PP ose ) 

b=k{z+x—y) 

c=*h(x+y-z) 

* = ‘ x _ ^ I 

ft4e k{z+K—y)+k( X +y__z) ~lcx < 2? =: 'lb 
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V 


1 z 1 

Similarly — = —and ,— -7 

c-i-a 2k a-\-b % 2k 

xv 2 


’* b-^-c c-i-a a-'rb’ 

37. (x+?/+2)fl=(t/-r:-a:)6=(2-i-ir-t/)c=(®4-!/-3W 




=k(x+y + z) 
a 

-^-=k(y+z—x) 

— =k(z+x—y) 
c 

-^-+k(x+y-z) etc. 


= j (Suppose) 


38. (a* + ft f )(a , +3J s )=(fl«+fty)* [Given], 

rt 2 j" s -f a s */ a •+■ b~x* ft 5 V* ^ a*£*+ft*t/ ? + 2abxy 
.*. a i y 2 -\-b 2 y t —2abxy 
or a 2 y' 1 + b 2 x*—2abxy=0 

or (ay—bx)*—0 . 

ay—bx=0 
or bx=ay 

/, JL = [Dividing both sides by aft] 
a 0 

i.c., a, a, y, b are proportionals. 

41. t 2 +c l )=(w+^+ cz ) t [given] 

Open the brackets, transfer all terms to L. H. S. slid 
simplify, we get 

(bx-ayr+{az-cx)'+ (cy-bz)-=0 

L. H. S. is the sum of three terms, none of which is 
negative [a squared quantity can never be pegative]. 
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Hence their sum can be equal to zero only if each of 
them is zero. This gives :— 

bx—ay=0, az—cx—O, cy—bz =o 

• * = y x =_? y = c 

“ a b * a .c * b c 

. * =, y -jl 

'• a be * 


CHAPTER XXIII 
ELIMINATION 


161. Literally elimination means removing, throwing off, 
or getting rid of, but algebraically the term is used lor a pro- 
ce «? by means of which we find out the condition, under 
which a certain set or system of equations inuy be simul¬ 
taneously true or consistent. 


a 

d 


For example, ax+b=0 is true only if * = - 

* 

and ar+d=0 is true only if x— - 

Hence both equations will be simultaneously true if 

& ___ d b d 

a~ c or T“T ° r ad= 

Here * has been thrown out or eliminated and the result 
derived is that the two equations will be consistent if ad=be, 

'ul^' C . 0n '^ i0n ti ” be 0,r nd - bc =0) IS called the 

euminant of the given equations, at+6±=0 and 6c-f-^=o. 

Cfl / n exhaustive treatment of elimination is beyond the 
i„_** e ® t ^ ls b°°k. We shall take typical cases only, provid- 

guidance of student. SU ® C ' ent nu,nber ° f S, ’ lutiop!i f P r th « 

EXERCISE 100 {a) 

Eliminate * from 

1. o«4-6=o ) . <* 

e*+d=o \ l Solved) 2 ( 
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3 . 


5 . 


7 . 


9 . 


11 . 


/i’+TO+n=0 ) 

<i + b -f c x =0 { 

px^l-qZl \ l S ° tved ) 

pr-\-q =0 ) 
aa^+6=0 { 

ax 2 — bx-\-c=0 l • 

=o S 


4. pi= 9 *+r( [H;nt] 
mx—nx=k \ 1 


r.i 
- 6 2 =0 ) 
—d — 0 \ 


mx -f 1 
x+y=a I 

X 2 +f,2=6 2 { 


13 . 


14 . 


15. 


16 . 


17. 


6. z+a=0 

6a; 2 +c 

9. a?x?—b 2 =0 

cx—d—0 

10. px 2 +qx+r—' 0 1 

—1=0 ( 

12. <i*»+&**+<»+d=0 ; 

-\-if=b z \ lx+m=0 \ 

Eliminate t from the equations x=at 2 J ,p y jgjj\ 

y= 2 at ( v ' 

Eliminate r from the equations x—ar 2 + br \-c ) 

y=lv J r m \ 

[P. V. 1918) 

A 

■I 

Eliminate r from the equations : 
l[r—a)—m[r —6) 1 
l\r—c)=m(r—d) f [Hint] 

Eliminate r from the equations: 
l(r — a)=m(r — 6) ) 

p(r—c)=qir—d) f Hint 
a__ k=r-fl t Eliminate r. 

-f r) 2 =u—6 ( 


IP. V. 1914) 


18. 


(1 

b = d _ i 

t a 


t 


\ 


= 6 


19 . 

20 . 
21 . 

22 . 


a J 

It u = n+/f and s = ut + if/ 2 , show that * = *+ 2 /*^ 

If r==U 4-/J and i,* = u* +2/*, show that #«=uH-i/l a . 

If ,«,!/+1/|* and n*=tt*+2/#, sl ow that »=«+//• 

!f and-™ + f + ° show thal 

(flJ-fM (-£- + — ) =c *' 



ELIMINATION 


23. It'x+— =1 and y -\—— = 1, provr that z-i- 

y 2 

[p. 


Eliminate x from :— 
24. ax i — b —0 


- =0 1 


px*—q 

26. h 8 +m=0 > 

/; x ls +?=0 ( 


25. s 6 

T 8 


27. ax" 
cr m 


—a=0 ) 

-6=0 t 
— 6=0 ) 
— d=0 ( 


28. jH -=m 


x— 


x 

x 


n 


Eliminate x. fSotoof) 


t- 


29. t+~=a 1 

f-* 

30. ;H- i-=a-|-6 1 

p —— =a—6 

P 

31. 5/+-^-=8c+4d 1 


Eliminate i 


Eliminate t 


5t 


3 


Eliminate I 


t 


3c—4tZ 


32. ;>+ 


P 

1 


? + ~- 


33 . 


«*— 


7 

a? 

1 


m a I 

^_m ( 

?» a J 


Eliminate mi, 


26 


4o6 


f Eliminates, [///nr] 


498 

=i 

i 

L'. /.W) 

[Hint] 

[«*/*/] 
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35. 


t- T =a+b 


t 2 

1 

0 

— 

a z —b 2 j 

«( 

t- 

1 

)=6 ] 



t 


c( 

f _L . 

1 



f T 

i 

t 

}-a j 


Eliminate t 


Eliminate /. (f/tnJ) 


36. X-\- — safl 

x 

^ + 4 = 6 * 


VA. x=t+ 
«/*=**+ 


Eliminate x. [£o/ivd] 


Eliminate t. 


37. x+y=2a+ — 

4*+ff=4a*+ 


38. «y+-5-=*l 

X 


zx>+-^=\ 

ax ——=6 
x 

ii *+4= a 


Eliminate a. 


39. 


40 f+ r 

* 4 4- r 


-1 

= /« j 


Eliminate <r. [fftnf) 


Eliminate a. 


Eliminate t. [Hint) 


ELIMINATION 




u 


42 


i 

X -= o 

X 

1 


1 


Eliminate x. 


J 

( «-4>-i 

m ( ^ + k) =1 


Eliminate l. 


43 


44 


45. 


46 


*-r 


X 

1 

ar 1 

1 


=P 


*~lT= a 

a 3 -i=6 3 +3& 


1 




*M"-r=9 3 -»/> J 


1 


Eliminate X. 


Eliminate x. 


Eliminate l from :— 

-I'+t) “*( ,,+ -fH 

i _L p _— 

Eliminate / from t _ t 3 


[WmO 

1 

J>'/ 


47 

48. 

49. 



Eliminate z from 
Eliminate z from 
Eliminate t from 
Eliminate « fiom 


fl 1 a a +&i*-l-C|=0 { 
<i 2 X 2 -p ( 

e *+/*+*-0 I 
* 3 +gs-fZ/=0 1 

«/*—t/t+s=0 ( 
j't—z’—O S 

r / x s + fc . T + e =0 ) 
a*-H/=0 \ 


ISo/ord] 


l/Zin/J 



PROORRS9IV0 AUJEBIlA 




Eliminate x from :— 


51. 

a^c*-|-6. f r-{-c 1 =.0 f 

( H ini] 

52. 

px*—qx—r ) 

Ir^ — mx—n i 


53. 

<tr s +fej?+c=0 ) 
ca?*+6;c+(z=0 f 

[Hint] 

54. 

ar a -f&z 2 -|-c=0 4 
a'ar*-|-6';r 2 -f c'=0 i 

[Hint] 

55. 

6 l ic*+e 1 =0 
d 2 x 4 +fe 2 j: 3 -f c a =0 

1 


Eliminate t: — 






a( 1 -M a ) 'i 

T-i* • ( 
261 ; 
y== I--?" j 

«_ !±£. 1 
«('-< ! ) I 

2< f 

g(i-i«L 
l+i* 

2bt 

y -r+F 

JP(1 +<•)=!— 
y(l-H a ) = 2 /. 



58. (l-l a )a?=l+l 2 1 

(l-/ 2 )t/=2f ( 


(//inf) 


[Hint] 


61 

62 


Elimiminate r from 


*• + 1=2 ax I 
z*-\=2bv f 


Eliminate / from 1*+ t = 4(a 3 -f fc 3 )1 


3/ 4- ( 3 —4(a s —6 8 ) j 






( flint]. 
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SOLUTIONS & HINTS—EX. 100 ( a) 

t. aa:+6=0 ...(*) 

cx+d —0 ...(*») 

From (i) 02= —6 


• • 


From (it) C 2 =—d 


• • 


6 

2=- 

a 

— c 


• (»«) 
...(iu) 


From (iff) and liv) we have— — = ~ — or — 

v c d c 

or'od=6c, which is the required eliminant. 

i Second Method 

Multiply ( i ) by c we get acx+bc—0 

■„ (ii) *y a we g e * oc2+ad=0 

By subtraction 6c—ad=0, /6c reqd. eliminant. 

Third Method 


From (i) ax=—b. 


2=-i 

o 


Substituting this value in (ii) we get c^ — — ^ + d=0* 

\ V - - 'fog 

° r a ' r ^ ==0 or —l 6c+ad=0, the reqd. eliminant» 

Fourth Method 

From (0 ax= — b ...( v ) 

From (»i) cx=*-d # ...(in) 

Dividing (u) by ( vi ) we get ~.= or — = 

cx —d c d 

or ad=bc , the reqd. eliminate. 

Fifth Method 

From (i) or--6 • ...(vii) 

From (if) d=-cx ...(viii) 

Multiplying (uif) and (viii), we get adx—bex^ 

.. ad=sbc [Dividing both sides by *] 

the reqd. el»-* : * > int. 
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Note 1. The object of giving so many methods for this 
simple question is to bring home to the student that we have 
to get rid of x by any means whatever. The student should 
carefully remember that :— 

(t) the result should be an equation, not an expression. 

(ii) it should not contain the letter required to be eliminated. 

It should also be borne in mind that the result should be 
put in as simple a form as possible. If simplification is 
possible, it must be carried out. The indices of powers are 
generally required to be positive integers and not fractional 
01 negative. 

Note 2. The results obtained by different methods in the 
above example arc all the same. There is absolutely no 
diff rencc between the equations ad=bc t bc—dd— 0, 
— bc-\-ad=0, etc. 

4. The first equation gives px—qx=r or x(p—q)^r 

T 

or x= - 

p-q 

Similarly get the value of x from the second equation and 
equal the two values. 

5. ax 4-6=0 ...(*) 

px 2 -\-q =0 ...(ii) 

b 

From (i) ax——b x =— - 


Substituting this value of x in (ii), we get : 

£ +,-• 

pb 2 -\-qa t =0, the reqd. eliminant. 

Or thus :— 

From (i) x= - — (as before), \ ^ = 
' a 


£ 

- [squaring] 


From (ii) px i = -q 



ELIMINATION 


Equating the two values of x 2 we get 




b 2 p= — a 2 q or b 2 p-\-a. 2 q~d. 

15. Open the brackets aid subtract one equation from the- 
other ; the terms containing r cancel out. 

16* From the first equation, lr—la=mr—mb 
lr-mr=la-mb r{l-m)=la-mb. 

la—mb 

•' f " l-m ’ 

Similarly find the value of r from the second equation 
and equate the two values. * 


l>. [In the required result there is no " t *’ Heno« 
have to eliminate t between the given equations) 

v—u-\-ft ...(•) 

8—ut-\-\fl 2 ...(h) 


From (t) ft—v—u 



wo 


Substituting this value of t from (it) we get :— 
u[v—u) , / tv— u\ 2 _uu—'/(i^+tt*—2uu) 

* 7 ~? * \ f I ~J + 7J* 

UV—V? , 2tip 

or - 

2/s=2uo—2 up 

[Multiplying both sides by 2/) 

or % 2fs=v*—u l or ©*=«*+2/*. [Q. E. D.) 

Or thus : — [Artifice] 

Squaring (i) we get p 3 =u i -|-/*f a 4-2 uft ..(tti) 

A Iso (ti) X 2 f gives 2fi =2 fut -f/ 2 t a .. .(t'p) 

From [iii) and ^ iv) by subtraction p 2 — 2/$=u , 
or o*=u , +2 fa, [Q. E. D.) ^ 

Note. The student should note that the two results 
obtained above are the same. 
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± + ± 
x V 


12. From the first equation ax + by= 
.* second 

Multiply these two equations. 

24. ax* — b — 0 
px*~q=0 

From (i) ax*—b 


—cz 


c 

2 


...(») 

...(«*) 


.r 1 = 

a 


w-efy 


or 


2 1 * = 






n 


From (ii) px*=^q 


*•-= w-oj-y 


or 


*««= ’ 


Equating the two values of a; 12 we iret 
fc* _ q 2 

~ b 3 p i =a 3 q a ; (hr reqd. eliminant 

K'ote. Wc have obtained the value of a:* 2 from each 
?and 6°* ° te 12 iS thC L C M * ° f the two ^dices 

27 Find the value of *»» from each equation and equate 
the two values. ^ 
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Qr thin : — 


1 


— rr»l 


Squaring (0 **+-—2 +2 —m 

X 


1 


Squaring (t*> x* 4- — 2 = n 2 

By subtraction 4 = m 2 — n 2 . f/ie reqd. elimitiaTit. 

33. Dividing the second equation by the first we get 

1 


c 3 — 


x-f 


4rt& * nl 

- or x-=2o 

2a x 


Take this equation an<5 the first and proceed as in Q. 28. 


35. From («) t -- 


[Dividing both sides by a] 


Similarly from ^2) = Now proceed.as before. 


36. x-f- — =a 

X 

X* + -L=6* 


...( 1 ) 

...( 2 ) 


Squaring (1), x* + + 2=»o* 


1 


fc a d-2=ifl*, [Substituting the value of x*-f —, 4 - 

from (2)) 

the rcqd, eliminant. 


38. From the first equation x+ 


[Dividing both sule> by t/J 


• # 


second 


etc. 




x 2 -f -V = - 

x 2 - 


[Dividing both sides by ft) 
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*40. Get^the valg of Z 4 4--^ 4 - from the first equation; 

l 

another value of z 4 -f- — is given in the second equa¬ 
tion Equate the two values. 

45. The given equation are l-\ —J—^ = 1 and 


h ( ' s +- jr )-' 


or Z + 


J 


1 il 

— and l 9 - 4--j=- = -r— etc. 

a P b 


47. o,^4-Z) | a'-{-c 1 -=0 ...(») 

0 ...(ft 

By cross multi -Mention, 


b. 



6. 


l 


^l c : 


C.Q 




dA-b ,<>1 

. j - Cj</ a — 

Qhd ~r-r— 

°1^2“ 


t 2 — ^1^*2 ^1^2 b\Cl 2 

...(lit) 


Squaring a 1 


2 




(a^2~ Vc) 2 

Equating the values of j 2 from (»u) and (iu) we get:— 

b l c 2 j-c 1 b 3 _( c 1 <7 2 -o 1 c 2 ) 8 
a l b 2 -b l n 2 1 a l b 9 —b l a 2 ) i 

Multiply ng both sides by M 3) 2 we get ■— 

(V»“ c iM a i fc »“Ma>=( c i a s“' I i c *)*» the reqd. eliminant. 

50 Write the second equatfon as £*+()£-fd=0 am 
cross multiply. 

51. Get the values of a* 3 nnd x by cross multiplication 
Cube the second value to get another value of a* 
Equate the two values of X 3 . 


ELIMINATION 
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53. Either proceed as in Q. 51 or thus ;— r 

[Artifice] 

From the given equations, by subtraction, ^ 

(a—c)fE®+(c—a)=0 or (o-c)r»=(a— c) or ** = 1 
[Dividing both sides by (a—c)J .*. <r=l 

Substituting this value of x in the first equation we get 

• <i-f6-{-e = 0. 

54. By cross multiplication, g*t the values of x 3 and x* 

Square the first value and cubs the second, thu* 
getting two values of x®. Equate these values. 


56. *= 

a(l+f>). 

^i) 


l-<* 



2bt 



y= 

i-t * 


From (t) 

x _1+/ 2 . 

A A A 

x 2 _ 

A 


a 

a 1 


From (ii) 

JL- 21 • 

!/* _ 

• — • 


6 l-/ 2 “ 

6 2 

(l-/ 2 ) 2 

By subtraction we get 




[Squaring] 
[Squaring] 


or 


x 1 _ t/ 2 _(l + < 2 ) 2 -4I 2 _Jl-/*)* 
a* (1 —l*)* 


- £- = l 
b * • 


(X — f 2 ) 2 
the reqd. eliminant. 


0—1 


58. The given equations may be written and 

2 1 

V =Square and subtract. 

59. The given equations are —and. 

c , , a **M* „ 6 

Square and add. ~~ -^ 

W. Dividing each equation by x we get x+ -- =2a 

1 * 

9 —--=26. etc. 

ft 
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62. By additio -^ + 4-=8“ J 

t P 

or ( t-i -j —(2a) 3 or /+ 7-=2<r 

Similarly, by subtraction, t -y =26. etc. 


EXERCISE 100 ( b) 


Eliminate x and y from the equations :— 


1. e 1 ®+6,t/+c 1 =0, a 2 x+b 2 y+c 2 = 0, a^x+b 2 y-\-c 2 ^(Y. 

[1 Solved ) 

2. ax+hy+g^O, hx+by-\-f=0, gx+fy+c=0. 

3. ax-\-by-\-c= 0, px+qy+r=0, x+y +1=0. 

Eliminate x , y. z from the equations 

^ ax+by+cz= 0, kr-f n/-Mz = 0, cx-f *y+6z=0. [ffinf] 
5s b{z+x)=y, c{x+y)=z. 

6 . + by~T cz=*£, CZ-,-zX—\. 




X 


s 

•♦t 


ff-« 


S — X * cT —t/ 

6-r+q/ _c*+ay 


n 






fc ^ - 

Ettrafeate x and y from tfic cqnaiifcfi* r— 


9. px+qy =° 

<Hj 2 -f 6 .n/-hci / 2 =0 



11. a 1 a?+6 1 *!/+r 1 !/*=0 £ 

a 2 x* 4- b 2 xy -f c 2 t/ 2 =0 1 


12. < 1 **+fc-TV+cj/^O ; 

-r 2 4-d»/ 2 =0 \ 

14. az :i -\-bx 2 y + cij 3 =0 ) 
a'x 3 -\-b'x 2 y-\-c'y 3 =0 ( 


10. lx 2 —mar;/+nc» s \ 

bx + ay=0 f 

[Hint 

13. a l x?-\-b l xy 2 -\-c l y i =0 
a,x 3 -1- b 2 .ry* -f r 2 y 8 =0 



elimination 




Eliminate * and y from :— 

15. x+y=a, * , 4*J/*—&*, x 3 +y*««r». 

16. x— y=m, r‘+t/ , =n 1 , x 3 —y 3 =J*. 

17. x+y=a, x*+y ,! =* f . x 4 +t/ 4 ==c 4 . 

18. x—y=a, x*—y*= 6*, x 3 —y*=c 8 . [//in/] 

19. x + y=f, x?—y l —m z , x 3 — y*=*n 3 . 

20. x+y=a, j*+j/ 3 =6 s > ^*-{-J/ 4 =c 4 . 


21 . 

22 . 

23. 

24. 


25. 

26. 



28. 

29. 

30. 


IJlfttftti/aniou* types) 

Eliminate m, y, z from x—ay, y—bz t z—cx. [//inf] 

* % 

Eliminate c, y, z from bx=ay t dy=cz, fz—ex. 


Eliminate x, y, z from X ~^=a t 

* ff-y v-z 


z—x 


!L+± 

a y 


Eliminate x, y, z from 

^-+-|-=c. [Hint) 

Eliminate x and y from —“=o»*/+* 1 

x y 

1 


a , * * 

• * + T=>’ 


[fltnf] 


6, 


<rt/+ —=c. 


Eliminate p and o from QX-fPV=n. ay 
P 2 +9 2 =1. [//inf] 


— OX=0, 


Eliminate m, and m 2 from y—m.x-] -, 

y=m 2 x+ m l w a -f-l=0. [Hint] 

»* *2 

Eliminate a , 6, c from a-fh+c^x, a t +b t +c 7 =y % , 
ab + bc+ca=z *. [//inf] 

Eliminate x and y from x-hy=a, x 3 — xt/-f-t/*=6*, 
*Hy 3 =c s . 

Eliminate x, y, r from the equations :— 
x\y-z)=a\ y s (z—x)=b 2 , z*(x-y)= c *, xyz=«6c. 

[//inf] 
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SOLUTIONS Sc HINTS—Ex. 100 ( b) 

t. a^ + btf + C ^0 ’ ' . 

««*+6ay+<r,-0 ‘ ...(«) 

Ov*+b&+c 9 =0 ...(tit) 

From (?) and (ii) by cross multiplication we have :— 

_ V _ 1 

b l c 2 ~c l b 2 


Cjfl 2 — fljC, 


Q 2 b^Q% 


6|Co—C i6 2 


?y= 


<^1^2 b\0 2 — 6jfl 2 

Substituting these values of .r and ^ in (tii) we get :— 




6 t c 2 —Ci 6 2 t t c^j,—a.c 2 


_ s_ v _ii“* jni* _ n 

«A-V* 3 ftS.-Vt + *”■ 


or 


4. 


03(6^2—^60) + 6 9 (c t a s -- c^o)+^(<1^0 -6^2)=0, 

//?c rc^d. climinant. 

Divide each equation by 2 ; then we get three equa¬ 
tions from which we have to eliminate — and 

2 2 

Proceed as in Q. 1. 

7. The first equation may be written x=ly—lz or 
x—ly + lz = 0. 

Similarly modify the other two equations and proceed as 
in Q. 4. 

9. Divide the first equation by y and the second by t/ 3 ; 

we get two equations in which the only unknown 

. . x 

quantity is 


y 


Find the value of 


x 


u 


from the first equation and sub' 


stitutc it in the second. 

11. Divide both the equations by y l and cross multiply. 

(See Ex. 100 (a) Q. 47) 

15. x+y=a •••(*) 

x 9 +i !* = !>* ...(it) 


r/ 3 =c 3 


■ (m) 
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Squaring (t) we get *•-t-y* + 2.ri/<= o* 
or 6 , -f2xy=a # ( *. v* + $* = &* by (ft) 

or =«*—6* 

or -<#>• 

Cubing (t) we grt <r* i y* + 9;ry *+yl=a a 

or e?+8^a)=ra 3 [by substitution from (*>4) and (»| ) 
or Qxya—a?—c* 

„ ««w* 

or • TiTT -«•>. 

Erom (ip) and (p) we hgve °-— c=!L_Z£* 

2 8a 

or 8a*^8p6 , =s2a* N -2e» 

# 

or a* + 2c*-3fl6‘=0, Ihtrtqd. eliminnnt. 

18. Dividing («) by (i) we ©* the yalueof J-fry. 

Then applying the forn.uia (*+ y)*-T[*-y\*= 4 Ky, .wo get 
the value of £y. 

Then writing the »bird ec,i>at op aft (a?- v)*+Sjj/(a— o)»c* 

and .-U’ Sliiuiirg the valu. s ol d-janilnl. the 
teqd. el minant.' * 



From the first 

Values of ~ 

z 


equation =a. Similarly get the 

V 

2 , 

al «J •'Nd mutZfpjy the three results 


\rw* 


* a] Z!hM » b ';^ UH ' on *•• 1h * S, «" a «"«* d '^< 

23 . We ean easily g-t He values cf-i, J?. aTtd ^ 

i r n^ tbC ? K 7 eCq * a V aM ^ 5 »^ C ^y t>V 

and dividcndo Multiply the three reiutlV 
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» 

24. It can be easily verified that 



Substitute the values of —+ —, etc., from the given 

2 y 

equations. 

26. Square and add the fust two equations : left-hand-side 
will be found equal to Substitute 

the value of x t + t/ 1 from th^third equation. 

27 Subtract the second equation from the fir>t ; substitute 
for m l m 2 from the third equation and divide both 

sides by 

28. Square the first equation and substitute the values of 
a*+b*+c' and ab+bc+ca from the other two 

equations. 

30. Multiply the first three equations and substitute for 
tyz from the fourth. This gives the value of 

(*— y){y —*)(*—*) 

Again by adding the first three equations we get the value 
of the same expression. Equate the two values. 


CHAPSER XXIV 
LINEAR GRAPHS 


162. On a piece of 
squared paper take two 
straight lines XOX' and 

YOi / intersecting at 
right angles in 0 [Fig. 1] 

Let the lengths mea¬ 
sured to the right along 
or parallel to OX bo 
positive, and consequent* 
ly thoe measured to the 
left along or parallel to 
OX' negative. 

Also let lengths mea¬ 
sured uproards along or 
parallel to OY be posi¬ 
tive and consequently 
those measured doicn- 
wards along or parallel to 
OY' negative. 


unit.lengths] small division 
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Fig. l. 


Take any point P and draw PM, PN perpendiculars to OX 
and OY respectively. 


It is evident that if the point P be given in position, we 
Cqn find the lengths PN and PM. [In the above figure 
PN=-f8 units and PM=44 units] ai d if the lengths PN aDd 
PM be given, with proper signs, wc can mark the point P. 


Definitions :— 

V 

The lines of reference, XOX' and YOY' from which dis¬ 
tances of a point are measured, are cailcd the axes. 

XOX' is called the axis of x. 

YOY' „ „ axis of y. 

The point 0 is called the origin. [It is so caDed because 
it is the point Jiom which measurements start]. 
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OM and MP are called the co-ordlaates of the point P. To 
distinguish them, OM is called the abscissa or x-co-ordinate of 
P and MP is called the ordinate or y-co-ordinate of P. 

Markiog 'the position of a point whose-co-ordinates are 
given is called the plotting the point. 

The point whose co-ordinates are a-and b is briefly written 
as the point (a, b). Thus, the point P [Fig. 1], whose abscissa' 
is 8 and ordinate 4, is described as the point (3, 4). Note 

that in writing thus the abscissa is always put first. 

• • 

A The four s divisions into which • the plane of the paper is 
divided by the axe> are spoken of as quadrants. 

XOY is the .first quadrant./ It will be noticed that any 
point situated in this quadrant has both its abscissa and efrdi* 

nata positive. Thus, for unit length=1 small division 
instance, P [Fig. 2] is the 
point (5, 3). 

YOX' is known as the 
second quadrant. Any 
point situated in this quad¬ 
rant has its abscissa nega¬ 
tive and ordinate positive. 

Thus, for instance, Q is the 
point (—2, 5). 

X'OY' is known as the 
third quadrant.Any point 
situated in this quadrant 
has both its abscissa 
and ordinate negative. 

Thus, for instance, R is 
the point ( — 6, —7). 



Y'OX is known as the Fig. 2 . 

fourth quadrant. Any point ,. 

situated in this quadrant has its abscissa positive and ordinate 
negative. Thus, for instance, S is the point (8, —4). 

9 


Example. Plot the point (6, 5), ( — 5, 8), (—4, -4,) 
<6, —8), (7, 0), (0. -6), (-5, 0). (0, 5), (0, 0). 
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Solution unit lengths 1 smsdl division 

On a piece of squared 
paper take two st lines 
XOX' and YOY' inters- eting 
in rt. angles at O (Fig. S] 

(*) To plot the print (6. 5) 

Since the abscissa is 6 
and ordihate 5j from. O we 
go 6 divisions to the right 
along OX, Bnd then 5 divi¬ 
sions upward9 parallel t 
OY and reach the required 
point marked A. 

(n) To plot the point 

(-«, <?)• 

• 

We go 5 divisions from 
Q to the left along OX' a-nd 
then divisions upwards parallel to OY. petting to the read; 
point B. n 

hVt’) To plot the print ( — 4 . — 4 ) VVe go 4 divisions from O 
to the left along OX' and then 4 dlv sion» downwards parallel 
to OY', gettn g to the reqd. pomt C. 

(iv) To plot the point (6 —5). We go G divisions from O 
tP fight along OX a <1 then 8 divisions doionwards parallel 
to OY' get ing to the roqd pomt L) 

(in To plot th point (7. 0\ we go 7 divisions from O to the 
right along OX potting to th* roqd point . E. Note that in 
t is cj.sl' we do not move para||fj| to-the tj -axis at all, bccau>e 
the otdmate ol The point is 0. 

(vi) To plot the point (0 6) we do not move along th« «xis 
or x «t all, because+lie abscissa isO ; moving 0 divisions from 
O downwards along OY' wc get to the reqd, point F. 

(*»i) To plot, the point 1 - 5 . 0 ) we have to go 5 divisions 
from 0 to the left along OX' getting to Hie r«<id. point 0. 

(will To plot the point 1 0 5) we have not to move along 
t e axis of x, heeau the a) seis u is 0 Wc go ft divisions 
irom O upwaids along OY getliag to the reqd point H 
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(ix) To plot the point (0, 0) we note that we have neither 
to move along the ar-axis and nor along (or parallel to) the 
t/-axis. Hence the reqd. point is the starting point, viz., 0 
(the origin). 

163. Distance between two points 
(t) By measurement unit !ength=l small divissoa 

To find the distance 
between. the two points 
A(2, 8) and B(5,7) [Fig. 4], 
we open the compasses 
equal to AB and place the 
two ends of the compasses 
on any st. line of the 
graph paper and count the 
unit divisions between 
them. (The length AB 
will be found equal to a 
units). 

(it) By Calculation 

Draw AC and BC 
parallel to the tf-aaris and 
ftbaxis respectively, meet* 
log »£. fc&arty, A£=abscissa of B—ahxussa of 0, 

and BC = ordinateo?B—ordinate of A=7—3=-4 j^re.-vfy these 
facts by studying the figure very carefully). froip the 

right-angled triangle ABC we have £©«= Vac*+££*■■ y/V+v 

= \/ 9-fio = 

The student may remember the y a e r gJ rule ;— 

Distance between two points_ 

= iHhcYr absscissac)* + (diffcrc nee of their ordinates) 

EXERCISE 101 

1. Plot the following points on squared paper : 

A(6, 8), B(—5. 7), Cf4, -11), D(-7 -9) E(0, 12), 

F(10, 0), G(—8, -8), H(-«, 0), 1(0, -12), 

Jl-1,-11). • . 

2. Plot the points (9, 8) and (3. 0). Measure and cal¬ 
culate the distance between them. 
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3. Plot the points (10, 4) and (—5,12). Measure and 
Cc letik'ce the distance between them. 

4. Plot the points (—2, —7) and (10, —2). Measure and 
calculate the distance between them. 

5. Show that the triangle formed by joining the points- 
(—3, —3), (—2, 3), (3, —4) is isosceles. [Hint] 

6. Show that the points (4, 2), (12, 8) and (1, 6) are the 
vertices of a right-angled triangle, [ffml] 

7. Show that the points (-3, -4), (0, 5), (3, —4), (-5,0> 
and (4, 3) He on the circumference of a circl) with the- 
origin as its centre, [tfin*] 

S. Reed off the co-ordinates of the middle points of the 
sides of the triangle formed by joining the points- 

A(—2, 0), B(8, -10), C(—4, -6) * P 


HINTS ON EXERCISE 101 

5. Calculate all the sides. (For this we have only *to find 

the distances between the three points taken in pairs) • 
two of the sides will be found equal. * 

6. Calculate the three sides as m Q. 5. It will be seen 
that the square of one of the sides is equal to the sum, 
of the squares of the other two. 

7. Find the distance between the origin (0, 0) and^ach 

of the given points. All these distances will be found 
equal=(=5 each). 


164. LOCUS, GRAPHS OR CURVE 


Hie locus of a point moving in a plane is the path traced 
, >»at point wlien it moves accorcUng to a g.ven condMoZ 


414 


PROQRESSIVK ALOEBRA 


For example, the loeus of a point which remains 
at a distance of +5 units from a fixed straight 
line AB [Fig 5J is a straight line PQ drawn 
parallel to AB at a distaoce o' 5 units from 
AB, and on that side of is which it supposed to be 
positive [V the signs of 5is positive]. 

Now suppose that the fixed straight line is 
the axis of t/[Fig. 6] ; then the above condition 
that of remaining at a distance of + 5 units from 
the fixed, st. line) may he expressed in symbols 
as “*=+5” or "fet-fisQ”; [7 <r tands for the 
abscissa of the moving point, which is i othmgelse 
but the distance of the point from YY']. 



The st. line PQ (produced both ways) is in fi£ 
this case the locus, graph dr curve of the equa¬ 
tion £—5=0. 


The student may take 
iL for granted that ip eve y 
equation in x and y c«*rrc 
ponds a graph {or Lucve or 
curve) and the every graph 
corr sponds an equation in 
a and y t where x end y 
stand Cor the 'abscissa and 
ordinate of the n.-oving 
.point respectively. 

Further, it may be as¬ 
sumed that a liruar equa¬ 
tion in x and y (» e an equa¬ 
tion containing no power 
of x or y higher than the 
first and no product xij) 
always represents a straight 


unit length = l small division 



Fig. 6. 


always represent a mi, ■ . t . 

line. It is-only such equations we propose to deal w ith. 


The only aspect we have to discuss is : 






LINEAR GRAPHS 



165. To draw the graphs of a given linear equation. 

Equations from which y is missing. 

Such equations can always be put in the form a?=a (where 
a may be +ve or — ve) and this clearly states that the moving 
point remains at a distance of 'a units from YY'( y x mean* 
abscissa, t e., distance from YY']. Therefore the required 
graph is the straight line drawn parallel to YY'at a distance 
*a' units from it. 

Example. Draw the graph of the equation £+7=0. 

Solution :— 

The given equation may 
be written as x = —7. 

This shows that the 
moving point is always at a 
distance of —7 from YY' 

[y x means absscissa or-dis- 
tance from YY'] 

Hence the reqd. locus 
(or graph or curve) is the 
fit. lme AB (produced both 
ways) drawn parallel* td 
YY' at a distance —7 
from it (i.e. at a distance of 
7 urtits to the left of 
YY'). (Fig. 7) 

(6) Equations from which 
x is missing 

Such equations can always be put in the form y^b 
(where b may be positive or negative) and since y stands 
for *« ordinate ” or “ distance from XX'”, the required graph 
(or locus or curve) is the straight line drawn parallel to XX' 
at a distance * b 1 from it. 

Example. Draw the graphs of the equations «—6=0 

and y+5«=0. 


unit length = 1 small division. 
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unit length = 3 1 small division 

The equation y —6=0 
may be written as y — 6 
which means that the ordi¬ 
nal of the moving point 
should be alwavs 6. Now, 
ordinate is the distance 
from XX'. Hence the rcqd. 
locus (or curve or graph) 
is the straight line PQ 
drawn || XX' at a distance 
of 6 units from it. [Fig. 8] 

Similarly, the graph of 
the equation y + 5 = 0 
or y=z> — 5 ic the st. line RS 
drawn || XX' at a distance 
— 5 from it. [Fig 8] 

(c) Equations in which z and y are both present 

* We shaii discuss a particular case :— 2x —3 y=6. 

The equation clearly states that twice the abscissa of the 
moving paint minus thrice its ordinate should always be equal 
to 6. If abscissa be equal to 6 and ordinate equal to 2 
( i.e . and y — 2) this condition is satisfied, for 

2X0—8X2=6. Hence (6,2) is orfc of the position* of the 
moving point. Similarly (0,-2), (3, 0), (J, 4) are three more 
positions of the moving point. 

If we plot the four points (6, 2), (0,-2), (3, 0), (9, 4) we 
find that they are in a straight line. This straight line, pro¬ 
duced both ways, is the required locus. [Fig. 9]. 

% 

Note 1. The given equation being linear ( i e. of the first 
degree), it necessarily represents a stra-ght line Hence it is 
enough to find only two points on it. But we find three or 
four points to be on the safe side. 

r 

Note 2. If the given equation be put into the form 
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# 2x —0 2(a: 3) 

y— — 3 —» or y= -, the pairs of values of a; and 

y satisfying tjie. equation can be easily obtained. For, we 
have only to give a value to x and evaluate R. H S. 
which gives the corresponding value of y. For example, if 

*=G, R. a. S.= 2 -M = 1*1 =2 , so that y—i. This gives 

the point ( 6 , 2 ) already found above. 

We now present the solution of the above question, viz 
Draw ine graph of the equation 2x-3y =6” in a precise form 
avoiding unnecessary explanations), as expected from the 
student 


Equation i— 

2x-'6y=Q 

or 

V 8 

Points on the graph 

A B C D 


uo»t 1 neth = l small d yision 


*= 

■|V 


3 

D 


1 2 

_2 


4 


Plot the points A 

•V ( 2 - 2) - C(3 ' °>- 

D (°* 4 )r St line BCAD, 
produced both ways is 
the reqd. graph [Fig 0 ]. 



Fig. o 


t>. crlataZtfZT 0/ ° ^ a < 


•The form is obtained thus : — 

-8y = 6-2* (transposing 2x to R. H. S.I. 
or 3(/=2z-g 


Or 

or 


or !fcH 
9 8 


i 

t 
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(i) In the last example (graph of the equation 2»—0V 
suppose it is required to fead off the ordinate of the point 

whose abscissa is—8. 

W* go 8 units from O to the left along OX' (V abscissa 
= -8] reaching the point P. From P we more pardlelto 
YY* in order to reach the graph (viz the st. line BCAD). 
For this we have to go 4 units dorm words parallel to 
gel ting to the point Q on the graph. Hence the reqd. ordi¬ 
nate is —4 

Algebraically this result can he obtained by putting *=-8 
in the given equation and getting the VaJue of y from the 
resulting equation. 

( H) Now suppose it is required to fond (on the same graph) 
the abscissa of the point whose ordinate is—6. } 

We go 6 units from O dowrizoords along OY* [•. ordinate 
= —6] reaching the point It; from this position we mo^e 
parallel to XX' in order to reach the graph. For this we 
have to go 6 units to the left along OX', getting to the 
point S Henc the required abscissa is—8. 

Algebraically this result can be obtained by. putting 
y — _6 in the given equation and getting the value of a from 
the resulting equotion 

167 Intercepts on the axes 

If a straight line cuts the axis of x in A, the length OA 
(w th proper sign) is called the intercept of the line on the axis 
of r. Similarly, if it cuts the axis of y in B, the length OB 
(with proper sign) is termed the intercept of the line on the 
axis of y 

Thus for example, the intercept of the st line 2*—8t/=G 
(Sre Fig. 9] on the axis of x is +9 and on the axis of y is —2. 

Algebraically the intercept on the axis of x can be found 
bv putting i/ = 0 in the given equation and getting the value 
of r fr. m the resulting equation, for this intercepts nothing 
but the abscissa of a point o»* the graph, whose ordinate is 0. 

| ordinate of every point or the axis of x is 0]. 

Similarly »hr inter:ept on-the axis of y can be found by 
putting x = 0 in the given equation and getting the value of 
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t ;° n0fX - T! -‘he expression ti is . f UQction of . 

put l x=« n 0, e 8, C 9 h “" t e u S rn aS " e C \ al ‘=7 ‘he value of x. If W J 

o'the function ns 2, —2, 0 /ropectivelv'° rr ‘ s pond;ing values 

to call the function ‘y > we have'the2ft ^ ,f • We W 
values of x and y :—* have the following pairs of the 


x 


6 

1 ° 

1 3 

I 2 1 

-2 

0 1 


y 

Further, if the values of x hr* ren . , 

, from , the or *o> n ^JSSS e o d th by ,cngths 
l . nd thc va,UPS of 2/ along or parallel to th J i • ° * hc ax,s of * 
he 5am e graph as in Fi?, 9 h ° ax,s of We g. t 

EXERCISE 102 

Draw on squared paper the graphs of 

*• ®=8 « 

2 ^4-2=0 

4 . 


3. a?—7=o 


5 * »/- 5=0 

7 ^=-4 


9. 

11 


//*{-&£ —0 


*=-8 


6. y 4-6=0 

8. y=8 

10. y~2x 
12. y —*£=q 
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13. 2x-\-oy = 0 
15. 5x — 2y= 0 


14. 8x—4y=& 

,6 - f+l=° 


Draw the graphs of the following 
intercepts on the axis of y :— 


17. 3x—4y = \2 

i9. 4 + y =i 

3 4 




equations afid 


5x—2y=\0 
4 6 5 


find their 


Draw the graphs of the following equations and find their 
intercepts on the axis of x :— 

21. 2.r+3 r/-f-12 = 0 22. 4y — 3x — 12=0. 

23. \x+\y=2 . 24. 

- 0 7 


25. Draw the graph of the equation 5iy+ 4x — 20=0. What 

is the ordinate of that point on the graph, whose 
abscissa is 5 ? 

26. Draw the graph of the equation Qx-2y- 18 = 0. What 
is the abscissa of the point on the graph, whose 
ordinate «s *-3 ? 


27. Draw the graph of the function 6 2 ^ Read off its 

value when x= —8 For what value of x does the 
function become 5 ? 


28. Draw the graph of the equation 2x — 3t/=12. What 

are the co-ordinates of the point where it is cut by the 
st. line a* — 0 = 0 ? J 


29. Draw the graph of the equation 8a+ 4^=8. In this 

> graph read the value of x when y=— 10. (P. U. 1918 ) 
30 Plot the graph of the function 18 and from it 
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find out the value of the function when x =3 Find 
also the intercepts of the graph on the axes. Show 
that the points (-1, 5) and (I, 8) lie on the graph. 

(P. U. 1923) 


*nd^* Solution of two linear equations in x 

s, nce the equations are linear, therefore their graphs are 
two straight lines. Draw these straight lines and read off 

their point of intersection. The co-ordinates of this point 
constitute the required solution. ^ 

I* [ / r ° 0f ;-T he c °-°rdinates of any point on one of the st 
hned sat ,s fy the corresponding equation ; ..Similarly the co- 
TJrdmates of any point on the other line satisfy the other 

equation Hence the co-ordinates of their common point 
•must satisfy bcth the given equations] ^ 

Solution :— ^ 

The first equation is _ 
ix+ 8 y =:\2 

or 


k'ua 


Some of the points on 
*ts graph are 






B C 




»■■■■ 


y= 


—8 


is se “ nd e( i uatinn 

or y= 2-2* 

Some of the points on 
Ji s graph are :— 


■gjKiK^aaiS 


■■■■■■■■mi 


«■■■■ 




■IMlII 




Fig. 10 
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=1 0 * ! 2 !—2 



wav^! n t ,I°. e ?P h ! 1 (i <! ' St ‘ ,ineS AD and SR Produced both 
t k Ji l : T T l In * ie P 0lnt whose co-ordinates arc found 

Hence the solution is *=-3 and t/=8. Ans L 

Again, the graph of the first equation, viz., st. line AD cuts 

a aX J S ,s ^e.ooint A. Therefore its intercepts on u-axis 
— UA = 4. Ans II. 

EXERCISE 103 v " 

Solve the following equations graphically 


1. *4-0=8 J 2. 

*-y= 2 \ 

3. 8x+y—\4 =x — 2y = 0 . 

4. 8*4-50=13, 5*—3y4-1=0. 

5. 8*4-20 = 5 ) 6 

5*—2t/=3 \tPatrui 1QZ?\ 


2 * 4 * 0 = 9 ; 
S*42/=»15 f 


(P. 17. 7P24) 
(P. 17. J0J5) 


11. 


8*4-20 = 5 ) 6. 2*4-30=6 ) V 

5*-20=3 f (Patna, 1932) 6*-50=4 J (Dacca, 1936) 

Draw the graphs of the three equations 3* —40=12, 
4*4-30=41 and *4-0 = 11 and fifid the values of * and 
0 which satisfy all of them. (P. U 1917) 

Draw the graphs of 4*4-30 = 12 and 2*4-0=2 and lead 
the values of * and y at the point of intersection. 

• (P.U.1919) 

Solve graphically the equations 4*4-80-12=0 and 
2* — y— 16=0. Find the intercepts of the graph of 
the latter on the axis of * and y. (P U 1925) 

(a) Solve graphically the equations 2r l -3y = 5, 

3* 40=6. (P. V 1916) 

(b) Find the abscissa of that point on the graph of the 
former which has ordinate = —9. 

Solve graphically the equations *-204-11=0, 
2*—30-f-18=O, and verify your solution 
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Find the intercepts of the graph of the latter on the rxcs 
of c and y. (P. V. 1924) 

12. Draw a graph of z=l-f-y and of 2 x+ 4 y =17 in the 
same diagram. Hence solve the equations. (P. U. 1926) 

13 . Solve the equations : jx— 3y=9 and 3i-f5y = 19. 
Verify the solutions by graphs, ami measure the ungle 
between the lines represented by the equations. 

(P. U . 1929) 

14 . Solve the equations 2j?+y=i8 and 3y = 33-f-r; verify 

the result by means of graph. (f>. [J % 1933) 

15 . Draw the graphs of 2 x~ 2 y^ and 8x+Vy=9 t end 
read the co-ordinates of their point of intersection. 

(P. U. 1936) 


b 

and — are some constants, they may be replaced 


.lA 70- . A has a,read y been remarked that an equation of 

The mosf e /en ee1 a always r< f >rfs,:nts a straight line! 
the most genera! equation of the first degree in x and u 

to the^o'r 0 he . ax +J><'+ c =°- bl,t this can be easily reduced 
to the form Ax + By+l=0. For, dividing both sules of the 

equation ax-f &y+c=0 by c wc get -f*+ ^ +1=0i , nd 

since -1 ‘ 

c C 

by single letters A and B. 

liJuZieiv* +By+1=0 ma 'J be token to represent any straight 

* tV, ° P ° ia,S °" * 

The method will be clear from the followmg 

through the points^',| d °"Aj t ^ 1 s ' ra >ghl lire passing 
Solution. Let the equation of the st. line be 

condition!!'of the ° f A and B fro "' "' a 
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• ,h ^ P oint ( 3 * ~ 4 ) lics °n the line, therefore its co-ordi- 

naces (*=3, y=- 4) mu>t satisfy equation (i). Hence we have 

SA-4B-fl = 0 ...(«) * M 

Similarly, substituting the co-ordinates of the point 
\ —12) in (1) we get :— 


—5A— 12B + 1=0 

Solving equations (ii) and (tt») 
Ii = |. 



we easily get A = — 


Substituting these values of A and B in (i) wc get the 

reqd. equation to be —jar+iy-f i=o or -^-}-i/-f-7=0 * 

or x —y—7= 0. Ans. 

EXERCISE 104 


Find the equations of the straight lines passing through 
the following pairs of points :— 


1 . 

3. 

5. 

7. 

9. 


(1. 2), (2, 4). 

( 1 . ~ 4 ), ( 2 , - 2 ). 
(0, 17), (10, -3). 
(0, 6), (-3, 4). 


2. (1, 8), (2, 10). 

4. (0,-2), (3,0) 

6. (0, -4). (8, 8). 

8. (-2, -22), (t, V) 


The vertices of a triangle are (1, 2), (—3, 4) and (0, 0). 
Find the equations of its sides. 


10. Prove that the points (0, 3), (1, 5) and (4, 11) lie on a 
st. line. Also find its equation. [Hint] 

11. Plot the points (3, —3) and ( — 3, 3) and write down 
the equation of the straight line joining them. 

(P. U. 1918) 

1 •[ Plot the points (12, 4), (—3, —5) and find if the st. 

line joining them passes through the point (8, 2). 

(P. U. 1919) 

Plot the points A(5, 7), B(7, 10), C(2, 2) and 

D( —1, —4) and find the tquaiions of the straight 
lines AB and CD Find the point ol their intersection 
(unit=£ inefi) (Bombay, 1912) 
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14. Plot the points (1, 2) and (7, 3) ; join them«*nd find 
the equation of the straight line passing through them. 
Write down from the figure ordinates of the points 
on this line whose abscissa are respectively 1 and —5. 
(unit=J inch) ( Bombay, 1915) 


HINT-Ex. 104 

10. Find the equation of the straight line joining any two 
of the g : ven points and show that the co-ordinates of 
the third point satisfy that equation. 


CHAPTER XXV 

HARDER EQUATIONS 

172. No introductory remarks or explanations * in 
general terms are necessary for the examples of this chapter. 
The stndent is to be guided by the solutions provided, which 
contain explanations wherever necessary 

EXERCISE 105 

Solve the following equations :— 

1. ax+b=cx+d. [So/i>ed.] 2. «-f b=a—x. 

3. ax—2c=5cx—9a. 4. 6*-f cJ=6a?i-c*. 

5. a(x—a)-{-b(x—b)+2ab=0. 

6. c(x—b)-\-d(x—a)=ca+bd. 

7. a\x— a)-f b 2 (x—b)=abx. 8. a 5 (a—*)— abx—b\b-\-x). 
9. (l+x)(m+x)=x(x— n). 

10. (p-?)(*-p)=(p-r)(z-$). 

H. (®+a)(#+t)=(a:+c)(£-fd). 

12. x(x— m)-f n)=2(a:— m)(x— rt). 

13. («— a)(x— 6)=(a?—a— b) 2 . [Hint.] 

14. (ax—b)(b%+a)—a(bx?— a). 

15. te-fa){£r+a-(-6)=(;r-f 6)(ar-4-3a). 

16. (x— ac) J q-(®— bd) i =(x— &c) a -f(£— ad) % . 
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17. 

6 

« 

dx ax 

~~c~ te= lT 

“"-y • (*So/ofrf.) 


1« 

? r 

19. 1--L, 

a * 

1 

X 

70 

* W • 

22. 

p+ 

p ^ 

X 

T = * + 

7 

-f. 21. a - A - 

P x—c 

a+6 

*+c 

X 

X ~P+q * 




m^m — x) n'n-Lx) 


n m “ 

24 . k +l . JE=J 


25 7*+>6 ar4-8 a? 

21 "4a:-ll ^“• [$Ww<f.] 

26. 4 ' r l5 _ • r ~ 2 __ 20 a :—6 

3 5a:—U J 5 

27 10g—3 __ 7 a: —24 _ 2 r —3 

.30 8x—2 6 ' 

5 Q ^ 3 5 

*—2 3a:-l~3x^6' ^ ,nl J 

29. 3 _ 1 _ 12 

* r —2 2 a> —1 5*— 10 * 

30 . -JL-_=_Z_ + 2 

3a:-5 23x-49 27a:-45 4 ^ 7 * 


31 . 

32 . 

33 . 


JL+. 3 = _L 

■r —5 a- —3 j —4 

° + 15 24 

t- 7 a--13 


x-12 
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34. 


35. 


36. 


37. 


15 4 it 

a—3 a—5 *—* 

—. [Bint] 
4*+l 4*+5 4a+8 1 J 

5 , 6 _ 11 

8a;—4 i ~3a+l 8x—7 


5 

8—4* 

6 


9 

4a+13 

18 


4a+5 


[Him.) 


5—6* 6a + 19 6a:+7 


' 8*+2 ®-8 2a+5 1 1 

40 10 I- 1 - 18 

2a—5 a+5 3a-5 * 

41 10 + ™ - 9 

* 5a;—9 2a+9 a+8* 

4? 5 + g _ - 28 

’ 4a:+3 3a-6 12a-18 * 


43. 


4a— 1 a—1 


7 

4a4*5 
6 


44 -J-+- 8 - 5 

a-2 2(a—4) 2a—7 ' 

45 ‘ = °' l 

<6. _IV+_V = _s_ 

6a-f 1 4— 3a 2a—7. 

47. JL+_t =-?±* ffi* 

a—a a— x—a—b 

49. *„?~ 6 . 49. A+— 

a—a a—6 a—c € a+o a+a 

so.'-?—_£ = f J=?. 

«—a a+c a 





28 


progressive algebra 


61. 


62. 


51. 

6 r -4- S 
2x ■+-1 

_ 2x4-38 
x+ I2“ J 

[Solved] 

S2. 

3x— 1 

_ 9x 4- 5 


x—2 

3x — 5 ' 

53 * x —6""^* 

54. 

X4-16 

X—4 

x —2 

55. *• 7x-3 

x—4 x-M 

56. 

N »0 

1 1 

* H 

^ M 

_ 9x4-7 

3x4-1 * 

X4-18 _27-3x_ 
x —2 3x —19 * 

58. 

6x4-8 

2x-*- 1 

2x4-38 
x-f-12 “ l * 

px 4-r ox4-i 

59. -4- 1 -=p-fg. 

x4-s x4-r ^ x 

60. 

PX-q 2 

_qx-p* 


r-p 

x-q p 

“9* 


** 4-7x4-12 x*4-14x 4-18 _ . _ rrT . ( _ 

+ X4.U =2I+8 - 


x+l 


, X*— x4-l 

+- j -2x=0. 

x— l 


63. 


64. 


65. 


66 . 


2x —1 + S X 


— 4 5x—12 


x— 1 


x — 


g-t-4 ^ 2x — i 
£C— 1 x—2 

x4-2 + x4-2 


2 x-3 

Bar —4 


x —4 
2a? 


•r —7 a:—13 a:—12 

3x4-6 a?—1 2x4-7 


x—3 


r—2 


[fftitf] 


8x4-11 , 1 — 2 4x4-18 

o/. - -f -= - 

3x4-2 x—3 2x4-3 

X4-1 7 


68 . 


69 


4x4- 14 
4x— 1 

*-=}+* 
x—2 x 


x- 1 

6_x 
7 


— / x — 


4x4-3 

2 , x-5 

3 x-6 


[Hint] 
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ff+5 , tt —15 _^ X —6 
g-}-4 x —l(f x —5 x —7 
2z+2 , 2®—12 2 j+ 4 _2ar-10 


a; 


z—5 


<r-f 1 


x — 4 


(sx-13 + Sx— 10 _ 6x-23 ^4g—3 


a:—4 


'Zx—o 2a;—7 a;—1 



SOLUTIONS & HINTS—Ex. 105 


1. ax-\-b=cx-\-d 

ax—cx=d—b [By transposition] 

or x[a—c)—d—b or ®= -—-• 

' a—c 


Note. Carefully that wc take all terms containing w to* 
one side and the others to the other side. Then both sides 
are divided by the ccefficicnt of x. 

13. (x— a)(a;— b)= { x —} * 

x 2 —[a+b)x+ab=x 2 — 2{a-\-b)x 4-(a-f b)* 


Cancel x* from both sides, etc. etc. 


or 


or 


b 

a 


dx 
c 


17 ° _ ax ox _ 

--tt 


c 

1 


b . c ax , 

-h —-=-r— T 

a d b 


dx 


b d+ac __ acx 4- bd x _ g(ac 4-fctQ 
ad be ~ be 


[Taking terras containing a 

to one side]) 


or 



(Cunrelhng the 


br 

or x= —-j—. Ans 
ad 

25 ^*1*1^ _ it+8 x 

21 C=Ti" 8 


factor ( ae •. fcnj from 

bo h ?ides) 

■* 
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[Bring together fractions which do not contain a in the 
denominator] 

7*4-16 _ * __ *4-8 
21 3 4*—11 

7 * 4-16 — 7x * 4"8 

21 4*—11 


or 


or 


or 

or 

or 

or 

31 . 

or 


or 

or 

or 

or 


or 

or 

or 



*4-8 
4*—11 


64*—176=21*4-168 [By cross multiplication] 
64*—21*=168 4-176 or 43*=844 

*=%*■=8. Ans. 


5 + 8 


8 


* —1 *—2 *—4 

5 ^ 8 - 5 


4- 


8 


*—1 X—Z X —4 *—4 


^Splitting - into two parts, ^ and 


5 _ 5 _ 3 _ _8_ 
x—) x —4 *—4 *—2 


[By transposition] 


5*—20 — 5*4-5 _8*—6 — 3*4-12 

(*_ 1 )(*_ 4 ) (* — 4 )(*— 2 ) 

-15 _ 6 

(*-!)(*—4) (*—4)(* —2) 


[Cancelling the factor 3 from the 

numerators and (*—4) from the denominators] 

2*—2=— 5*-fl0 [By cross multiplication] 
2*4-5*=104-2 . or 7*=12 

*=J^=1». Ans. 


Note. Note carefully the form of the given equation. 
The numerator of R. H. S. (viz 8) is equal to the sum of the 
two numerators on the L. H. S. (viz., 5 and 8). We write 8 as 
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5+8, and thus split the fractions E K. S. into 
fractions. Then we combine fra a; ions with equal uu aieiatora, 
etc., eto. 

It should also be noted that the coefijereot of e in each 
denominator is 1. The device can be u*ed even if •* t 
coefficients of x in the denominators ore equal, though .ot 
equal to 1 each* (See Q. 8J). 


35. Write R. H. S. as 


8 


4x-f-8 4X + 3 

Q. 81, 

37. The equation may be written as 


4--—-- and proceed as in 


9 


4x—8 ' 4*4-18 4x4-5 
5 4 


—-——0. Split 


9 


3 *. 


4*+18 

9 


+ 


42+13 
1 8 


42 + 18 
and proceed as before. 


into two parts 




8x+2 2.-4 2*+5 

The coefficients of x in the denominators are not equal, 
but they can be made equal as follows :— 

The L. C. M. of the coefficients (8. 1,2) is 6. Multiply 
the numerators and the denominators of the fractions by such 
numbers as to make the coefficient of x equal to 6 in each 
denominator Evidently these numbers are ;— 

2 for the first fraction, 6 for the second, 8 for the third- 
Thus we have :— 

18 6 24 


62+4 6x-18 8x+15 

Now proceed as in Q. 35 or 31. 

5 3 


8 


9 . 


45 . The given equation is _ __ 

x—1 3x —4 2x—1 

[Taking minus sign out the second denominaloj { 

(L. C. M. of the coefficient x (i.e. of 1, 8 and 2) is «| 

=0, etc., etc. 


80 


6 


24 


62—6 62—8 62—8 
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47 Split R. H. S. into two fractions ———--f_ ” 

x—a—b x — a—b 

and proceed as in Q. 31. 

51 6x-f8 _2x-f38 

2x— 1 ar-f-1‘2 1 


Dividing 6ar-f-8 by 2x-f 1 we get 3 as 
quotient and 5 as remainder. 


2x+l)0x+8(8 
6x-f3 * 


• • 


. 5 

2x^1 may bC Wntten aS 3+ 2^+l 


Similarly 


2x+«8 


x-f 12 
Hence we have :— 


may be written as 2+ 


14 


x+12 


or 

or 


( 3 +2iT 

5 14 

8+ ^H _2 "ir+12" 1 

2iVl == itTl2 =1_3+2 [By transposition] 


= 0 . 

/. 28x-f 14=5x+60 [By cross multiplication] 

or 23x=46 

46 _ . 

or x= —=2. Ans. 

23 


61. ^+i 2 may be written as * +2, ^+ 12( * +& 

*+*+4i i wh y ? i o 

etc., etc. 2 

63. The equation may be written as :— 

1 2 3 

2+ +3 +-_- = 3+ — 

x—1 x—2 x—3 
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1 — [Taking away 2+3 from L.H.S 

<* iTi + i-2 2-3 1 

and 5 from R. H. S.J 

8 1 i 2 

Now proceed as in Q. 31, by writing — 8 as --^+— 
69. The given equation may be written as 

i+ -jo+ 1 +^ sl+ ^ +l+ *^e 


2-6 


J_+-i_=-L+ — 

Z-2 X-7 x-3 2—6 


1 _ 1 _ 1 ^ 1 
or a—2 2-3 2-6 2-7 

[Note this step of transposition : it is to get rid of a 
from ithe numerators, If v*e do not make this trans- 
position and add up the fractions on the two sides, a 
does not clear off from the numerators.] 

* (*— 8 ) — (2 — 2 )_(a—7)—(z— 6 ) 

— (a?— 2 )( 2 —3) ( 2 —6)(a—7) 

-1 _ -1 

° r (x- 2 )[.i^3) =, (2-6)(*-7) 

Remove negative sign from both the numerators and cross 
multiply. 


EXERCISE 106 

Solve the following equations :— 

1. ^“+^+^ = 3. [Solucd], 
b-\~c c-\-a a-\*b 

x-a a 2 -t 2 x-c 2 

x—ab, x—bc . x - ca , , , 

4. —-r- + ——4- —-—=a+6-f-c. 
a+6 2 +c c+« 

c > 2 +a . , x + c „ 

* r*i + e+0 + 0 — f ,+ s =°- 


3. ?=E + ^3, 


[Htni] 



*34 


I'ROGRESSIVB ALGEBRa 


x—m % x — jri* x—m _ , , , 

~%~y -^ TTT+ —- = l + m+m*. 

m*-f m m*+l ni+\ 


* _^ar-4- 1_ 25 

* x-fl* 1 " * 12 ' 

9 *r?+ 6 A=^y 

** ar + 8 + ° 7 x-3 


[SoZuerf] 8. x-f 


10 


* 

5 


18 


x-l x-f2 


3^ 

x 


tl. + [Solved] 

12. (x4-0 3 + (x4-2) 3 +(x+3) 3 =3(x+1)(x4-2Kx+8) 

13. x 3 +(x-2) 3 + (x-4) s -3xCx*-6x+8)=0. [Bint] 

14. ' x 3 +(r + a 3 )4(x-fl) 3 -3x(^-o*)=0. 


!. 


or 


or 


or 


or 
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e ^ +5 f A+ —= 8 

o+c c-fa 



*-« ,.*-6 + ^_ 1 + 1 + 1 
b+c c4-g a+6 

* T_£ _ i+^Z?-1 + 1 *^5. _ i = o 
6 + c l+ c + a <*+& 

x — a - b—c ^x-b— c—a + x—c — a — b ^ 

ft-f-c c + a a+5 

{ t -f c + c -^ a + a -^} =<> 


or ar - n --5 -c = 0 

[d... ding boll, sides by J 

or x=a-f6-l-c An». 

4. Transpose a-ffr+c to L. H. S., combining c witn the 
first fraction, a with the second and b with the third# 



7. 
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L C M. of the denominators is 12a(x + l). Mukipl>mg 
both slde, by their L. C. M. we have 

12^4-12(1+ 1)*=25Z(*-H) 

12X 5 4-12 ^ + 2 4r 4-12 25x»+25a 

_ *[Transposing all terms to L. H. S. and ^hfy.ng) 

or (x+4){x-$)=Q 

x—3=0 
x=3 


or 

or 

or 


x*4-x—12=0 
Eiiher* x + 4=0 
Either x=—4 
x— — 4 or 8. 


or 

or 

Ans. 


[Test the two solutions]. 

U. { x -a) 3 +(x-b)*+(x-c)*=a(x-a)[*-bH*-c) 

(x-a ) 3 -Ht*—c)»—»(*—e»H-c —6)(x—c) =.0. 

Applying the formula:— . .. , , 

x*+if+7?—xyz=\(oo+y+z) { (a—t/)*4-(y-- z ) 4-(3—) 

to the L. H. S we get 

\{ (x-a)4-(*- b )+l*- c ) > [ ( (*-«)-(*-*)>• 

+two similar terms]=0 

(3x_ a _6_c)[(6-a) , 4-two similar terms]=0 

[Multiplying both sides by 2] 

3x—a—6—c=0 . 

[Dividing both sides by { (6-a)*4-two similar terms ) 

3a=a4-64-c 


or 


or 


or 


or 


a4-64-c 

x=—— 


Ans 


13. Write x*—6x4-8 as (x-2)(x—4) and proceed as before. 

EXERCISE 107 

Solve the following simultaneous equations :— 


l - stfSEEt- i"> 


px-qy=r > 
rx—pij—q \ 

bo product of li 


2. ax+by*=>p ) 
bx+ay=q \ 

4 lx +-mtf=l* ) 
mx+ty=m a . ( 
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7. 

8 . 

9. 

10 . 


_5 + y a _L 1 

m n mn y 

— — v — 1 ' 
m n' m’n' J 

—-+-^ -9 ^ 
a+6 a —£ Y 

{a + b)x — (a—b)y=4ab J 



V 9 

qx+py-4pq= 


(a-b)x + {a + b)y = 2{a 2 -b-) ) 
ax-by=a 2 4-b 2 \ 

[Hint] 

2ab[x-y)=xy[a-b) ) 

2ab{x-\-y)+xy[a + b-\-2ab)=0 i [7/i'ri/) 



11 

x+y= 8 { 

xy=\5 ) 

Hint 

12. 

x+y=)0 1 
xy=2V J 

13. 

x-y=2 ) 
xy=4S C 

[Hint] 

14 

x—t/ — 9 
xy= — 20 

IS. 

6(*+y) = l \ 
6xy + 1=0 I 

i 

I [//«’*/] 

16. 

4x- i /)=3 1 

8ji/+1-0 J 



17 

19. 


x--y- 

x-y 

1 


241 

4 J 

1 


[//tnf] 


c T-y = 33 

1 --L-8 


X 


18. x 2 -y 2 =321 

*+*/=8 J 

20. *+i/=7a# > 

f/ 2 —Jr 2 -h 21 j//= 0 j 


21 xy=6 1 

1/3 = 12 J- [Solved] 

zx = 8 j 


22. IJ = 201 

y-~=' M !► 

;x = 24 J 
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23. 6xy + l=<n 24. 8x«/fl=01 

15yz —1=0 } 5yz + 2 = 0 V 

102 x+l=0 J [Hint] 15;x-H=0 j 


25. t/4z = 2al 

z4x = 26 > [Solved] 
*-ry= 2 c j 

27 cy+bz — bc ) 

az+cx=ca ^ [Hint] 
bx+uy=ab J 


39 x(*/ 4 - 2 ) = 5 'l 

V(:4-*)=H >. [Hint] 
z{x +1/)=9 J 


26 . 0x4-61/=2c ^ 

6t/4 cz = 2a } 

cz+ux='lb ) 




1 

+ 

l 

ft 

__ c 


u y 

bx 

~ £ y 

1 

\ 

-f 

1 

__ b 

t 


~~ 

} 

1 

cz 


<*y 


l 


1 

a 


-— 

4 

bx 



cz 


zx 

J 


x(x+y4-z)=]S > [ 
y{x+y + z)= , 17 y (fftfll) 
2(x4-t/4-:) = 30J 


31 r + ^+:=0 ^ 

by-\-cz=0 y [Sotod] 

bcx+cay+abz + (6-c)(c—a)(a — 6)=0 J 

32. x-f t/4-:~ 0 -j 

bcx 4 cay 4 - 062=10 y 

ax46«/4cz4(6—c)(c—a)(a—6)=0 J 

33. ox4 6;/4c2=0 ^ 

a 2 x46 2 y4c*2=0 y 

*4-y4-3 + (6—c){c — a)(a—6)=0 J 

34. i + t/4v=0 ^ 

(64c)x4(c4o)»/4-(a4-6)2=0 £ 

6cx 4 cay 4 062 = 1 J (Calcutta 1906) 



SOLUTIONS 8c 

a,x46iV4f,=0 
0 a x 4 6;ji/4 c t = 0 


HINTS—EX. 107 

\ / «i » . a 

6. 


: x: x: x 
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4 SS 


By cross tr.uUiplication, .- j— 

OjCj —CjO, 

_ 1 _ 

a i^2 ^1°2 


_ y 


CjO, — OyC^ 


:x = and y = _££»_?i£«. 


1 


1 


9. By cross multiplication, , 


etc. 


10. Dividing both sides of the first e q uation by xy we get 


* ab (l ~i)= a - b 


• • 


L-JL 

y * 


a—5 
"2a6" 


, Similarly get the value of 


-L-h -*- from the second equation. Add & substraCt 
y x 

the two results. 

! 1 . tf - fr / = 8 ...(0 

zy—\5 ...(«) 

We have (*—f/)*=(a:-Ft/) 5 — 4xy [Formula] 

= (8)*-4x 15=4 

Either x—y=2 ...{Hi) 

or x—y = — 2 ...(ip) 

Solve (0 & (m) and also (») & {iv). 

13. Apply the formula {x+y)*={or— y)*+4ary. 

15 Given equations may be written a9 *+J/ at= 4 aIM * 

*y=~l- 

17. Dividing the first equation by the second we get 

.r-f f/=6, etc. 

21. tr i/=6 •••(») 

yx =12 ■■•(H) 
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Multiplying (i), (it) & (lit) we get : — 


*> 9 * 2 * = 6 x 12 x 8 . 

Either rt /2 = 24 ...(in) or ryt*** — 24 (f) 

Dividing (if) by (i) we get = - - . i.e , 2 = 4 

ay 8 

Similarly dividing (if) by (ii) & (iii) we get x — 2 and t/=3 

If wc use equation (v) instead of (if) we get x=—2, 
*/=-3. 2*= -4. 

Hence x = 2, t/ =3, z = 4 ") 

or r = — 2 , y= —3, 2 = —4. J Ans. 

23. From the given equations we get : — 


xy=-i.y2=~.2X 


1 

10 


etc 


25 y + z=2a ...(i) 

2 + x = 2 b ...(ii) 

x -f-t/ = 2c .. .(iii) 

(0 + (ii) + (i«i) gives 2(j+y + z) = 2(u + fc + e) 

or x + y + z=a+b-\-c .. (it») 

(if)—(t) gives x = a+b + c~‘2a = b±e-a ) 

(if)—(ii) t , y =Q +b-\-c — '2b = c + a — b > 

(if)-(iii) „ 2 = a-f-6 + c-2c = a + 6-c J An*. 


27. The first equation may be written as + - =1 

0 c 

(Dividing both side* by U ) 
Similarly, -- + -- = 1, — + ^ =1. Now proceed as ii. 


Q. 25. 


29. Add tin three equations and gi t the value of 

*«/-f-l/2 + 2X. 

From this subtract the given equations in turn, tl»i> gat- 
,D « the values of yz, zx and xy. Then proceed as u* Q. 21 . 
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4-40 


* 42/42 = 0 
aX'+by+cz = 0 


30. Adding the three equations we get : — 
r( r-4-r/ 4- 2 ) +y(x+y + z) 4-r(*4-y 4-2) = 8J 
or (T4 y+ 2 )(j + y + = ) = 81 

^ (* + y+*)*«8l * Eitter *+y+*.9 

or *-*-2/ + r=-9 ...( C ) 

Dividing the given equations by (iv) we get the values of 
x, y and z. 

Dividing them by (v) we get another set of values. 

31 - .T -i- »/ _L ■» — A l’\ 

mmm y.L 1111 

- •(«) X x x 

b c a b 

bcx+cay+abz + (b-c)(c-a)(a-b )=0 ...(Hi) 

From (») & (u) by cross multiplication :— 

•__ y _ 2 * 
c—b a—c b—a 

(suppose) 

j=(6-c) k, y=(c- a ) k, z=(a-b)k ...(tv) 

Substituting these values of x, y and 2 in (tit) we have:— 
bc(b—c)k-\-ca{c—a)k + ab(a-b)k + (b—e)(c—a)\a—b)-0 


or 


or 


k{ bc(b-c) + ca(c-a) + ab[a-b)} + ( 6 - c )(c-<x)(a -&)=0 
or -A(a-fc)( 6 -c)(c-a)) + ( 6 -c)(c- fl )(a~fc )=0 

or — A*+l=»o (Dividing both sides by (o—&)(&—c)(c—a)) 
or k=\. 

Substituting this value of k in results (tv) we have :— 
x=b — c, y=c — a, z=a—b. Ans. 
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CHAPTER XXVI 

CONDITIONAL IDENTITIES & INDETERMINATE 

CO-EFFICIENTS 

173. A Conditions! identity is one which is'true only 
*hcn given condition is satisfied by the letters involved. 

For example, if a4-6-Fc=0 then we have a*-f-6 s -{-c 8 = 8a6o. 

[See Ex. 108, Q. 9.1 

Note : 

Proofs for conditional identities mostly depend upon 
artifices. The student is therefore to be guided by the solu¬ 
tions end hints to the next exercise. 

EXERCISE 108 

1. If ( x-f-i-j =3, prove that [Hint] 

2. If e+y=2z, prove that -f -JL —=2 IHinH 

x — z y—z 1 J 

3. 1/ and J/+I =1, prove that 2 +-L^i. 

HZ x 

[Hint] 

Vb~+r™icJ 0 :‘ =by and show that 


If 2i==a-|-6-Fe, prove that:— 

5. **+(*-a)«+( s -4)» +( ,_ c) ,_ a , +61+c ,_ [s 

6 . (*-a)*+(i-b)*+(s-c)*+3abc^8*. 

7. (*-a) s -F(#-^)34-8(tf~a) (*-.fc)c=c*. [Hint] 

= i 8a6c). 

If a-f-6-f-c=0 show that:— 

9. a a +6*-f c 3 =3a b C ' [Coined] 

10. ai(a-j-6)=6c(6-J c)=ca{c+a). [tf,* n <] 

H. (a+6) (6-fc) (c-fa) = — abe. 
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12. a* — bc = b z — ca = c t — ab. [//in/] 

13. a 2 -rb*+c*=-2(ab+bc+ca). 

14. a 2 -fc6 + 6 2 = 6 2 + bc + c z =c z + ca-\-a i . 

15 (l + i + *)'=>+i' +c'-. i&M 

i 6 . ( ' + - + 1 y = 4+ A +-V- \ 

\ a b c / a 3 6 3 c 3 abc L 

+ -*T+ c 3 +a ,_ - 6 r+ a # + 6 *—c r ”°‘ 


17. 

18. 

19. 

20 . 

21 


a 


+ 


b ' -+ _ f. . =1. [ffmf] 


va 2 -f£c ' *z6 2 4-ca 2c* + 0& 

a[b—c) z + b(c-a) i + c(a — b) z 4-9abc = 0. 
2(a « + fc« -fc 4 ) = (a* + 6*+c 2 )*. [Solved \ 
4 (fc 2 c 2 +c*a 2 -f a 2 6 2 )=(a 2 + b z -f- c 2 ) 3 . 


22. Prove th.it 


1 


+ r 


1 


+ 


U/-2) 2 (2-^) 3 (*-*/)* 

= ('—+— + — V. [Hint] 

\ y—z z—x x — y / __ 

23 Prove that (.y-z) 2 (z-z) 3 +(2-*) , (*-y) , +(*-y) , (y 

= ( x 1 + !/* + z 2 - yz -zr - xy ) s . 

SOLUTIONS & HINTS—Ex. 108 
1. (*+^-)* = 3 (S* ven l 


x+ -=v/3 

l3+ i=( I+ T)‘- 31 i( I+ 4)* lc 


-*)* 


Now 

2. * + y=2z [given] 


x + y=z+z 

x—z=z—y [By transposition] 

+JL— etc. 

x-z y—z z—y y 2 
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** Eliminate y between i.'.e first two equations and put 
the result thus obtained in the required form. 

5 . 5 a +( ,_ a )* +(# - 6 )* + (*-e)* 

—2fo+6*)d-(s*--2c«+< t ) . 

=4**— 2 a» — 26 #— 2 cj-fa*+fc 2 +c s 

— 2s[2s—a—b— c)-fa*d-fc 8 d-c* 

=2 #(a+fc+c-a-6-c)4-o*+6 s +^ (V 2s=ad-&d-4 
= 2 s xO+a*+ 6 *+c , =o 2 d- 6 , +c* 

=a 2 d-fc 2 d-c 2 * 

7. 2s=a-f-6-fc 2s—a— 

or (#—a)+(«— 6 )=c 

Cubing both sides we get the required identity. 

9. a+b+e—O /. a+b=3—c (ad-W—f—c ) 8 

or a*-p 6 3 -f 3 a 6 (ad- 6 ) 3 s—c* 
or a 8 +6 3 +3a6(—c)=—c* (V a+fee=—c] 
or a 3 -f- 6 3 —3a6c=— c* or ^d-^d-c^Oata. 

10. ad-&-fc=0 od*6=»— c 

ab(a+b)=ab{—c) = —obc 

Similarly pro^c the other expressions equal to — abc each. 

12. a i ~bc=axa—bc~a(—b—c)—bc [ V a=> — 6—c] 

— — ab—ac—be. 

Similarly prove other expressions equal to —ab—ac— br¬ 
each. 

% 

15 / 1 , 1 , 1 V 1 , 10 . 1,2 , 2,2 

1 \ir + T + -r) = nr + -^ + -^ + -^ + w + -i^ 

~i + -^ + f + ir< c +“+>> 

= '?' + 7*~+^-+ ( ^-xo !'•' °+ t -H>" =0 l 

= J_+ L+_L 

a 8 T 6 * T c* * 

16. Use the formula (ad-yd-s)* 

^dV+ 2 *+ 8 (*d*y)(yd-* 0 (*d-*) 
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17. a±b + / '=0 /. b+c= —a .. (b+ Cj '*={-a 

or 6 *+c l + 2 fec=a» op fe*+P J -o*=- 26 c. 

Hence the first fraction = ——~— 

—26c 

Similarly pet the values of other fractions and add. 

18. a-f 6-f c=0 a= —(b+c) 

Multiplying both sides by a we get a*= — a(b-\-c) 

2 a* + bc=a 2 ±a 2 + bc = a 2 — a{b-t-c)+bc [V a*=— n(j 
= (a — b)(a—c) 

First fraction =--- etc. etc. 

(a- 6 )(a-c) 

20 . o + 6 -Fc =0 /. (a+& 4 -c )*=0 

or a 2 +b 2 -t-c 2 -\-2(ab+bc + ca) = 0 

or a*-f- 6 , +c*= — 2 (a 6 -f 6 c-f-ca) 

Squaring again a 4 4 - b A +c* + 2 (a*fc*+ 6 *c a -f c*a J ) 

= 4(a*6 a + b 2 c 2 -f c*a* + 2ab 2 c + 2bc 2 a -f 2ea’6) 

= 4 { a 2 b l + b 2 c 2 +c 2 a 2 +2abc{b c-f a) } 
=4(a*6 a -f& , c*+c t a*) [V 6+c-fa’«01 

a 4 +6 4 +c 4 =2(a*fc*-f5V+c*a s ) 

Adding a 4 + fc 4 4-c 4 to both sides we get, 

2 (a 4 -f 6 4 -4 c 4 ) = a 4 + 6 4 +c 4 -f 2 (a* 6 2 -f- 6 *c* 4 -c*a*) 

= (a*-f- 6 *-F-c*) a . 

22. Put y—z—a, z—x=b, x—y—c 
Then we have a+b+c=y— z4-z —ar+x-;/ = •; 


and we have to show that 



This is Q. 15. 
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174. Theorem. // tuo expressions are identically eqr*al, 
the coefficients of Ike powers of a variable in the two expressions 
are equal. 

Proof. Let a-\-bx+cx*-\-dr i + . 

= A-f B,z + Ca: 2 -f . 

This relation is true for all values of x [Definition] 

Put x—0, then we have :— 

a+0 + 0 + 0 +.=A+0-f-0+0 +. 

i.e. t a= A. Given identity gives 

bx+cx 2 +dx i -\- . = B-f Cx+D^d-. 

Dividing both sides by x we get :— 

b-\-cx+dx i -\- .= B 4 -Ca?-}-Da:*-f. 

Again putting x=0 we get /»=B. 

Similarly c=C, d= D, etc. 

Hence the coefficients of like powers of x are equal. 

175. The student now knows the following two important 
facts about an identity :— 

(i) the coefficients of like powers of a variable on the two 
sides arc equal. 

(it) the relation is satisfied by all values of the variable. 

Either of these facts may be used to solve questions of the 
next exercise. However, the student should see winch of 
them is more suitable to a particular case. 

EXERCISE 109 

1. If 2ax* + 8bx' 1 — icx— d= 6 x 3 —4a: 2 4-3. find the values 
of a, b, c and d, [ Solved ] 

2. If ax*—'lbx' l -\-5cx+2d=*x t —3x—8, find the values of 
a, b, c and d. 

3. If (£+p ) 2 = £ 3 -t-3;r-t-g, evaluate p and q. [Hint] 

4. If a£ 2 -f &x+c = 6 (.r— 2)(& — 3), evaluate a, b and c. 


5. If 3*—5 = A(,r— 2 )+B(«—3), evaluate A and B. [Solved 

6 . If 2x—7 = A(.r —3)-f-B(.r— 4), evaluate A and B. 
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7 If 2-llis A(l-3a)4-B(l-2*), evaluate A and B. 

[H%nl\ 

.g. If 12 x + 5 = P^3x+4)-Q(‘2x- 1), evaluate *. and Q. 


Evaluate A, B and C, given that 

9. 2x»+9a -H C = Ax(x + 1) -f Bx(x+3)+C(x +1 )(x -f 2 . 

10. 3a*4-lla—7 = (Aa4-B'(a—2)4-C(a*4-3a— 1). 

11. 4a , 4-3a-2 = A(2a*4-3)4-B(*4-2)4-C. 

12. Sx 3 —4x4*5 = A(x—l)* + B(x—1)+C. 

13. 2a*-fa-14= V(a+ 2 )*—B(a+3)—C. 

14. a 3 —2a4-8 = A(a-l)(a—2)+B(a—2)(a—3) 


15. 


16 . 


-fC(a-3Ka-l). [Hint] 
p«_iOp4-l3= A(p 3 —5p-H6)4-B(p—1)(P _ 

+C(p-*)(p-l). 

3a 1 4-9a 3 4- 7a 4-2 s A(a 4-1)*4-B(* 4- D 4- C. 


2 ) 

(P. U. 1931) 
(P. U. 1931) 


17. 


18. 


19. 


20 . 


T - _3*_— ^ 4- —_, evaluate A and B. 

**-*-2 a 4-1 x-* [Solved] 

T f 8j: =_A 4—evaluate A and B. 

1 a 3 4-2a— 8 a—1 *4-8 

Tf 2 j ~ 5 = A-4--JL . evaluate A and B. 

If 2 a* 4 - 5 a 4-2 * 4 -* 2 a 4 *l 

•-'x 3 —a —3 = _i_ _5_ 4 -_5_, 

evaluate A, B and C. 


SOLUTIONS & HINTS—Ex. 109 

1. The given identity is :— 

iax*+Sbx>-icx-d=i>x'-*x t -ir0x+3 . 

L Writing Oa for the missing power on R. It. =>•! 
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Coefficient of x* on L. H. S. should be equal to coefficient 
bf a? on R. H. S. 

/. 2 a=6 or a—*. 

Similarly, equating coefficients of other powers of x wc 
get 

86=-4, .*. 6=-J 

-4c=0 c=0 

-d=3 d=-3, 

3. (<r+p) 1 =* , 4-3x+7. 

or at+Vpx+pt^at+Sx+q 

Equate coefficients of x and the constant term* 

/. 2p=3 and p*=q. Solve these equations, 

5. ar—3=A(»—2 )+B{jj—8). 

First Method 

K. H. S.=Ax-2A+Br—8B 

=(A+B)x^SA+8B). 
we have 

8®-5 = (A+B)x-(2A+8B) 

Equating cofficients of x and constant terms we get:— 

A+B=8 .(t) 

2A+8B=5 .(ii) 

Solving equations ( i ) and (ii) we get A= fc, B = - 1 An*. 

Second Method 

The given identity is true for all values of x. 

Put r=3, then 9—5=A(8-2)+B(0) 

or 4=A 

Put *=2, then 6-5=A(0)+B(2-3) 

or 1 = —B or B = —1 

A=4. B =3 — 1. Ans. 

Note. Evidently the second method is more suitable foi 
this example. 

7. Put*=Jand$. 
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9. R. H. S. of the given identity is :— 

A^(ir+l) + Bj(x + 2)+C(ar+ 2) 

— A{x* 4- x) +B( x 2 + 2 x) + C(x a + 3x +2) 
«(A+B+C)**+(A+2B+3C)x+2C. 

Hence v;e have :— 

2tf*-h9*+6*(A+B+C)^+(A+2B+8C)*+9C. 

Equating coefficients of like powers of x we get:— 

A-f B+ C»2 ... (0 

A+2£+3C*=9 ...(«) 

2C—6 ..-Cw*) 


From (tit) c=3, 

Substituting this value of c in (i) and (u) we have : — . 

A+ B-f 3 —2 or A+ B= — I ) 
andA + 2B + 9 = 9 or A + 2 B = 0 $ 

Solving these two equations we get B = 1 and A-» — *>• 


14 

17 


A=—2, B = !, C=3. Asa. 

Put <r=l, 2 and 3 in turn. 

R. H. S. of the given identity 

_ A B _Afar—2)+B(a?+l) A(g-2) + 11 

“ x + 1 + x — 2 “ • (x + 1 — 2 ) 


X“—x~2 


• « 


We have 


fix 


a»—2 


A(x-2) + B(x+l)* 


3a?EA(s—2)-t-B(x+l) 

[V Denominators are the same) 

Puta=2, (#=*A(D)+B(3), i:e. 3B^6 or B=2 

Put o=—1, -3=A(-8)+B(0> 

— 3A=— » or A= 1 


A = l, B=2. Ans. 



1 
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TEST PAPERS - SET 5 
(Chapter Will to XXVI) 
Paper 1—Ex. 110 

a*-b 2 


Simpl.fy : ~ ( -- 1 ) x - 

2 \ a — b a + b I a 1 


1 


a*b-\-ab z a-f-6* 

Solve for x and ?/ S ** 1 =3 x / 

(v/5) -^2=125 ( 

3 II (a-f-fc-fc-f d)(a — b— c-fd)=(a— D+c — rf)(a-t-6 — c — d) t 
prove that a, b, c, d are proportionals. 

4 x+;-f-, /= o 


X-\-Z 4- tj = 0 ) 

r *+2r-f 3'=0 ( Eliminate*. 


5 Solve graphically the equations x+y-f ,10 = 0 
2x-t,+5 = 0. 

6. If <jr4-!u/-|-rc = 6x-f cy+az=cx+ay+bz = 0 % show that 

fl3 + 6 3 +c 3 =3afcc. 


1 


Paper 2— Ex. Ill 

Find the square root of (* 2 + ~r) — 4^x s -Lj 

2 Simplify: 

3 ' If • , = ^Z^ 2 ' eValUate E± ^ + ~^- 
y/o-\-y/i X—y/b x — yj'i 


x+ '-=/* 1 

X 

1 

X 


r* Eliminate t. 


i 


J 

5. Solve graphically the equations :— 

x~8(/~6= 2 = 0. 

What is the intercept of the graph of the former on the 
axis of y ? 

6 Solve the equation 16( \ > = 2 .. + 8g 

\ 2+3x I 2—ax’ 

440 
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Paper 3— Ex. 112 


*+ y± x r_y 

... T — y X-M/ xy* — x*y 

1 Simplify • —--- x —- f-. 

1 • x - y rJ -y x 8 4 i/ 8 

i+y x-y 

, 7 8 

2 Find the square root of — - - V*‘ 

V o»~* obVft*_ a* 4-/ * 

3. If „ fc c d. show that - nTbd ' 


r 2 - V = 'i 


-’- = *■> J 


>■ Eliminate X. 


5 Drtw the graphs ofthe three equations x-2y + S=0, 
2 r4- f /-4 = 0 and 3r —v —1=° » ,, ‘ l venf Y ’hatthey 
ntpei in a point What are the co ordinates of the 

common point ? 

6. If xf i/ 4-2 = 0, show that (r + y)(y 4- 2 )(z 4- x) = — xyz. 

Paper 4—Ex 113 

1 Find the square ro >t of (-a - l)(-a —3)(2a—5)(‘2a — <) 

4-16 

312 ’> v 2^ x 10 

2. Simplify- —f '_7" s 

15* x 6 4 X 4* 


, 2 . t x 3 4-v 3 4-3 3 _x?/3 

1 Tf x — . show that a ■■ - - 3 — 

J 11 a 6 c ’ a 3 4-^ -tc* mJk. 


1 1 

x = 2i+ o* 


V ^ Eliminate t 


'/ c 

r • *. 

/ ** 


J/ 1 = ♦«* + 4/V~ J 


// , 


1 

5. Solve the equation + 2 —J“ Jie ^y 

6. For what value of x "ill the expression 

J be equal to *? H •' 

14 -V»“* ' • 
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4. 

5. 


1. 


2 . 


3. 


5. 


Paper 5—Ex. 114 


x — v—z 


y 2 x 


z-x-y 


1 Simplify Cx-y)lx-z) + to~z)ly-T) ' («-*)(*-»)’ 


If an,. 




\/ j — \/.J 


\*-\/* 


find the value of 


Tf JLz= r i = JL, show that each of these ratios is 
b d * 


e. 




equ i! 


t° 3 /^ 
f\/ vb 3 




Eliminate / from x=a-b^f y=fc-4-c<. 

Draw the graph of the equation 3x — 4y— 24=0. Read, 
off and calculate it-s intercept on the axes of coordi¬ 
nates. Also read off and calculate the abscissa of the 
point on the graph which has ordinate equal to —12. 

If s=!(a-i- 6 -fc), show that (*— <»)(«— 6 )+(s— 6 )(j— c) 
-r(s—c)[s-a)=s' — J (a*+ 6 * 4 - 0 *). 

Paper 6—E*. 113 
Find the square root of :—• 

f4x*+4x- — -11. 

X 

Show that 2 °= l and simplify :— 

n x** / +two similar terms. 

If ab=cd—ef, show that:— 

. a'+c'-t-t'ib-'+d’t+f-^obcdef. 

Eliminate x, y, z from :— 

* U , z 


JL+JL 4 -JL 

X 4 X 3 X 1 


—a 


^—X 


y-z 

Solve the equation 


=&. 


x-y 


=c. 


^-4,x-8_x-5,x— 7 . ^ ^ 

+ —: =-f- —r and test 


x—5 x—'J x—il x—8 
the concclnoss of jour r suit. 

Tf 2x~ {-9x4-6= Ax(x-f- 1 )+Bx(x+2) + C(x +1 ,, 
find the yaiues of A, B and C. 




progressive 


aloebba 


Paper 7—Ex. 116 


1. 


Simplify /£±1L4 - f'ly'X - S 

\ x-y \ x +y + 




2. If a— 5 + 2y/6, evaluate y/a+ — 

V a 

3. If a, 6, c be in continued proportion, then 

a 1 —6*-4-c* 4 

4. Eliminate x and i/ from the equations : 
x—y=a, x i — rj 2 =b 2 , x 3 —y 3 =c i . 

5. Draw the graphs of the functions ——— and 


S-r 


2 2 

and read off th^ir common value from the graph. 

6. If x—y—z=0, show that x 3 —i/ 3 —z 3 —3xt/z=0. 

Paper 8—Ex. 117 

1. Find the square root of (2a a — ab — 6 2 )(2a*-f 5a6-f 26*> 

x (a*-f ab — 2b z ). 

2. If m and n are positive integres, prove that (x")* 

=x mn . 

If 2-f- > y2“ 1 . show that 2a 3 —Ca—5=0. 

3. If a, b, e, d be in continued proportion, prove that:— 
a _ ( a—b ) 3 

[P. V. 1922] 


If 


d (Y-c)* 

i 


4- 


a and x*-f=6*— 86, show that 


5 

6 


(«—6){«*-f ab + 6* — 8) = 0. 

Solve the equation =(-?£Z|_ J* 

If 2x J -8*-4=A(x-2)(*-8) + Bl*—8)(*-4)+C(*-4* 
(a* —2), evalutTP A, B and C. 



TEST PAPERS’ 


453 


1. 

2 . 


Paper 9 —Ex. 118 

... 8a 3 4-6/i 2 — 12a — 9 

Simplify : . * . 

„ , , X— 1 - 1 —VC 

Solve the equation ^^yTx = °~ _ 


3. If- a -=-«-=---. show that 

y+z—x z+x—y x-f-y—z 

a{y-z)+b{z-x)+c(x-y\’=--0. 

4 . *(i -t-)=b{\-\ l 2 )) 
y(l_( s )sn2at J Eliminate t . 

5. Draw the graph, of the equation 2s—3^4-18=0. Where 

•does the straight line cut *1 • 

6. If a+6-f-c=0, show that a 4 -t-^*+c 4 =2(<i&-f bc+ca) % . 


Paper 10 —Ex. 119 

1. For what value of a will 9n* — )2a 3 + 22a s — 13a-f 12 be 

0 

a perfect square ? 

2. If m and n are positive integers prove that x m -rx n 
=x w -\ 

Divide 8a' 1 —6 -3 —c -4 —6a — by 2a ^ —b~ l —c _I . 

3. If y, z t be in continued proportion, show that 

xy+yz is a meai* proportional between and 

4 . Eliminate t from the equations :— 

3/ •> 

~r + iV =2a+86 j 

-^-- 2 -=2a-84 | 

4 ■ 8 1 J 

5. Solve the equation (*—2) 3 -M.e+ 3) 3 -H*—4)*=8f*—2) 

X(4j*— 12). / v ; 

x t# 17 —r® — A • , B 

• THT=a' = '^.2 + T?8 >eV8ll * ateAandB - 
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1. 


(a) Solve 

‘l[x- I) 3 

i — 3 x+\ 

( b) Solve :— 

l +- 3 =2 1 

x y 


=2. 


i-U [ 

x 'iy 3 J 


Or, 


( b ) Thirty-six men and boys are employed to do a 
piece of work, and are paid Rs. 16, 4as. in all. If men are 
paid 8as. each and boys Cas. each, find the number of men 
and the number of boys. 

2. (a) Draw the graphs of :— 

x—y— 7=0. 
x—'2 y —11 = 0» 

Read their point of intersection. 

(6) Divide :— 

2 7*3_8/ / 3 -2 3 -18ffyz b y 3x-2y~a 

in any manner you like. 

3. (a) Extract the square root of 

( b ) Find the II. C. F. of :— 

j .4_5j3 4-Si s — Sa? + 1 and 2X 4 —7x 3 +9**—5*+l. 

4 . fa) Factorise 

■r«-6*. 

(b) Factorise 


•154 
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«S6 


OTr/ 

Factorise : 4^c # —(6 l + c 2 -a 1 )* 

and show that the expression 

—16«(«_ o){s—b)(s—c), 
where 2 s =a + b+c. 

that'-—^ n 1S 8 P ositive integer and m any number prove 


Evaluate :— 


(a m ) n =a v,n . 


2 3 " H-(2>) . 

(b) Simplify 

_ a(6 -\j\_ + b(c+a) ^ C (a +b) 
(a~b ){ a-c) (6—c (6-a) (e-n^c-ay 
6. (a) If ax~by=cz, show that 


I'L h zx 4 . *.v _ a* o* 

* 2 y*" • ab 


(b) 

' a 1-/2 1 

y _ n 
b i~* 


1. (a) Solve:— 
Ji.r + 8 
x 

(6) Solve:— 


"Eliminate t. 


1941 


+ 8 _ ar+9 

--1 z+a =t ' 



each'} i!,fh r | P of stee, ,; s 18 i '"«•>«* leng i _Ho» ,n sn v pi, 

each cutting. 0 "** be Cut from "■ 


In 
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PROGRESSIVE ALGEBRA 


2 (a) Draw graphs of — 

x + y —2 
x+ !0 = 3*/ 

Read their points of intersection 

(6) Evaluate ** + *'* 

when x = S—2\^2 

3. (a) Factorise x 6 — 7*29 

(6) Find the square root of — 

(r + 8y)(x* - x'y - Hit/’ 4-12t/ 3 ). 

4. Find the H C. F and I, C M of — 

* 

4a* 3 4- 8x 2 -3x - 9 and 1 ix 3 4- 28x* + 13x—3 

5. ffl) Remove the bracket in (a 3 ) 5 , giving proof of the 
process done. 


11 

Evaluate 2 3 —2* 

(M Express 2{x* y 7 — yz—zx—xy) as the sum of three 
squ -tres 


Hence show that if the expression vanishes. 

x ~ y = z. 


6. (a) If A 



r 



show that 


b + a 
c + a 

(b) Eliminate t from :— 


c+d 

b + J 

1+f* 
X 2al 


\-(* 

*--sr 


1942 

1. (a) Solve :— 

_ 1 _ + _ 2 __ 8 

~x— 1 X — 'L X — S 

(b) Solve graphically the following equations : 

x+2t/ = 5 
f x—u=*5 
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Head the value of y from both the graphs when x = 7. 

2 A number consists of two digits whose sum is five. 
When the digits are reversed the number becomes greater by 
nine. Find tne number 

Or, 

The current of a stream runs at the rate of 5 miles an 
hour. A motor boat go< s 10 miles upstream and back again 
to its sturtmg point in 50 minutes. Find the speed of the 
motor boat m sti 1 water. 


3. (a) Fmd the square root of :— 

83 

-J*-f 4Z + 1 6 

4 

(b) Resolve into factors : — 

(t) 2s*+] IzH-14 

(«) 1 -2b-tb' + 8P 

4. Simplify :— 

_ 

x+a. —a* + 


5. 

6 . 



Eliminate t from :— 



aP+bt+l^O 

cP + dt+ 1=0 

x v z 

— = -j— — — show that 
a b c 




XIJZ 

abe 


Evaluate £*+ 
when <r=6 — y'w 


1943 

1. (a) Resolve into factors x*- 

(6) Find the value of k when x 
3z 2 + kx + 0 

M Evaluate - 8 - " * 9 ^' 

8 3 ' 1 


\x 

3 is a factor of 
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2. (a) Solve: J£±I—( j =36 

(b) Solve graphically the following equations 
t/ = 3x + 4 
y=x+8. 

and read the values of x where the two graphs meet the line 

V= 4. 

3. (a) There are two examination rooms A and B. If 
10 candidates are sent from A to B, the number in each is 
the same, while if 20 are sent from B to A, the number in A 
is double the number in B. Find the number of candidates 
in each room. 


Or 

(b) When one is added to each of two numbers, their 
ratio becomes 1:2 and when five is subtracted from each 
of them, their ratio becomes 5 : 11. Find the numbers. 



y — z 

a b c * 


raction is equal to ^J 
242—x) 


■2if+8z* 

2b*+Vc* 


C C- IT 242— x) 8 1 

5. Simplify: — i~~ — -=-— 

— 1 x*+x x*~x 

6. Find the II. C. F. of:— 

x 3 —x 2 + 4x —30 and 2X 3 —6x*—3x+9 

7. Find the value of a 3 + 

or 

when a= 2+ \/3 

1944 


(a) Resolve into factors Gx 3 —x*t/~ 85xy % . 

Or 


1+2 ab-(a*+b 2 ) 

\ 

(b) Reduce to its simplest form 

( c) Find the value of 

jn _ n_ 

(27) 3 _X ( 8 ) _ 8 _ 
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<i3* 


2. (a) Solve: 


2 x - 9 


x-G 


4r — 3 


G 


(6) Solve graphically the following equations 2. 

3fy = 6 + ‘Jx. Read the co-ordinate* of the points whore the 

lines intersect the axis of y. 

3. In an examination paper one boy A got 4 mark* less 
than $ of full marks and anoth. rlo) B got 2 marks more 
than I of full marks. The marks obtained bv A were three 
times as many as obtained by B. What marks did each 
get? 

Or 

Six years ago a man was three times as old as his eon 
and in six year*’ time he will he twice as old as his son. Find 
their present ages. 

Note. Do any three of the following :— 

4. If—= y =±-=“=k, find in terms of k, the 

abed 

value of 


j 


**+2» f *—G2 2 +;.u“ 


5. Simplify: 


a 1 x 26* — Gc 2 -f- iid 1 

6. (a) Eliminate p f»om : — 

x=ap 3 and y=bp 

(6) If x=q- h-— and y = q - 

show that t/ 4 —2xV=16. 

8*r -I- 2 

7. If t/=—--. find x in terms of u 

4x—o 

[Hint :—Cross multiply and solve foi a j 
(b) If w= ~ v ~. and y — , 


7 J ~r? ’ p— u 

show that ——t- — 

* * 
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8. («) Find the square toot ol : 

x 2 (x-(i)+17x*-8(8x-2). 

(b) F rid the value of 

when x = 1 JO and y= 100. 

1945 

1. Resolve into elementary factors : - 

(0 

(u) « 3 — I7u -f 26. 

2. Obtain an expression which will divide both 4x 3 *f* 
'•r 8 —3 x—I 5 and 4x*-i-3x—10 without remainder. 

Or, 

Find the H. C. F. of 

x 7 + i/’ and x 5 -f// 5 . 

3. Solve • — 




!- + .*-£-S \ 

* 3 0 

! +- x . =io i 

3 2 j 

4 . Solve the following equations graphically and 
your result:— 

x=5—y ) 

x > 


verily 


5. Simplify :— 


„ = 8- / 


a*+b' 
a 1 — b 2 
a -\ b 
a — b 


a s -b 3 
a' 1 *■ b 2 
a — b 
a -~-b 
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6. Find the square root of;— 

4* ~ 2 ~ + 12 ( o-h-i-j-|-38. 

7. (a) Find the value of m* - - when 

m 3 


4 el 


m——=x. 

m 


(6) If a-f 6-fc=0, show that 

a* —bc—b 2 —ca =c* — ab. 

8. (a) Eliminate m from 

m+~^. 

TTX 

m3 H- —y = d. 

V } 4 

(b) Find the continued product of :— 

V*-rVy. #*+yy, and J/x-yy. 

9. If a, b, and d be in continued proportion, show that 

a _ a 3 +fr 3 -fc 3 

d &+<*+({*- 

*°* D ‘u? d , e ?' into ,hree P arts sucl » that half of the first 

ES-.r»'X°[iSr°" i »' “-JS 

a Or, 

A certain number of two digits is eoual fro . u 

sum of its dioitc lfiou. jj j J 7 uaj to >our times the 
urn oi us aigits If 18 be added to the number the dioit* 

are reversed. Find the number. ’ glt# 


(o) Solve for x :— 


6 - 


x —1 


1946 


x~2 


(6) Solve for x and y . 


S-x 

4 


J +^= 15 , -- 
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2. (a) Find the square root of— 

«2ar-5)(8x 3 -28x 2 +22x-5). 

(t>) Simplify :— 

j a — 8t ^ 2jt— 1 x l —2x 
2*2 + 5x-8x*-r2;r+4 * x-f-3 • 

3. (a) Find the L C. M of :— 

x 3 —2X 2 —13X—10 and ar 3 —x 2 — lOx — 8. 

(ft ) If 16* +1 = , find the value of x 


A. (a) If 


ib) 



, prove that 


{Iw+my+nz)* 

(la+mb+nc)* 


5. 


Eliminate x. 


f \ if ^84 -y/2 ^3-^2, 

(a) If a —V« — f t and Sf+7* 


find the value of a f + 6*. 

(ft) So*ve the following equations graphically and also find 
the intercept of the graph of the first equation on the t/-axis. 
4®+8t/=l2, 2x+j/=2. 

6. (a) The age of a mm is three times the Aim 

ages of his two children, and five years hence his age 
double the sum of their ages. Find his present age. 

(ft) Prove that 

1 + * + 4 


of the 
will he 


= 0 . 


x+l x* + 1 


x— 1 


X 4 — 1 

1947 

|. (a) Solve the equation :— 


2x4-8 


8 


(ft) If a 

a'+b'+c^^&abc. 


and aft+fte+ca=20, find the value of 
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2. ( a ) Find the H. C. F. of: 

8x 4 4-3x-j- 10 and lOj^+Sr^S. 

(b) Factorize 

(i) 2 x-3‘>2 5 

(ii) 1 o2(x 2 -1)-72j: 2 . 

3. (a) Find the square root of : 

+ - 6 . 

X" * 

(6) If a, b, c, and d he in continued proportion, show that 
a : d=aM-& 3 +c 3 : o 3 +c*+cP. 

4. (a) Simplify :— 

(6) If ^=34-2^2, find the value of 



5. (a) Eliminate m from :— 

W i*q-l= s 2am 

m 2 — l=26m. 

(b) Solve graphioally the equations :— 

3z + 2t/4-4 — 3 
2.r—9=y. 

6. (a) If a-room were 2 ft. longer and 3 ft. broader its 
area would be increased by 75 sq. ft. If it were 1 ft. shorter 
and 2 ft. broader the area would be increased by 16 sq. ft. 
Find its length and breadth. 

(&) Simplify: — 

__ \ _+_i_.+_ 1 _ 

a(a—6)(a — c) b(b—c){b—a) c(c—a)(c—6) 
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1948 ( A ugusl) 

i\ote :—Attempt Question VII ttnd any five parts from the 
rest of the questions. 

7. (a) Find the factors of— 

(i) a 4 -r 46*. (tt) Or 2 - l3r+5. (Hi) z(x + 2) (x + 4) (.c+G)+7 
(6) Show that ifa-j-64-c=0, then a 3 +6 3 +c 3 =3a6c. 

8. (a) »SoIve for x,y,z ,— 

^ k c c a 

-f — =2 a, — 4. — =26. 

^ s 2 ' x 


9. 


10 . 


11 . 


12. 


a 

- +~ =2c, 

* y 


(6) Solve. V -P+3- V-P = V4r +1 
(a) Extract the square root of— 

19x 2 


•i . I , 1 

' + a< 3a[ + «s 


9a 2 


(6) Find the H.C.F. and L.C.M. of— 

2x 3 -5x 2 +x+2 and 4x 3 +x 2 -4x-l. 


(a) If-4-=a 

y+z 


4—6.4=c. 

2 + x x+y 


Show that =--f —i— 

1+a 1 14-6 


+ 


1 


l+c 


= 2 . 


(6) Eliminate x from x — — =a, x *-\— — =6 4 , 

x x 4 

/ \ i r a c e 

w lf T-T-r 

show that eacli of these ratio is equal to / 


tf : ‘+r*+c 3 

6 3 +rf 3 +/ 3 ’ 


as well as equal to 


la-\- mc + ne 
lb -f md 4- nj 


r » 


(*) Show,hat [yP x [S] b, x[>]“•*■ -J* 

2 

is equal to x 2 * Find the result when a=0. 

(а) Three t ; mes the present age of father is equal to eight 
times the present age of his son. Eight years hence 
father will be twice as old as his son then. What are 
their ages at present ? 

(б) Solve graphically and verify veur result •— 

y —1 x+5. A 

*- 3 • “9 + 5'- 0< 
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(Page 3) 



4. 

50. 

5. 

48. 

9. 

96. 

10. 

108. 

14. 

625. 

15. 

1. 

19. 

12. 

20. 


24. 

0 . 

25. 

81. 

29. 

0 . 

30. 

A 31. 

35. 

1 

36. 

J. 37. § 

32. 

41. 

O. 

42. 


(Page 5) 

. 4. 3. 

5. 

29. 

6. 8. 

10. 46. 

11. 

>14. 


1 5. 2. 

16. 


17. . 56. 

21. 0. 

22. 

* 

23. 1. 

37. 1. 

38. 

v* 

7. 

39. 4. 


2 . 

4. 

6 . 

7. 

9. 

10 . 

12 . 

13. 

14. 


Exercise 3 (Page 9) 

(fl) Yes. ( b) No; 3.5 means 3x5 which is equal to 15 
t ( c ) 3.5 = 15 and 3*5 = 3$. 

No ; 30. 3. xxtj, xy, x.y,yx x, yx, y. x. 

**• 5. 1. 

Four times x-4x or 4xx; a? to the fourth 
—xxxxxxx, values 8 and 16. 

(a) x\ ( b) x n . 8. (a) 5. lb) 5a (c\ 1 

(o) 5 a and b. (6) 5. a. b, 5a, 5b. ab. 5ub. 1.’ 

(a) x'j 4. (b) 1. 11. $ 2 i. 

(a)^No. (6) No. (c) Yes; c i d=cxcxd and cd* 

(I X u. 

One ; Simple Expression or Monomial. 

Three; ; monial. 
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15 


16. 


Two. One only. [Note that - terms * are separated by 
the sums 4- and - and not by the sign X or -r] Hie 
fir>t exp. is a Binomial and the second a Monomial. 
The first three signs of equality are wrong. 


1. 

6 . 

12 . 

14. 

15. 
18. 
22 . 
25. 
29. 
32. 
35. 
38 
40. 
44. 
49. 
53. 
57. 
60. 
63. 


O 


4. 

-6. 5. 2 

0 . 

10. — 1. 11. 5. 

Rs. 2 

5. 

16. 

— 4 ft. 17. 8a 456. 

2a-. 

21. 3a 3 . 

o > 

24 x 3 // 4 y\x 

0 . 

28. 9k. 


Exercise 4 (Page 16) 

2. -7. 3. -9. 

0 . 7 . 0 . 8 . -8 9 . 

-8. 13. — Rs 25: loss of 

— Us. 50; gain of Its. 50. 

-13 miles ; 13 miles west. 

2a45a6. 19. 2a. 20. 

— 3 ab or —3 bo. 23. 3 a — 

— 2x x . 26. .r 3 4-.r 4 . 27. 

/>. 30 2lm+3mn. 31. a+ab+aje. 

3.r y-ox 33. xi/z—x—y—z. 34. 6*-26 
a 3 —3a. 36. 3 abc. 37. x 2 i/*-**—2/* 

a-b-ab'-ab-a-b. 39. 1 + 2a-f36+ U 4-5</ 

-a+2a*-t'da*+Aa*. 41. 3*. 42. 3a*. 43 36. 

10/. 45. -6 p. 46. -7 q. 47. 0. 48 . “ a ' 

, — 10/ 3 . 50. — 10a 2 6. 51. -.t*. 52 s Jcb . 

J.xy. 54. -3a®. 55. -k\ 56 . 

—8fl + 4a6. 58 -2a 2 4-2a. 59 -2 t-.xfb 

—2 ab or —2 ba. 61. 13/ + 3. 62. 

— 1 — 3a —Sab —b. 64. — 4 —4.r — 5.r 2 — <x . 


— at — 44* 4 3/*. 


5. 

9. 

11 . 

14. 

16. 

19. 

21 . 

25. 

28. 

31. 

33. 


Exercise 5 (Page 19) 

a+b. 2. —3a —36. 3. 2a-36. 

— c-\-z-\-x. 6. a — 4b-\-c. 7 r. 

2p—q + 3r—s. 

l — m — 4n—p. 

'21 -f- 3k -f* 4 / 0. 

— 2 a+c. 17. 

— 4 X 2 — 2 . rt / — 4 t / 2 . 
a 3 -Sab 2 -'2b 3 . 

39* — 5?/ 4 4z 
5a 2 4 6- 29. 

a6 4 6c 4ca. 

9 a 3 4 6a*-32a- 18. 


4. x — x 
8. x 

10. im-b + Sab-bc. 

12. 0. 13. —Ty—y' — zx. 

15. a+ 6+a6 + 6c 4 a* 4-6* 

— 3a —36. 18. —4a* — 7a 4 * 

20 -2ab + bc + 5ca. 

22. '2z. 23 «. 24. 8x4 5y-2n 

9ab-3bc+Scu. 27.. xt/ 

30. va6 + 2 ca. 

32. -2a*4a* + 4a4*»- 

34 15a 8 -4a* + 3a-l 


26. 

6a 3 
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35. . 2x 5 +2y*+2x*. 

37. 2« 5 +2a f +2'i+ft. 

39. -3a 2 +3a 2 +36 + d6*. 

41. 2r*t/. 

43. |*+Jy. 

4S. V 2 -i afe +? 6 *-^' 

47. *— |a 3 — §a 2 6-f*a6 2 — |6 3 . 


36. 

38. 

40. 

42. 

44. 

46. 

48. 


2* , + 2i/ 3 -f2z 2 -f2l 2 . 

6a*—46*—4e6 — 86c — 6«*. 
3a*6 + a6 ? . 

2a 3 +2a*6-f 14a6 a -r«& # . 

« + 56+jc. 

~W- 


1 . 

3. 2 . 

6 . 

— 12x. 

1 L 

-3 xy, 

14. 

—a&c-f a6. 

17. 

- 8 xy. 

20 . 

— 5a6 2 +4a 

23. 

—4 c-\-d. 

26. 

4a 2 + 2a. 

29. 

2ab+2xy- 

32. 

—a. 1 —2z. 

35. 

5x 3 +a- 2 — x 

37. 

Ca6 2 —4a 2 6- 

39. 

3a6+46-2 

41. 

fa-c.y- 

43.; 

-Ja 2 -Ja. 

45. 

x 2 +iy 2 -h 

48. 

x 2 —:lx—l. 

51. 

—x 1 —x—3 

54. 

—2a 2 —2a. 

56 

—ab—2b — 

59. 

2a—a6—3. 

62. 

6 2 —a6+46. 

1. 

-40. 2 

6 . 

— 8 x 1 / 2 . 

11 . 

— 12 a 4 6 3 . 

14 . 

— 10 a 3 6 *c 3 . 

18 . 

—16a 3 6 8 c 3 . 

21 . 

CO® 2 ^*. 


Exercise 6 (Page 23) 

-7. 3 7. 4. -3. 5. 4a. 

7. 7Ar. 8. 6/. 9. —56. 10. 6c. 

12. 5dc—Sd. 13. Gfg -f 3f. 

15. —5a 2 —2a. 16. 0.r 3 4-6x 2 . 

18. 8 -8a. 19. 3a-a 2 . 

2 6. 21. 5*-f3y. 22. —3a-f 96. 

24. 5xy—2x—2y. 25. 4x—4y. 

27. -2a+36. 28. a 3 +a 2 -a-l. 

*— y. 30. a 5 —a 3 —a 2 . 31. —2a+26. 

33. —3p+4q+2r. 34. —2**—* + l. 

—7. 36. — 26 3 —2c 3 + 3a6c. 

—2a 2 6*. *38. — 2a* — 2a 3 —4a 2 —3a. 

!a-3. 40. 8s 4 —4t/*—S^+xy+t, 2 . 

42. — |a + 2a6 — \a. 

44. a «_-a 2 6 2 -2a 2 -l. 

*-\y> 46. 46—8a. 47. 2a*?/—3x-fl. 

49. 2abc—ab + bc— 6-fc! 50. 2. 


52. 5a6—a+ 6 — 2 . 

55. abcd—a—b—c—d. 

57. —2a-86+4<\ 

60. 3x+i/+z. 61. —2x 2 -2x— 6 . 

63. —a 2 —2a6-f6 2 . 64. t / 3 — 4t/* + 6 . 


53. — 3a*+a+2. 
58. —a— 6 . 


5. 85xy. 
10. a*6 4 c*. 


Exercise 7 (Page 31) 

-42 3. 45. 4. - 6 a 6 . 

7. a®. 8. a: 10 . 9. arty 3 . 

12-_ — 80a 3 6 6 c. 13. • 42a 2 6*c*. 

|5. 0. 16. 64x®i/ 12 2 9 . 17. 24a 2 6 s c 2 . 

19. — 12a 2 6 3 c\ 29. 6xV*. 

22 . -24 Pm 9 n*. 23. 8ab 2 x'y. 
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ANSWERS 

. 

14. 

— 4 a s 6 3 c*. 

25. —lx?y*z. 26. — 1 x-ifz* 

fa 

27. 

— a 2 6 2 c 2 . 

28. 

24xys 3 . 29. ooxYz 3 . 


30 

x 3 t/W. 

31 

8a 3 6 3 . 32. — 27x 6 t/ 3 . 33. 

256x 4 y*s®. 

34. 

-a 10 6 l *. 

35. 

— 4a 3 . 36. 27x 6 . 37. 

432x 2 v 3 

38 

486a®. 

39 

5a 4 6 4 c 4 . 40. — Sx 2 j/®i 13 . 

41. -40. 

42. 

96. 43 

-72. 

44 -192. 45. — 288. 

46. — 20. 

47 

-105. 

48. 

30. 49. -1. 50 -37. 

51 19. 

52. 

38. 





Exercise 8 (Page 33) 

1. 5a — 106 2. — 8x4-20i/. 3. — 0 x* Sx v t/. 

4. —9x 3 4-1 2x 2 . 5. a 2 bc—ab' i c—abc t . 

6. — 15a 4 4- 20a 3 4- 25a 2 . 7. tix l y— 9®*i/*+3i ,2 /y 3 . 

8. 1 6j 7 5 ^ 3 — 4r‘i/ 4 4-4 x , j/ 6 . 9. 3a 3 b i x :i z t -b'3d z b z tj 3 z i —Zd 1 b' t cz\ 

10. — a i b 3 x 7 y s 4- 3 a-b*x x y 7 4- 4a 2 6 3 .t 5 .i/ 6 

11. ‘2abcd r s — 6b*cdx 4 4- GhtPdl? — 2 bcd 2 x*. 

12. — 3ax x y 3 + Ghx*y* — 3fcx 2 f/ 5 -{-CtgxPy* 4-6/x 2 ;/ 1 — 3c.i ,2 f/ 3 . 

13. — 6 i 2 y 4- x 2 5 «v* 9a\V*- 14. x 5 */ 2 —3x 4 j/ 3 — J a: 3 // 4 . 

15. — ^x 8 */® — x®<y 8 4- 12x'f/ l °. 

16. 6a 7 /> 3 -ta fl 6 3 4-Aa 4 6 3 4-ta 2 ^ 3 . 17. —Ua+26-l. 

18. -ii/4-Ui. 19 2a& 3 . 20. 5a 3 — 1 la*&4-6b 2 . 

21. —4 j 4 —4a s 4-<* + 20. 22. O. 23. -3*y-l2^ 

24. 0 


Exercise 9 (Page 35) 

1. -2x 3 -5x a 4-0x4-7. 2. -x 4 -!-e 3 4 -10x 2 -7x4-20. 

3. x 3 —9x 2 4- 100x4-50. 4. x* — 5x 3 —x 2 — 7. 

5. 4x 4 -f-5x* -f-6x 2 — lOx—4. 

6. ( i) — a 4 4-a 3 x4-5a 2 x 2 4-ax 3 — Ox*. 

(it) — 6r 4 4-ax 3 4-5a 2 x*4-a 3 x—a* 

7. (i) a 4 —a 3 x t-20a 2 x 5 —ax 3 4-x 4 . 

(ii) x 4 — ax 3 -f20a 2 x 2 — a 3 x4-d*. 

8. (i) — 6a 5 — xa 4 4- 100a 2 x 3 4-6ax 1 — X s . 

(ii) — x*4-6ax 4 + lOOcftc 3 — xa 4 — 6a-. 

9. (r) — a 6 4-xa i —x 3 a 3 4*5a 2 x*4-3(»x 6 . 

(it) 30x®4"• : >a 2 x , —x 3 a 3 4-xa i —a®. 

10 (i) a 4 — Ca 3 x —4a 2 x 2 —5ax 3 4-x 4 . 

(it) x 4 — Sax 3 — 4a*x*— 6a 3 x4~a 4 . 
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11 . n i -(b+c)a+(b*+(*-be) 

12 . rt 3 —3o6c+{6 3 4-c 3 ) a 

14. (x 2 ~4y 2 - 4xi/l+(6y-8x)z - 3z 2 

15. {*x 3 + y 3 ) Jr 1 Sxyz-'tfz*. 

16 (*V - y 3 ') + 4x;/z - (x* 4 t/ )z 2 - z 3 


3 /1-6 - 3a 6 2 - (6» + c 3 ) 


Exercise 10 (Page 37) 


1. 

x 2 — x-6 2 x z -x- 

20. 3 x 2 -13x4 4* 

4 . 

o° + \7a+ 70. 5 a 2 - 

64. 6. k~ — 12A+2" 

7. 

— x 2 + llx— 30. 8. - 

- a - +■ 6a +- 40. 

9. 

— fc 2 + 24/r— 144. 

10. — 1* — 10/-+ 11 

11. 

— 6x 2 + 23x —20. 

12. 20J 2 -9<-20. 

13. 

— 24m 2 +- 62 m — 35. 

14. 30—89a + 63a*. 

15 

1 — 64«i 2 . 

16. -l8 + 33u + 12n>*. 

17. 

— 56x 2 -+ 37 xy — 6r/ 2 . i 

■ 18 -27x 2 + 90xr/-27l/*. 

19. 

15a 2 -38a6 + 7& 2 . 

' 20. — 56u 2 +- 19ut>+15i' 2 . 

21. 

- 10x*+-37x 2 —30. 

, • 22. Iflx 4 — 27x 2 — 35. 

23. 

— 18x 4 + 27x 2 a — 10a 2 

24. Z 2 — 49 !y 4 . 

25. 

-:i0.r-i/ + 3Saxy-Ua z . 

86. — 2x*y 2 + \Qxyab— 12a 5 6* 

27. 

- 10/; V+ rfpqr8— 3rV. 

2«. — 42x 4 +- 2 Ox 3 —2x 2 . 

29. 

8 x 3 — 27 

30. Ox 2 -7x+- 20. 

31. 

18x 3 —15x 2 +32x— 5. 

32. 8a 3 +125. 

33. 

12x 3 — \7x 2 y +- 3xt/ 2 + 2J/ 3 . 

4. x 3 — 9a'-x. 

35. 

- 106 3 - a6 s + 20a 2 6 - 7a 3 

36. 8x 5 + 27f/ 3 . 

37. 

276 3 - 64a 3 . 

38. x 6 + ?/ 6 . 

39. 

x 4 - 4x 2 +* 8 x4- 10. 

40. x* -2x1-1 

% 

41. 

Ox* -06. . 

42. • x 4 — a 4 . 

43 

x«-xy+*Y-.v* 

44 a c + a 3 6 5 

45. 

8 lx 4 -250a 4 

46 1 -2a-3 1 a 2 + 72a 3 -30a 4 . 

47. 

a 4 4-2a 3 — 7a 2 — 8a 4-12. 

48 — x 4 + 4x 3 v — x 2 y 2 — 4xi/ 3 — y*. 

49. 

a 4 — 2a 2 6 2 +-6 4 

50 x 4 — 2 bx 2 y 2 - 10x»/ 3 - i/ 4 

51 

a 4 4a 2 x 2 + lCx*. 



52. .t” 4 5x 6 4 4x 4 47x 3 410x ? +6x42 ; 10548062 

53 x* - 4!x — 120. 54 n 6 +151a-264 

55 2a* — 18/j 4 4 39 /j 3 —25/7*4 «-f 1 

56 4/7 *+ 12a 4 4 l?a 3 + 12a 2 -4a . 538240 

57 n-' - '2a* — 4a 3 + 19//* —31a + 15 58 xS> + \xy A 

59 .t" -r 1 00Kjj/ ,s 4 720 i/ r ‘ . 

60 - 5j+/-f 8 x 4 ;/*— lOr’jy 3 - Hx 2 ?/ 4 — 5r ?/ 6 - 4// 6 

61 x 3 { 8 i / 3 — 27r* + 1 8 .rt/ 2 . 62 x 3 + v 3 + z 3 — 3xj/z 
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63. a 3 -f a-0 -f a 6 2 -f 6 3 -f 26*x— ax : -f bx*. 

64. * 3 -f// 3 -f3x//-2x-2i/-f 1 . 65. 


66. x 3 -f 27// 3 — 1 -f 9x//. 67. a 4 

63. a 3 (6 — <•) —a(6 3 — c 3 )-f (6 3 r — be 3 ). 

70. 1 Ox 4 — 81a 4 . 71. 

72. x 4 —.">a 2 x 2 -f 4a 4 . 73. 


74. a 3 -3a 4 64-a 3 6 2 -a 2 6 3 -186 5 . 75. 



77. 

79. 

82. 


a 3 — a6 2 -f •> ab -f// — 1. 

-*2a*6 2 -f6 4 -f 4a6e*- 
69. x*—a*. 
x*-f a 4 x 4 -f a‘. 
a* —14a 4 -f 49« 2 —36. 

11. 80. - 0 . 

13. 



Exercise 11 (Page 44) 


[See Answers to Ex. 10 ) 
Exercise 12 (Page 46) 


1 . 

— S 

2. 7. 

3. —9. 4. 

26. 5 -7y. 

6 . 

— . 83 . 

7. a 4 

8 —a 7 . 9. 

— xy 3 . 10. -d'b-c. 

11 . 

\a b 2 . 

12. - 

>Ga6 2 c. 13. - 

7 be. 14. 10a J 6 J c* 3 . 

15. 

-4 a//- 

2 3 . 16. 

-SX//-V. 17. 

— *6av/. 18. — Ctn-bc. 

19. 

Y: XZ ' 

20. - 

- Vf x - 



Exercise 13 (Page 47) 

1. a — 2b. 2. 2x —5i/. 3. — 3a-f4.iv/. 4. 3r*—4r. 

5. a — b—r . 6. 3a 2 — 4a — 5. 7. 2x 2 — 3x//-f y*. 

8. — 4x 3 -f x 2 y— jy 3 . 9. ax 3 -f 6// 3 —cz 3 . 

10. a 2 x 3 —36 3 // 2 —4x//. 11. ax 3 —36x 2 -f 3cx — r/. 

12. ax 2 —2/iX!/-{-6// 2 —2gx— 2fy+c. * 13. 4r -57 + 63 . 

14. Ox 2 — 4.r// —//*. 15. 4 x 4 + Hxty--8r/ 4 . 

16. —J^4-5a 3 -*£a-l. 

Exercise 14 (Page 49) 

1. a — 3. 2. x-f 4. 3. x — G. 4. a-f?. ?, a+S. 

6. k- 3. 7. x —5. 8. a-f 4. 9. A; —12. 10. tf 11. 

11. 3x-4. 12. 5<+4. 13. 6m—5. 14. 5 —Da. 

13. 8w-fl. 16. 3-llu. 17. 8x-3 y. 18. 3x-%. 

19. 3a-76. 20. — 5i>+7w. 21. 2x*—5. 22. 3x 2 -7. 

23. 3x»-2a. 24. ly' + z. 25. x 2 -2x + 5. 

X6. —3x 2 -f 2x —5. 27. 4x 2 -3 xy-y*. Z8. 26 2 + 8a6-a‘, 



29 

31. 

33. 

35. 

37- 

39 

41. 

43. 

45. 

47 

49. 

51. 

53. 

55 

57. 

59. 

41. 

63 

65 

67 

69 

71. 

73. 

75. 

77. 

79. 

80. 


1 

5 

9 

13 

16 


4a 2 — 10a 4- 25 

4-7 1 —67t/ + 9*/ 2 -• 

r 4 —arV + 9 4 

a^ + x 1 -*- x — l 
•7® — ox* -+■ a 1 * —a* 
27/r*-36a7 2 + 4Sa*7 -64a 3 
1 -I-4a— 10a* 

a* -2ah +6* 
a 2 — 2ax 4- -lx* 
a 3 -7a 2 +5a+1 
z 3 —»7 2 +1 lx —24. 

-a 3 - 3a 2 + “a 

7 3 4- Ox 2 */+ 24 7t/ 2 4 €0i/ 3 56 
x 2 4- h* + : 2 — xy — yz — rx 
7 2 + T/ 2 —77/4 7-fj/-1. 

** 4 V -f 1-371/43 7/-f 7. 

o 2 b—b 2 a 4 6V — 6r* + c 2 a — ct 

|a*-2a + 2. 

54'/-fy 2 - 


107 2 — 3x-12 + 

;<x 

-7+ 1. 

-7747. 

2 . 

- 1 . 

Quotient x 2 +x+ 1 
Quotient x 2 +x+3. 


lx — \r> 


A 1X5 E SR A 

30. 

4x 2 -6x+9. 

32 

7 2 -3ax. 

34. 

16a 2 4- 12a6 + 96 r . 

36. 

t 3 -27 2 + 8. 

38. 

0*3 + 4 *2 + 87-1-16. 

40 

— a s + Q*b — n 2 b 2 

42 

2 — a — a 2 

44 

7= - 371/ - //* 

46 

r 2 —.57!/ —v 2 . 

48. 

7 1 -3x 2 '+‘ix + 1 

50. 

a 3 —7a + 5. 

52. 

a 3 4- ta 2 + .'a —24. 

54. 

j 3 + 2x~y + 27 v 2 . 

7* + 4t/ 2 + 0z°- - 2xy + 6 yz 4 * 

58. 

a 2 — ax+fcx+fc 2 

60. 

o 5 + 1 — a6 + a. 

62. 

a 2 —2a6 + 6 2 + r 2 . 

2 64 

ij*4j*+J. 

66. 

k-i!/- 

68. 

2x*+ 7 i+-: 3flr+4 - 

j 2 -x+: 

. 70 

7 + 2. 

72. 

2w —3. 

74. 

3. 

76 

4. 

78. 

a 3 + 2a 2 6+ 2at> 2 + 6*. 


Exercise 15 (Page 57) 

(See Answers to Ex. 14] 

Exercise 16 (Page 58) 

2x 2. 2z. 3. 27+//-;. 4 . 2.r—3w. 

;4 + y n 6a + ab ~'- ^ **-»y. 8 . *- 2 W + 2 =- 

*■ }}■ r+6u-iz. 12 . ax-2y— z . 

--4r-4y-2*. 14. -?*+,,. 15. -2x-y-z. 

* a -*J 1? 18. «*-2=. 19. Sn — 66+ 7a 
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ANSWERS 


>0. 104-13*. 21. —13?. 22. 2 a 4 4- 3**. 23. a 3 -6*. 

24. a 3 -6 3 + c 3 + 3afcc. 


Exercise 17 (Page 60) 

1. x+(y-z). 2. *4-(-!/-M- 3. 

4 . 5. 2*4 3 (r/4-z). 6. 4*4-a(-t/+z). 

7. 5fl a.62(_c-t/). 8. 2l±5ab{in—n). 

9. ax—b{i/ — z). 10. 3i*—4a 2 (y+z). 

11. abc — c<l{a — b). 12. 6a 2 -S6(-3a-4&). 

13. *(*4-//)4-(^ 2 -3*). 14. a'(J'-2»/) + (l-2/ 2 -<r)* 

15. rzc(fc-fr/)4-ofcfc-rf). 16. a(ab~ 2 ) + ii-b^a l -Oc). 

17. (a 3 -r/ 3 )-(6 3 -fc 3 ). 18. a*bc(l + bc)-bca(b-c). 

19. 3*(* 2 — G// 2 ) — 2x 2 (3 — 2//). 20. ‘(20-a 4 )-5a 2 (24-a). 

21. x 4 (a + 2) + ;r 3 (3-6)4-.T 2 (l-c). 

22. ;r(3-frt) + z 3 (-l-c) + z 4 (-l-fc) 

23. (l - 5d) 4- 2*( -1 - 2c) + 3.r 2 ( -1 - b)+ 2* 3 (—2- a). 

24. ' (l-4c)+a(l-,?a)4-s 2 (l+fl 2 )+^(6-l)- 

25. — a[x— a 3 — i)— a 2 (* 4 — 1) — a 3 ( —3—a). 

26. -«(l+.r-2fcf)-rt 2 (£c-H)-a 3 (l -46). 



Exercise 18 (Page 62) 

4*4-13//— 6z. 2. 2x-ll y+z. 3. I0a—7&4-2C. 

—31a. 5. — 1 — 2 . 6. Sp-fT^— llr. 

4a 2 4- 12r/6 + 96 2 . 8. 4a*-12a6 + 96 2 . 9. 4a 8 -96*. 

16a 2 11. 3662. J2. Sa 3 4-36a 2 &4-54a6 2 + 276 3 . 


8 a 3 —3Ga-6+54a6 2 —276*. 

2 4n 3 +3Ga 2 6 — 54 a6* — 816®. 

24a 3 — 3C»a 2 6— 5\nb' 4 - 8 1 6 3 . 16. 04a 3 . 17. 2166®. 

1 Ga 3 + 4* 108a6 2 . 19. 72a 2 fc + 546 3 . 

J>6a 3 6+216«6®. 21. -8a 2 ;/ 2 . 22. 0*V- 23 * 24x V* 

-4a 4 . 25. — 64// 4 . 26. 36a 5 //. 27. -144*y. 

-1 r,o* V- 29. 4 a 1 -12.r 3 // - 7a 2 // 2 -f 24*//®+16t/ 4 

576a®// 6 . 31. 16*//. 32. -18. 33. a®. 
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Test Paper 1 (Ex. 19) (Page 64) 

Vi . 2. 8r 3 -2x. 3. 0. 

j 8 +‘2x 4 + 5x 3 + 5x j + 8j'+3 : 125583. 

a? — \\a}-\-V cl— 1* *• Rs. (2-a) ; (i) a-1. (») 1 a 

Test Paper 2 (Ex. 20) (Page 64) 

4.0 2. 2 ar s -' 2 j: , + .r. 3. 13c. 

j + 1 

« 4 —a 3 —8a a 4- 11a —3 5. 7 ^ + 5.!:-3 + ^ -\Sx+S' 


f> - go* 1 ' 'Vo** 

Test Paper 3 (Ex. 21) (Page 64) 

I -2 2. — ty*+4y. 3. -8 j?+1o.v. 

4' 0ft»-13fc«+4ifc > 4-7fc*-7fc + 2. 5. x 4 + 2 ar—3. 

6 a 2 - 2 a + l. 

Test Paper 4 (Ex. 22) (Page 65) 

1 . 3|. 2. r*4-8 xy. 3. 4:. 

4. xt'+x'y— ar 5 t/ l 4-x 3 -*2.r</ 2 +i/ 3 . 5. 2a*+3a + l : 231. 

6 3j*-x-1. 

Test Paper 5 (Ex 23) (Page 65) 

l, ( 2. —8 a 3 -(- 60 * 4 - 50 . 3. 12x-|-2r — 2f. 

4 . 1 —a 3 —Sx 3 — 6 ax 5. a 4 4-2a 8 -f3a*-}-2a + l. 

6. 3 xa, 8.a, 8a, ax3, a 3 ; 4 6 means “four decimal six”. IS> 

means “four into six” 


Test Paper 6 (Ex. 24) (Page 65) 

l. 54a 3 4-18a£>*. 2 4a. 3. ^*+1 ; 0. 

4. i 3 — Hy z — 27s 3 — 1 Sxyz. 5. a?+2xy+Zy*- 

6 . 2y* <i 5 ; r 36 . x 100 . 


Exercise 25 (Page 69) 


1 . 

2 9 

2. 4. 

3. 

8 . 4. 

— 4. 

5. 0 . 

6 . -3. 

7 

- 10 . 

8 . 

0 . 

9. 3. 

10 . 

5. 

11. -3. 

> 2 . 

- 6 . 

13. 

1 . 

14. 0 . 

15. 0 . 

16. 

0. 

17. 

27 

18. 

-32. 

19. -2. 20 

*• 

21 . -;i. 

22 . 

_ 2 

i‘ 

23. 

_ 2 

a • 

24. ?. 

25. 

-t 


26. 

0. 

TP. 

-4. 

28. 5. 

29. 

-5. 

30. 0 

31. 


32. 

J 

N # 

33 1 . 

34. - 

3. 35 

•> 

3- 
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■j 

36. -3. 37. -I 38. 0. 39. 4. 40. 3. 

41. 15. 42. 4J. 


Exercise 26 (Page 73) 


1 . 

I. 

2. 

3. 


3. 

-2. 

4. 

5. 

5. 

-4. 

6. - 

- 6. 

7. 

1 . 

8. 

8. 


9. 

— 

9. 

10. 

-10. 


11. 


12. 

-3*. 

4* 


13. 



14. 

4. 

15. 

-3. 

16. 


•0 

1 V 

17. 

2. 

18. 

8. 

19. 

0. 

20. 

4. 

21. 

0. 

22. 

1 V 

* 

23. 

2. 

24. 

1. 


25. 

0. 

26. 

8. 

27. 

-1. 

28. 

8. 

29. 

10. 

30. 

— 

-5. 


31. 

0. 

32. 

1 . 

33. - 

- i 

34. 

o 

• 

35. 

3. 


36. 

4. 

37. 

5. 

38. 

If 

39. 


40. 

4. 

41. 

1. 


42. 

1. 

43. 

7. 

44. 

1 . 

45. 

4. 

46. 

3, 

47. 

7. 


48 


49. 

2. 

50. 

13? 



51. 

•» 

“5* 

52. 

5. 









Exercise 27 (Page 80) 


t. 

3. 

5. 

7. 

9. 

11 . 

13. 


a —6. 

2. 

lOO-.r 

y 

' • 

4. 

ab. 

X 



5x+ y. 

6. 

100—x. 

36-2a. 

8 

50- k. 

• 

10. 

192.r. 

240a -f- 126. 

12. 

n 

rupees. 

25.r 

14 


4 ' 

(42—a:) years. 


15. — 


17. 

19. 

21 . 


n 


22 * 

x ft. p. s. 

lo 1 

40 — x— y. 
k- 2, Ar-1, k. 


16 

18 

20 . 

22 . 


23. 2n—3, 2n — 1, 2n-*-l. 24. 
25. ( 1()0 + .Vk 


k 

3 * 

31 

\T+ 

a, a-f 1, a-+-2, a + 8. 
2n — 4, 2n —2, 2«. 
100(6—a)* 
a 


0 / 
o 


loo 


rupees. 26. Rs. pOO-flOj) 
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27. 

29. 

31. 


108* . . 10S,t= 

—- inches. 28.-ft. 

y y 

, v , ISO — * , 

(330— a—b) degrees. 30. —-— degree 


10a-f5 


l(!0*-J-10yH-- 


Exercise 28 (Page 83) 

1. 120. 2. 50. 3.. 1 GO. 4. 60. 5. 50. 6. 40 

7 35. 8. 43,31. 9. 78,22. 10. 112, 88. 

U. 162;63 12. 72, 4S. 13. 10,15. 

14- 10, 13. 7, 42. 15. 20, 30. 8, 120. 16* 30, 50, 7, 12ft 

17- 50. 10. 3S, 30. 18. 50, 32, 28, 30. 

19 It*. 1000 . Rs. 2000. Rs. 3000, Rs. 5000. 

20- £ 00, £43, £35. 

21. Rs. 2 00 , 11s. 3000, Us. 2C00 k Rs. 1800. 22. 20, 30, 31. 

23- 16. is, 20, 22, 24. 24. 25, 27, 29, 31.33, 35. 

25. 20,21. 26. 12,14. 27. 19,21. 

28. 60 annas, 120 pies. 29. 61,372. 30. 40,10,20. 

31. 14. 32. S. 33. 32, years, Hi years. 

34. 40 ycirrs. 10 years. 35. 50 years, 10 years. 

36. 30 years. 37. 60 years. 38. Rs. 40. 

39. Rs. 42. 40. Rs. 60, Rs. 100. 41/ Rs. SO, Rs. 40. 

42. 46. 43. S3. 44. 68. 45. 432. 46. 25. 

47. Rs. 1200. 48. 600. 49. Rs. 1400 : Rs. 625. 


1. 

4. 

7 

10 . 

13. 

16. 

19 


60 tables 

, 48 ebaii's. 51. Rs. 

5200. 

Rs. 

3S00. 

54, 48. 



53. Rs. 

1250 ; 

; Rs. 

2750. 

14 miles. 



55. SO. 



56. 20. 

28 ft., 20 ft. 


58. 25 ft 

18 ft. 

59. 5 miles. 

360. 61 

64' 

a , 96' 

’. 128°, 72°. 

64. 141°, 

72°, 30", 108° 



Exercise 29 (Page 

100) 



II 

JC 

II 

1. 

2. 

a =3, ?/=2. 

3. 

*r= 

1, u— 1. 

.r-2. ;/= 

2. 

5. 

*=3, y= 3. 

6. 

x = 

— 4, y=2. 

*=2 ?/= 

-3. 

8. 

*=4, y= —2. 

9. 

,r= 

-i, y=2. 

*.=5, y= 

-1. 

11. 

II 

1 

•*- 

II 

• 

12. 

«r= 

0, y = 0. 

*-4, y= 

—4. 

14. 

• 

II 

e? 

II 

15. 

*= 

2, y—i. 

* = 5, y= 

-2. 

17. 

*=1, y=—1 

. 18. 

*= 

4, y=2. 

,r= 3. y— 

1 

20. 

*=5, y= —2, 

. 21. 

*c= 

* 

1 

II 

1 
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22 . 

x= 2 , 9 = 2 . 23. 

x= —4. 9 = —3. 

24. x = 6 , 9 = — 1 

25. 

x = 1 , i/=j. 26. 

x=:', y = i' 27 

. x = 3, 9 = 1 

28. 

x = 6 , y=—2. 29. 

x= 2 . 9 = 2 . 30. 

x=3, 9 = 3 

Jl. 

x=l, 9 = — 1. 32. 

x = 4, 9 = 4. 33 

x=l, 9=1 

34. 

x = 3, t/ = 2. 35. 

x = 17, 9 = — 1. 


36. 

X = 3, y=l. 37. 

i=5, 9 = -3 


38. 

i=l, 9 = 6 . 



39. 

.r = 4, 9 = 4. 40 

x=- 8 , 9 =- 2 . 

41. x = 13, 9 = 

42. 

x = 2, 9 = 5 . 43 

. x=3, 9 = 7 

44. x=5,9=|. 

45. 

*=*.!/=*• 46 

■ *=i.?/=-4- 

47 x=3, v=l. 

48. 

*= 2 , i/ = — i* 

49. x=i, 9=3. 

50. x=l, 9 = i 

51. 

x=«i4, t/=18. 

52. x= 1 , 9 = 1 . 

53. x=3, 9=5 

54. 

x=4, 9 = 10 . 55. x = 2, 9 = — 1. 

£ 

• 

N 

II 

-.e 

II 

57. 

•*■=£♦ y=i- 58 




Exercise 30 (Page 113) 

1. x=l,9=2. 2. x=2, y= — 1* 3. *=4. t/=-3. 

4 x = 5, y = '—2. 5. x=6, 9= — 1. 6. x=lO, 9 = 0. 

7—40. See Ex. 29, answers to questions No. 7 to 20 and 

45 to 58. 

41. x=l 9=-*. 42. *=J,9=»1. 43. x=l y=-l. 

44. x=\,y=-\. 45. x=8. 9 = 32. 46. *=*. 9=-i 

47. x=-{. 9=1. 48. x=-l, 9=-2. 49 x=$, 9=! 

50. x=* t y=%. 51. x=l, y = -\. 52. J. 9 = 1 - 

53. x = — 1, t/ = ?,. 54. x=0, 9 = 0. 55. *=2, y=l. 

56. £=l,y:=2.‘ 57. x=3. 9=2. 58. x=2. 9 = 4. 

59 x= 1, r/= — 1. 60. x=\, t/=-i. 


Exercise 31 (Page 120) 


1. 

x = l, 9 = 2, 2 = 3. 


2. 

• 

li 

N 

Cl 

ll 

CO 

II 

fcj 

3. 

£=2, 9=2 2 = 2. 


4. 

X = l, 9=1,2=1. 

5. 

X = 2, 9= — 1,2 = 

-3. 

6. 

£=2, 9=1, 2 = 3. 

7. 

x=3, 9 = 4. 2=6. 


8. 

x=2, 9=1, 2=3. 

9. 

x=2, v=8, 2 = 5. 


10. 

£=2, 9=3, 2 = 4. 

11. 

x = 3. 9 = 4, 2 = 5. 


12. 

£=3, 9= — 1, 2 = 

13. 

x= — 1, 9= —3, 2 

= 4. 

14. 

£=8, 9 = 5, r = 4. 

15. 

x = 5 > l/=—3. 2= 

— 1. 

16. 

x=7, 9 = 5 , 2 = 3. 

1 

£ = 3, 9=-2. 2 = 

— 1. 

18. 

£=3. 9=0, 2 = 1 



19. 

21 . 

23. 

25. 

27. 

29. 

31. 

33. 

35. 

37. 

38. 

39. 

40. 



19. 

21 . 

23. 

25. 

27. 

29. 

31. 

33. 

35. 

36. 

37. 

38. 
39 
<0 
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.1 = 3, 7 = 2, 2 = 1. 

20 . 

•7 = 0, y = 2, 2 = 3. 

j- = 3, 7 = 7 , 2 = — 2 . 

22 . 

•T= 1, 7=1. 2 = 0. 

j= 2 , 7 = 3 , 2 = 4 . 

24. 

ar= 8 , 7 = 4, 2 = 5. 

r=2, 7 =-2, t=5: 

26. 

a.'=3, y — 1. s = 5. 

z=l, 7=2, s=3. 

28. 

J=l, 7 = 2. 2=J. 

7=}. 2=}. 

30. 

,r=l, 7 = 1 , z=l. 

ar=4, 7 = - 8 , r=2. 

32. 

T—Z ,, - i y _6 

X — 3 » */ — $ » 2—5- 

*=i» 7=$.*=$. 

34. 

.7 = 3. 7= —2, 2 = 

x=l. 7 =- 1 , 2 = 2 , 

«=.-*• 

36. . 7 = 2 , 7 = 0 . 2 

4 — 3. 7=1, 2= — 1 , 

/= 0 . 



« = 1. 6=2, c = 3. d= 4, e=5. 
p = 'l % 7 = 1 , r = 0 , 5=4, /—3 
/=3. m — 0, n = 2, />=0, 7=1. 



Exercise 32 (Page 128) 


£ = 
T — 
X~ 

.r= 
.r = 
.r- 

r = 
.r = 
*r = 
v= 

T = 

«r = 
.r= 
.r-= 

r 

.r- 

.r- 

r= 

x= 


8 , // = 

5, 7 = 

7 

■«*. </ 

1.!/= 

2. 7= 

3, 7 = 

7. //■= 

r >. 7 = 

2 , 7= 

6 , 7 = 

«* 0= 
1, 7= 

V-> 7= 

1 . 7= 

2. 7 = 
5. 7 = 

V= 


C, 2 = 4. 

= 3. 2=1. 

= 2, 2 = 2A. 
=4$, z = 4. 

3. *H- 

3, 2 = 4 . 

4, 2=-2. 

— 5, z = —3. 
4, 2 = 3. 

-3, 2 = 4. 

4, 2 = 2. 




2, 2=3. 
-3, 2 = 4 . 

3, 2 = 2. 

4, 2=5 c 


2 . 

4 

6 . 

8 . 

10 . 

12 . 

14. 

16. 

18. 


.»•=•>, 7 = 3, 2=4. 
.r=6, //=S, 2 = 10 . 
.r= —A( . 7 = 1 , 2 — — :] 

jr=l. 7 =-;*, 2 = 4.' 

•''= •> 7=}, 
i =3, 7 = 4 , 2 = 5 

r = 4, //=10, 2=14. 

.1=9, t/=—7, 2=5. 

.i = 10 , £= 6 , 2 = 8 . 


20. 

.»•= 


7 = 

22. 

.i:=s 

4, 

y= 

24. 

:i‘ = 

1. 

7 = 

26. 

,r= 

{> 

.v= 

4. 28. 

,c= 

= 3, 

7 = 

30. 

,r= 

2, 

7= 

32. 

,r= 

1. 

7= 

34. 

X’= 

O 

> 

7= 

x— — 

3/7= 

— * 

-4, 

X — — 

4, 7 = 

— _ 

-1. 

or j= 

0 

= ”5 

» 7 

— — 

• x=- 

- 3,7 

= 

~4, 


4. 7 = 1, 2=|, o 

3 . </=}, 2 =-|, 

3, 7 = 4 , a=7, < 

3, 7=4, r=5, or £= — 3, 7 = — 4. 2 = — 5. 
1.*=*.*=}. or x=-A > 7 =-J ,2 = -i. 


477 I 

V 

I 


*=-l. 


47 $ 
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Exercise 33 (Page 133) 

1. 33,21. 2. 78,22. 3. 50,34. 4 60,51 


5. 

11. 

15. 

6. 

24, 

32. 

7. 

72, 180. 

8. 330 . 195 

and 

135 

9. 

36. 

45. 


10. 

48, 

54. 

11. 

108 

* : 45 and 63. 



12. 

15, 

12. 


13. 

13 . 

11 . 

14. 

50, 

16. 15. 

115. 

16 

16. 

if 


17. 

48 

f?Q* 


18. 

so 

72* 

19. 

45, 75. 20. 

56. 

40 

21. 

If 


22. 

if 


23. 

l 

4" 

24. 

b 25. 1 

iV 


26. 

45. 


27.. 

36. 


28. 

72. 

29. 

78 or 87. 

30. 

48. 

31. 

672 


32. 

534. 


38. 

Rs. 

12 , Rs. 8. 



34. 

Rs. 

40, 

Rs. 

25. 

35. 

Horse 

£46, < 

cow £32. 




36. Rs. 1 , 15a. 37. Rs. 240. 38. 36 years, 11 years 

39. 48 years 18 years. 40. 36 years, 14 years. 

41. 55 years, °1 years. 42. 60 years. 

43. Krishna 18 years, Hari 12 years. 

44. 22 years, 12 vears. 45. 15, 22, 40. 46. 45, 60, 72. 

47. Rs. 400, Rs. 200, Rs. 150. 48. 11s. 120, Rs. 50, Rs. 40. 

49. Rs. 280, Rs. 120 , Rs. 140. Rs. 40. 

50. Rs. 207, Rs. 345, Rs. 90, Rs. 60. 

51. Rs. 232, Rs. 331. 52. A Rs 64, R Rs. 96. 

53. Rs. 280, Rs. 200. 54. A Rs. 50. B Rs. 41. 

55. Rs. 100 . 56. Tea Re. 1 , sugar 8 as. 

57. Tea 2 ,?. fid., coffee 1$. Sd. 58. 4. 

59. A 12 days, B 24 days. 60 . 2| days. 

61. Rs. 3, 3a. Rs. 2 , 5a. Rs. 4, la. 

62. Sovereigns 3, crowns 12 . 63. 12 ; Rs. 60. 

64. 25 yards, 20 yards. 65. 2 m.p.h. and' 21 m.p.h. 

66 . 3 m.p.h. ; 4 * m.p.h. 67. 12 miles ; 3 m.p.h. 

68 . Stream 3 m.p h., boat 8 m p.h. 69. Rs. 450, Rs. 250. 

70. Rs. 750. 71. A = 30°, B = 78°, C=72°. 

72. A = 80°, B = 00 , C = 70°, D= 120 °. 

73. A = 75°, B = 100°, C=105°, D = 80° 74. 20 and 8 . 


Test Paper 1—Ex. 34 (Page 146) 

1. -1. 2. a 5 -f-4a 4 — 32. 3. 

4. x=21,t/=12. 5. * = 5, y= — 5, 2=5. 6. *48,3*. 


Test Paper 2 —Ex 35 (Page 146) 

1. -28*. 2. l-f2fl-8a 3 — :6a 4 —32a 5 . 3. £=3. 

4 . a — 5, b= —2. 5 . a = 12, 6 =—60, r —60. 6. Sr. l{rf. 
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Test Paper 3-Ex. 36 (Page 148) 


1. 5. 


x A x 6 

6 ~2 6 


3. x=S. 
6. 81,18. 


4. 8 


5. <z = 10, 6 = 18, c—14. 6. 81,18. 

Test Paper 4—Ex. 37 (Page 148) 

1. — 63z4-G0r/ — 452. 2. <z4-264*c. 3. a- = 4. 

4. cr=l 5. x=3, t/=2, 2 = 1. 

6 . -Sugar $d., tea 5 d. per lb. 

Test Paper 5—Ex. 38 (Page 149) 

1. 33. 2. x* 4- 3-r 5 */— 3x l y 2 —11 x*y 2 4- Gz 2 </ 4 -4-1 2xy' J — Sy*. 

3. G. 4. a:= —S, J/=—c- 5 - *=1, t/=J, 3=J. 

6 . 4 miles. 

Test Paper 6-Ex. 39 (Page 150) 

1.. ; 0. 2. -ar+2. 3. 1. 4. p = 9, g = 2 

5. a=2, 6 = 3, r=4. 6. 7 miles ; 3| miles per hour. 


. Exercise 40 (Page 154) 


1 . 

3. 

5. 

7. 

9. 

11 . 

13. 

16. 

19. 

21 . 

23. 

25. 

27. 

29. 

31. 

32. 

33. 


9x r -{-2Axtj-\-\Qi, 2 . 

4 r* -{- 20xy -f 2 ->t/ 2 . 
2f>/; 8 -f60pg-f3Gg a . 

G4r< 3 —4«a6 + 96 2 . 

IGn 3 —72n*+81l*. 
s a -30s/4-225f a . 

a*4—V+2. 14. s*4- 


4 ct+ l^" 2 * 


17. /c 2 4- 


2. 16a a +40a6-f 256*. 

4 9®*-f42»i/ + 49v a . 

6. 49l* + 14l-}-l. 

8. 25x 3 — 70xt/ 4- 49«/ 2 . 

10. 64/c* — 144M + 81/ 2 

12. 1—40/4-400^. 

i-+2. 151.*+ 1-2. 

1 +6. 18. 4l* + -® -12 

20. 16x 2 </ 3 —40,ri/2 a 4-2G2 4 . 

22. 9a*6*—24a6cd 4-1 6c 2 (i 3 

24. 14-18xy2 4-81x a t/ 2 2 a . 

26. lGx 8 */ 4 -40a: 7 i/ s 4-25i' # </ # , 

28. l-24fc ia 4-144fc a * 


9a 2 6 3 —24a6c 3 4-16c 4 . 20. 16*y - Wxyz* +25z*. 

k* 4- l2/c s / a 4- S«i 4 . 22. 9a*6 a - 2 4<z6c<i 4-1 «c s d* 

49—U2m 3 4-G4m 4 . 21. 14- 18 xi/ 2 4- «lcr a t/ 2 r 3 . 

2 * a e 6 8 —80a 4 6° 4- 6 * a 3 6 10 . 26. lGx®</ 4 -40*y +25 cy. 
64*y 4- 48*Va* 4- 9i, 8 z 4 . 28. 1 — 24& 13 4-144k 34 

100a 10 —220u lo 6 u 4-1 # 16 33 30. a 24 6 8 - 8a l2 6 lo c+l66» a c 3 
fl 3 4-6* 4-c*—2a 6—2ae 4-26c. 

** ■-4-y*+s*— 2x y 4- 2xz —2t/z. 

P*+q 2 -i-r 2 —2pq —2pr+ 2 qr. 
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34 . 

35. 

36 . 

37 . 
39 . 
39 . 

41 . 

42. 

43. 

44. 

45. 

46. 

47. 
51. 
55. 
59. 
65. 

69. 


It +w s -fn 1 + 2/m -2lr» - 2 nn. 

g 2 +h*+k 2 —2gh+2gk—2hk. 

x 2 -ry 2 i-z z -\-2xy \-2xz+2yz. 

4 .c 2 -f-9// 2 16z* — 1 2xy 4-1 Cxs 2 — 24 yz 1 . 

9a 2 -f l66 2 -f25c 4 —24a64-30ac 2 -406c 2 . 


l-6/c + A: 2 4-24fc 3 -f 16/c 1 . 40. 

p 4 — 4/? 3 <? — 2/> 2 <? 2 -f 1 2pq 3 + 9g 4 • 

- 4 “--^+3a’- 3a+? . 


x 4 —2x 3 y -f 3x 2 tf —2xy* -fy 4 . 


a 2 -f4£ 2 -t-9c 2 4-16d 2 -{-25-4a&+Gac-8a<i-f-10a-12&c-}- 

166d—206 - 2 \cd -f 30c—40d. 
4x 2 -fy 2 -f- 9^ 2 -f- t 2 -‘’Ixy 4-1 2xz — lit — 6yz + 2yl — 6zt . 

9x« — 1 2x s 4-1 Ox 1 — 1 0.T 3 -f ox 2 — 2x -f-1. 

I6a 8 + 21a 7 -7a 6 -4a 5 4-*2a 4 -10z 3 -f5a 2 -2a-f-l. 

9)4009. 48. 990025. 49. 633616. 50. 491209. 


16(1400}. 52. 359700y* e . 53. 24zy 2 . 54. 20.r 2 y. 

36 b 2 . 56. 6c 5 . 57. 2 a'b*. 58. 220 a*yz. 

2. 60. 2. 61. 1. 62. 2. 63. 9y 4 . 64. 4. 

9j 4 . 66. 4 a x b*. 67. 9. 68. 1G6 4 . 



, 73. <100. 74. 1600. 75. 16. 76. 16. 77. 81. 

, 78. 9. 79. 100. .80. 0. 81. 1. 82. 2500. 

, 83. 3600.. 84. 16. 85. -8a 2 +86 a . 86. S:c 2 + 31y2_8.ry. 

, &7. 25a 2 + nb 2 +\6ab. 88. tub-lac. 89. 166*. 


, 90. 

3G,r 2 . 

91. 

16a 2 . 

92. a 

2 + 10a6+2 56 2 . 

93. 64x 2 . 

• 94. 

I 2 . 

95. 11 

• 

96. 20. 

97. 15. 

98. 58. 

• 99. 

4 or - 

-4. ] 

100. 

1 or — 1 

[. 101. 4 or —4. 

• 102. 

6 or 

-6. 

103. 

6 or — 

6. 104. 7 

or —7. 

105. 

5 or 

-5. 

106. 

7 or - 

7. 107. 5 

or —5. 

108. 

12 ; ; 

3. 109. 9 

; i. 

110. 32}. 

111. 26. 

112. 

14J. 

113. 

31. 

114. 

49. 115. 

160. 

116. 

70. 

117. 

192. 

118. 

0 or —6. 

119. 7 or -7, 

120. 

8 or 

-8. 

121. 

-23. 

122. 18f. 

123. 7. 

124. 

23. 

125. 

47. 

126. 

38. 127. 

10 128. 7. 

129. 

23. 

130. 

119. 

131. 

3 or —3. 

132. 4 or —4. 

133 

5 or 

—5. 

134. 

6 or — 

6. 135. 7 

or —7. 

136. 

3 or 

-3. 

137. 

4 or — 

4. 138. 2 

or —2. 

39. 

3 or 

-3. 

148. 

7. 151. 1696 2 . 

152. 121m 3 . 
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153. 06*. 157. ( *+ ^ +2 )*. 158. ( -L + i )* 

159. («*+y-a)\ 160. (x*-r-V—3 )*. 


1 


7. 

10 . 


Exercise 41 (Page 168) 

ln e -0. 2. 9**-25. -3. 16.t*-49t/*. 

5. 100p*-1. 6. Sir*—225. 

25« 8 6* —36c 10 . 8. Oa 8 -166V. 9. 25* l *-49t/ 8 2 8 . 

.— 


04 

it- -*«*• 


12. 25 r** - 


14. 

16. 

18. 

20 . 

22 . 

24. 

25. 

26. 
28. 

30. 

32. 

34. 

36. 

37. 
39. 
41. 
43. 
45. 
47 
49 


9 p* 

9° 


11. 8 U* 18 — 100P®. 

13. 4x*+9t/* + 12.ry-162*. 


9a 2 -24a-f-16 — 256*. 15. 4 a 2 + 20a6+ 256*—36c*. 

4m*-9p*+80p< ? -25<? 2 . 17. a =+6*+2a6-c*-ci*— 2cd. 
.T*-9p*—16s*+24 yz. 19. 4a:*+252*—20«—v*. 

21. a*-a*+2a-1 

, 23- c 2 2 4 -a 2 r*+2a6*Y-6V 

aV-iy-cH* - 1 + 2bcyz - 2b y + 2cs. 

0 27. .r»-tA 

16a*—816 4 . 29. 1G*-G25y* 

31. 256n 8 —6 8 . 

j 8 

.. 33. 1+„♦+„•. 

a 8 +a*6*+6\ 35. >r *_i 

a* 4- 6*+c*—2a*6*—2a*c*—26*c*. 

20^+uor 3 a 24 ^+ 8te - 

o 4 °- 4a*6>—46V*T 

sM ^ & *£-»rt+iwi». 

17-6001) 61 ' 46 ' 899 ' 9744 - 

i 7 o Q 600 °* 48. 9128000. 

‘ 89> 50. 2055*6. 


1 

4. 


Exercise 42 (Page 172) 


ANSWERS 
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7. 

10 . 

12 . 

15. 

18. 

19. 

20 . 
21 . 

23. 

24. 


a 2 -7a- 30. . 8. 
**— 121 + 11 . 11 . 
-t* + 1 17-30. 13. 
4t 2 -247+35. 16. 



p*+4p-5. 9. 6* —146+48. 

—7*+157—56. 

t*+7—90. 14. ® 3 +2U+UO 

9t*+37—72. 17. — 10a*+32a 7. 


9x 2 +16?/ 2 +247*/+ 67 + 8 ?/ - 35. 

4a 2 + 256* -20fl6— l$a+456 -10. 

x* —7it 3 + 1 67 *—217+9. 22. 9a<+Sa 3 -2Ga*-4.. HO. 

25a 2 - 25a - 1C6 2 —236—G. 

167* — 4 x 3 +14 x 1 — Ox +3. 


Exercise 43 (Page 174) 


1. 

7*+ 97* + 26.7+24. 

2. 

t 3 +87 3 +197+12. 

3. 

7 8 +18x 2 + 527+60. 

4. 

T 3 +127*+397 + 2rt. 

5. 

a: 9 —5a; 2 —187+72. 

6. 

7 1 -7* —177-15. 

7. 

7 3 —97*+87+60. 

8. 

T 3 —67*—187+42. 

9. 

7 3 — 67 2 + 117—6. 

10. 

t 3 —157 3 +747-120 

11. 

7*—487—42. 

12. 

t 3 +8t 2 +7—42. 

13. 

a 3 -14a*-119a+1716. 

14. 

m 8 —127m+546. 

15. 

&*+5fc*+204fc-1440. 

16. 

8a 3 +86a*+46i +15. 

17. 

27&*-63**+42&-8. 




18 - &- 8 i +u T + *°- 

19, afy*— \4x*y*+Q\xy-8i. 20. 125a 3 -:J25a *6+ 1446*. 

21. missing terms are ——5, —7. 

22. missing terms are 2, —5, —1. 

23. missing terms arc 8,—2, — 1. 

24. missing terms are —a, 1. 


Exercise 44 (Page 176) 

1 . 8j^+8 Zxhj +54*//* + 27?/*. 

2. 1257 3 +8007*2+ 240.r2 2 +0*2 3 . 

3. 27m*+ 189m 2 n + 44lmn* + 313n*. 

4. oy+ 8d i x i by + Saxb-;/' 3 + b 3 ^. 

5. 7«+67V-H27V+%*' 6 i^+i^+i^+gV/A 

7. 277* - 547*1/+ 867*?/*-8f/* 
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8 . 

JO. 

11 . 

12 . 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 

23. 

27. 

31. 

36. 

40. 

42. 

46. 

SI. 

58. 

62. 

66 . 

69. 

70. 


g 8 -9g«64-27g 2 6 2 -27& 3 . 9. 8a 3 6 3 -60a 2 6 2 4-150a&-125. 

2 7 rn 9 — \m*n+m 2 n}—n 3 . 

2 V * 3 “ ts *® 2 ® 2 + i ! b ®« 4 — cV q6 - 

Sa*-4.r4--- - - 1 —. 

3ir 27a? 3 

a 3 -6 3 +c 3 ~3a6(a -/>) -86c( -6+<?) +3ca(c-f a)-6abc. 

a 3 4-6 3 —c 3 4-3fl6(G4-6)-36c(6-c)-3cG(-c-fa)-6a6c. 

-a 3+6 3 -f c 3 - 3afc( - a-f6)-f-36c( 6-f c) - 3ca (c - o) - 6a^c 

a 3 -6 3 -c 3 -8a6(a-6)-86c{64'P)-3(?G(-c4-G)+6a6c 
8a 3 ~276 3 -f^-lSG6(2a—36)-96 c(-364-c)4-6cg(c4-2g) 

, —3 p *a6c. 

2 7 x 3 - 81/ 3 -1 -1 8xy{8jc- 2y) - Gy[2y 4-1) - 9a?( -1 4 - 3a?) 

g 3 —86 3 —27c 3 —6a 2 6 4* 12tt6 a —9a 2 c4- 27ac 2 —366 2 c— 546 ^^* 

27a^4-8»/ 3 —642 3 4-54a; 2 y4-36// 2 «r— 108 a? 2 24 - 144 .T 3 *-- 48 t /*3 . * 

^~3a? 5 ;/4-6a? 4 ^---7a^/ / 8 4-0x2< / <--3^4 . !/ « +J(i " y Uix ^' 
4. 24. 20. - 25. — 72. 26. p 3 — 3 pa. 

-10A 3 . f 28. 203. 29. —17. 30. 7 l 

p*+3pq. 32. 20 / s . 33. 2 . 34. 18. 35 -52 

no. 37. Sfr-$tc. 38. • —27Z 3 —9/. 39 234 


5a 


F + 2 


«• 


n 98 ' ., 43 ‘, • 44 ' 78 or ~ 7fl - 4S - 36 or —30, 

a S' n o° n 0r 48 S - 49 - 2. 50. *». 

8 * 52. —2i*. 53. 64. 54. 125 55 21 a 

27000. 59 . 8000 . 60 . 0 . 61 6*115 

8 T 9 - „ 63 0 , 643 ’- 64 ' 125a3. 6i V 

-<r- 67.* 8y*. 68. 8p 3 . * 

27m # 4 - 27m 2 n 4- 9mn* 4- n 3 . 

27 a*—81<E*i/4-81a?i/*—27I/ 3 . 


1. a*+l. 2. 

5. 125a* 4-86 s . 
8. 27c*-e*L». 

II. 


Exercise 45 (Page 184) 

*! +8 - 3 * 8 ®*+ 27 - 4. 27a*4-646 s . 

6. g 3 6 3 4-27c». 7. 8a s —276*. 

9 * 10u*«-6* 

12. 27p f —8. 



ANSWERS 


484 


IS. K + s'r* 3 

17. *»-!. 18. a 9 +b 9 . 

21. 1 —x®. 

23. 729m 6 —64 n*. 

25. a 3 +3a*6 f 3 a 6 2 4 - 6 3 4 -l. 
27. ar 3 +8.r*4-3.r-f-l-8// 3 . 




14 


a J 

27 


16 


27 


0‘ 

27 


19. 

22 

24. 

26. 

28. 


8 ^~.? • 


.T 6 —1 

.t 6 - 64// 

l 

. 12 ' 


20 —f>4 


« 1S - 


H.r» + 12.r , .v + 6r/ / *+y»-l. 

+ n - r ' + ' 8 - +1. 

* .T 


Exercise 46 (Page 186) 


1. x 3 -]-y 3 ~z 3 -{-Sxi/z.» 2. /> 3 — <7 3 4-7 J 4-3pyr. 

3. / 3 — m 3 —n 3 — 3/mn. 4. «— a 3 4- 6 3 + c 3 -f liabc. 


J'5. 

8 a 3 —2 

76 3 4-64c 3 4-~- , a6c. 

6 . 

a 3 —86 3 4-- 

7c 3 4 18a6c. 

1 7. 

64^- 

125/y 3 — l — HOry. 

8 . 

27p 3 -8o 3 4-12 '> + 90po. 

9. 


10 . 

a 6 — 6 6 —r 6 

- 3a 2 6V. 

11 . 

2. 

12. 50. 

13. 

-Iri. 

14. 9. 

15. 

-18. 

16. 28 or -28. 



17 98 or —98. 

18. 

10U03. 

19 11600. 

20 . 

26«:(j0. 

21 . 0 . 

22 . 

0 . 

25. 174. 

26. 

550. 

33 * 4. 

34. 

6 . 

35 10 . 

36. 

0 . 

9 




Exercise 47 

(Page 191) \ 

• 


1. 

3 . 

5. 

7 . 

9 . 

11 . 

13. 

15. 

17. 

18. 
20 . 
22 . 


2(2m+3). 

2. 

m(a4-c). 

4. 

6 2 (a-f-l). 

6. 

5x(2y—3z). 

8. 

xiiz(z-ij). 

10. 

3/a(2m — in4-9). 

12. 

7m(3—2«4-4m). 

14. 

4xyz{3x + ty — Qz). 

16. 

1 3a W( 46 2 c* - 6aV -7a*6 2 ). 

16 j 6 */ 5 ^ 2 ( Ox 3 !/ 3 ^—7x* + 82 ) . 

19. 

(i/4-2)(*-0). 

.21. 

(3c — dj(a6 — 1). 

23.. 


5(2.r— 5). 

bc(a-d). 

fl{p+0-1). 

a*6*(6+a). 

P*(f\a—bpq). 

3(.r*4-3.n/4-l). 

2 //(.r 3 — 2.r* -f 4.1’t/— 3y -) 

(6+c)(a -6). - 

(2 ^+r)(p-H)'* : 

(6-4c)(c*-&); ” • *- 
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24. (5a?—l)(7m+2). 25. (,r 2 +!/ 2 )(5a6—Omn). 

26. (a—6+c)(10a*—36). 27. (2a+6)(a;—y—a). 

28. (a*+y*)(2o—36+1). 29. (6-c)(a6—ac+6). 

30. (y+z)(a^+az—y). 31. (2y—z)(Qxy—8xz— 1). 

32. (4®~y)*(8aa:— 2ay—6). 33. (y+c)*{3a;y+8iK+l). 

34. (a— 6)(a*-2a6+6 2 +2a-26-8). 

35. (a:+f/)i8a:*+6;rt/+3t/ 2 +5.T+5y+l). 

36. 3ar(Sa—46){*‘aar—86£—By). 

37. 6*(p-2g)(c*p—2c 3 ^+a*6). 38. 5m(a—36)(m—a+36). 
39. 86(26—5c)(2a*6—6a+86): 40. 5(p*-9r)*(3p 2 -3?r—2). 
41. x(x-\-y){x t ^2xy+y t —3y). 42. 2(x—y)(8a+.b). 

43. (®-y)*(;r—z)*(z— y). 

44. 2a(a — 1 ) 2 (6 — 1 )*(2a—2 + 86 2 —36). 


Exercise 48 (Page 193) 


1. 

(2a+36) 5 . 

2. 

(3a+46) 2 . 

3. 

(5a; +2t/)*. 

O 1 

4. 

(6ar+5) 2 . 

5. 

(12a+l) 2 . 

6. 

1- + f) • 

7. 

(2^ + 3 *,*)*. 

8. 

1 * - 4 *)’ 

9. 

(5a?-8i/)*. 

10. 

(0a:-5y)*. 

11. 

(3x*-4)*. 

•- . • 

12. 

(5a*—36*)*.* 

13. 

(a^—4) 2 . 

14. 


15. 

8a(4a—56)*. 

16. 

46(2a+56)». 

17. 

5a6(8a—6)*. 

18. 

6xy{x+3y)*. 

19. 

ftr*(a:-l)*. 

20. 

5a?e/*(2y+l)*. 

21. 

2a*(a* + 6*)*. 

22. 

8m 2 (m 2 —2n*)*. 






Exercise 49 (Page 194) 


1 . ( 2 a-J- 86 )( 2 a- 86 ). 

3. (5c+6d)(5c—6d). 

5.. <7+8fc)(7-8*). V 

^ :v 

7. (ab +4c*)(a6—4c*). 

, 9. (<c*+9p*)(a:+8 4 v)(tf-3t/). 
11. (4a*+l)(2a+l)(2a~l). 
13. (a*+256*)(a+56}(a—56). 


2. (8a:+4y)(3a:— 4y). 

4. (10+a5)(10-8z). • 

6 - + 

»• (*+r)('~?) 

10. (l+a«)(l+«)(i-.a;). 

12. (c*+io)(c+4)(c—4). 



a nsw t as 


m 


n 

M; (“' + It)(*’+ ir)( a 

15. a(’2a f 3ar)(2« — 5x). 

17. pg(\+q % p)(\—tfp). 




2(3 ab h4)(3a6-4). 
•2ab\Sa +1 l6*)(3a— 116*). 


19. 4* 5 a 3 ( 9.t* h 11 )(9x«-11). 

20. 8n/(j:*+9i/*)(ac+3yi(.r-3yy. 

21. (£* + 2?/~S3l(.v*-2.y 4-3c). 

22 . (2a l -h2 f/-r)(2 £i*-26+c). 

23. (2.t+ 1 +3.r 2 )('2j +1 —3**). 

24. (8x-4 + *>c)(8/-4-52). 

25. (a*-f-ftc+a6+ac)(a 2 4-6c—<26—ac) 

26. (2aw+3.r— l)(2Jcy-3ir+5). 

27. ( a +6+c)(a+6-c) 28. (2a+6 + 2c)(2a+6-2c). 

29. (5 x-1 +6 i/)(5x~1 -6«/). 30. (*+//-3)(.r-y+3). 

31. (8a+564-2c)(8a-56-2c). 32. (7.i’-j/+l)(7x-t/-1). 

33. (2a—6-f-c—3d)(2fi—-6—c+3d). 

34. (p—5</+3r — s)(p— 5< 7” 3r+s). 


rrr' 


Exercise 50 (Page 196) 

1. (2a;-h3t/)(U- 8 -0ai/+9v # ). 

2. (v+43'(9*-4f/2 + 16= a ). 3. (5a+b)('25a’—5ub+b 2 ). 

4. (25+7)(4~*-142 + 49). 5. (3&* + 5)(96 4 -I5fc*-f25). 

• / . 4 \ ( c 4a 13 . 16 \ 

6 - (**+ ^)( J )• 

7.. (4a-36)(K»a 8 4- 12a6+96*). 

8. (5p—2<7)(25p 2 -j- lOpo+ 49 *). 

9. (9a 2 -2)(8la 4 +18a a -f4). 10 (a?*-10)(.t* + 10a 4 + 100). 

11. (23 6 -5)(4 2 10 +10r s -l-25). 

I a 4 w. 8a 4 . a- 1 \ *** 

12 . (s--,)(«+ 7 + 7 ). 

13. (a-f-6)(a-6)(a , -a64-6*)(<» 2 +^+6 # ). 

h l * + 1)( 1 - 4 )(*’ + 4 + 1 K** T 4 - 1 V 

15. (: + 2)(:-2)(2 2 -2= + 4)(=*-f 2z + 4). 

16. (3a+l)(3a—l)(9a*—3<H-l)(9a*+8a-»-l) 

17 (x —2)(a 4 •J-2*+4)(x 6 4-8a 4 + 64). 

18 (i-y)( i +ff)(x , +» , )l r 5 - + + » » 

19 ‘ a(3a*~6*)(9a 4 + 3a*6*-ffe 4 ) 

20. 2p(2p* — 39*)(4p 4a - op*7* -r 9^ 4 ) 


V 



487 


PROGRESSIVE ALGEBRA 


21 o s ( 1 + 6*)(1 -6*-4-6‘). 

22 4a(l 4-2a)(l —2a+4a*)(l -8a 3 -64a«) 

23 (2a-36-f4c)(4a 8 +96* + 16c 2 - 1 2ab - Sac + 126c). 

24 [3j:-5-2t/-5c)(9x , +4i/ 2 -J-252 2 4- V2xy-\- 15xz-*- \Oyz). 

25 (x—y-Uijt-i-if+l^xy-ri-y). 

26. (36-a-l)(96 s +a*4-l+.3a6-e36+2a). 

27 (2/>-Mg—5r)(4p* + 16g*+23r*-i- \6pq + l0pT + 20qT). 

28. (3a- 7.r-i-7)(9a* ^49i a +49+21ax-21a-98ar). 


Exercise 51 (Page 197) 

1 (*+2//) 3 2. (3 x+y)>. 3.. (5*+2) # . 

4. (m 4- -L j° 5. (3fl—2fc) 3 . 6. (4&—3) 3 . 

7 (ax-6t/) 3 . 8. (a*-36*)». 9. 2.r(2a'-J- 1 /)>. 

10. 46(a—86) 3 . 11. (a+b)*{a-b)\ 

12. (.r-j/) 3 (,r a +.ri/-ft/ a ) 3 


Exercise 52 (Page 202) 


1. 

(X+S)(x+ 4). 

2. 

(*+6)(*+2>. 

3. 

(ar-f 12KZ4 1). 

4. 

(*+8)(x+l). 

5. 

(*+5){*+2). 

6. 

<*+7)(*+2). 

7. 

(£.+ 10)(ar+2). 

8. 

(x+4)(-:-}-5). 

9. 

(*-3)(a?-5). 1 

10. 

{x—\5)(X—l)- 

11. 

(x-S)(x-2). 

12. 

{x-3)(x— 6). 

13. 

(*-2>(*-9). 

14. 

(x-18)(ar-l). 

15. 

(x~8){x-S). 

16. 

<*-2)(r-12). 

17. 

(x+8)(x- 3). 

18. 

(a:+12){;r-2). 

19. 

(*-f6)(;r-4). 

20. 

(x-f 2 *)(*-!). 

21. 

(x+13)ia:-2). 

22 

(a+14).ia—2). 

23. 

(a + 7)(a-4). 

24. 

(fc+28)('.-l). 

25. 

(7n4-5){m—6). 

. 26 

(p-r 2, -15). 

27. 

(7+3)(^— 10). 

28. 

(i+])(/-30). 

29. 

(a + 4)(a- 8 ). 

30. 

(6+2)(6- lb,. 

31. 

(x-f8)(j—11). 

32 

(x+2)(x-17). 

33. 

Vr+5)(a:4-7 ; ). 

34 

(X+18H*-r2». 

35. 

(<c+4)(a:-»). 

36 

(/c — 12)(/r—3), 

37. 

(a+18)(a+2) ; 

38 

(a + 12)(a-3) 

39 

(^“i“0)(Ar— 4). 

40. 

(rn —4){m —9). 
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111 . 

(a+4)(a+10). 

42. 

13. 

(a-f- 20 )(a — 2 ). 

44. 

15. 

(A+2)(A-21). 

46. 

17. 

(x-W)[x-3). 

48. 

19. 

(a+4)(l2-*). 

50. 

il. 

(x— 2) ( 25— x). 

52. 

13. 

(a—2)(26—a). 

54. 

*5. 

(a-f4)(18—a). 

56. 

•7. 

(x—0y)(x-7y). 

58. 

>9. 

(a — 8b)(a+7b). 

60. 

>1. 

(a—$6)(a—76). 

62. 

>3. 

(a —86)(a—46). 

64. 

>5. 

(p—I0<y)(p+3y). 

66 . 

>7. 

(z-15t/)(*+9i/). 

68 . 

>9. 

(x-36t/)(x+5.v). 

70. 

71. 

a;+3Hx-3)(a: t +4). 

72. 


73. 

74. 

75. 

76. 

77. 
79. 
81. 
83. 
85. 
87. 

89. 

90. 

91. 

92. 
9J. 

95. 

96. 


/ 


(a-8)(a+5). 

(a—40)(a— 1 ). 
(*-7)(*+0): 
(.r+8)<*-6). 

(.r+10)(5-z). 
(a+13)(4-a). 
(ro+9j<12-ro). 

(a-f 86)(a + 76). 

(a + xb)(a-7b). 

(m —] jn)(m+4n). 
(j+llr/)(a:+8y). 

{p— 167)(p4-15^). 

(a-f 166)(a—146). 

(a+2)(a-2)(a* + l5). 

( a + 2|(a a -2a + 4»(a 3 +H). 

(p-3)(p 2 -f3p-f-9)(p+l)(p’--p-fl). 

(a* + 5)(a 2 —5) v rt 4 -f 3). 
(a 4 +26 4 )(a ? +96 2 )(a-f36)(a-36). 
(m 4 -15n 2 )(m 4 -hl3n 2 ). 78. (p^-Ia^fp'M-Mg 4 ). 


2 a:(;r+l())(;r—8). 80. 

4a(a-8)(a-12). 82. 

2& 2 (fc-H)/)(*+15/). 84. 

**(**-124)***+l). 86. 

(a+6-6)(a+6+4). 88. 

(x+3y-6'(x+3y-l5). 
{2x—y—3zH2x—y+\Hz). 

(3—4a+146)(3—4a—66). 

(*—l)(*-f-2)(*-3)(a:+4). 

(a—2) l (a 2 —4a-f12). 94. 

—2.i/)(jr—3v)(^r—6j/)(a;—8t/). 

(a—56)(a-f 26)(a 2 —3a6-f-56*). 


3x[x+ 6)(;r—16). 
a*(a-12)(a + 15). 
3x 2 (x— 0i/)(jr — 14y). 
3z t {z t ■+■ 15)(2“J-2)l*—2). 
(2a-6-0)(2a-6-f5). 


(a'+2)(x+3)(x+7)(r-2) 


Exercise 53 (Page 208) 

1. (3ar-4-2)(2a , +3). 2. (2*+1)(a:-f 3) 

3. (8ar+l)(.T+4). 4. (%r+. r >)(*+4). 

5. (8*+l)(2a:4-5). 6. (2z+7)(;r+2). 

7. (ar-2)(.r-4). 8. (2<r-5)(3*-2). 
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p&OGRiastng alobbba. 


10. (3x-2)(2x-8). 

12. (3x—lK-^—l)* 

14. (x-4)(2x+5). 

16. (4xH-3)(2s-5). 

18. (3x—2)(2x+5). 

20 (3 — 4 k) 3/c+4). 

22. (l-7a)(4a+3). 

24. (4a+&)(5a—36). 

26. (6x—5y)(2x-\-y). 

28. (5x-2y)(43r-3y). 
30. (5x—yl(5x — 2y). 

32. (Ha—6)(a—86). 

34. 3a(a-4)(3a-5). 

36. 2a*(3a-4)(2a+S). 

38. 5a 8 (a-36)(2a+86). 


9. (*-4)(8x-5). 

11. (4x-l)(3a?-2). 

13. (4x+l)(2x-5). 

15. (3a;—l)(2x+7). 

17. (5x-2)(a?+7). 

19. (4-3m)(4ro+l). 

21. (6a-J-l)(2—5a). 

23. (3a+46)(5a—26). 

2>. (5a-46)(2a+36). 

27. (7x+y){3x-4y). 

29. {4x-5y)(3x+2y). 

31. (x— 25y)(2x+!/)- 
33. 2s(5*-l)(ft+3). 

35. a*(2a-3)(3a+4). 

37. 6xy{4x—5y){x—3y). 

39. {3*-\-y)(x+3y)[3x-y)(x-3y). 

40. (2x?-\-3y l )(3x+y)(3x—y). 

41. [m*n*—2p*){3m z n*— 4p*). 

«• (f + • )lv - 1 )• 

43. (*+l)(fl^-*+l)(W-«)- 

44. (a;—2}(2x—l)(x*-f2x-f 4)(4a^-f 2-r-f 1). 

45. (aH-3)(2x—l)(a*-8a;+9)(4a*+2a;+l). 

46. (2a*+6*)(2a*-6*)(a*+26*)(a*-26*). 

47. (aj-fl)(5a:-t-3)(5a*+8x-5). 

48. (e+5)(80--l)(8a*+14a--8). 

49. (2a;-3)(3a;+4)(x-l)(6x+5). 

50. (x-l)(x-3)(x+2)(x-f4). 

51. (a*+a—21)(a*-f a—5) 52. (a-f 4)*(a*-t-8a+6). 

53. (a-5)(a-fl)(a-2)*. 54. (2a a -f 26 , -fa6)(a+6)* 

55. «*(7x+18)(2x-f-3). 


Exercise 54 (Page 213) 

1. (2a-6+3c)(2a-6 -8c). 2. (x-f 3y+4::)(x+3t/-4z). 

3. (4x+5.y-l)(4x-5t/-l). 4. (x t +2x4-2y 2 )(x*-2x+2y 1 ) 
5. (5a+86-l)J5a-86-fl). 6. (8y+4x-8)(3y-4x+3). 

7. (x-fy—0z—5)(x—y-j-6z—5). 

8. (2a t +6-2c-8)(2a*-6+2p-3). 

9. (*+!/+*—l)(x+t/-z—-1). 
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10 . (2a— b— c-f 2)(2o —6— c — 2). 

11 . (2c + a-b-l)(2c-a+b + l). 

12. (4 + 23;+ y— z)(4— 2x—y+ 2 ). 

13. (a 2 +-2a+-2)(a 2 —2a+-2). 

14. (a 2 + 4a+-8)(a 2 —4a + 8). 

15. (a 2 +-6a+-18)(a 2 -6a+-l8). 

16. (2a; 2 +-6.rr/-+9t, 2 )(2.r 2 — 6xy + 9t/ ? ). 

17. (8a 2 & 2 +-12a&+-9)(8a*6 2 — 12a6+-9). . . 

18. (2a 4 +-10a 2 6+-256 2 )(2a 4 -10a 2 &+256 2 ). 

19. 4x(x 2 +2xy+2y 2 ){x 2 -2xy-{-2y 2 ). 

20. a 2 (8a 2 +4a+-1 )(8a 2 - 4a +1). 

21 . \8x(2x 2 -\-2xy-\-y 2 ){2x 2 — 2xy-\-y 2 ). 

22. 3y s (9y 9 + Gyz +- 2z i ){9y t — 8yz + 2 z*). 

23. (3.^+2®—2)(8® 2 —2a;—2). 

24. (2a; 2 +8x—5)(2a; 2 —3x—5). 

25. (33*+3*—4)(3a;*—3a;—4). 

26. (4a 2 +-4a6—6 2 )(4a 2 —4a6—6 2 ). 

27. (10j? 2 +-9pg-3? 2 )(10p 2 -9/>7-3<7 2 ). 

28. (6a 2 +-9afe—76 2 )(6a 2 —9a6—76 2 ). 

29. ab(a 2 +ab—b 2 )(a z —ab—b 2 ). 

30. 2p*(p 2 +3pq-q 2 )(p 2 -9pq—q 2 ). 

31. (x 2 +x+l){x 2 —x+l). 32. (x t -\-xy-\-y i ){x t -xy+i/). 

33. (2a 2 +-2a-+3)(2a*-2a+8). 34. (4a 2 +a-f l)(4a 2 -a+-l). 

35. (.z 2 +2.ri/+-8i/ 2 )(a; 2 — 2xy-\-3y 2 ) 

36. (5x' t -\-3xy+y 2 )[5x t —3xy-\-y 2 ). 

37. (2a 2 +-4a6+-5fc 2 )(2a 2 — 4afc + 56 3 ). 

38. (5a 2 +-2 ab +-36 2 )(5a 2 - 2 ab -+36*) 

39. (a 2 + 5a+3)(a 2 -5a + 3). 40. (3a 2 + 5a+-4)(3a 2 -5a + 4). 

41. (5x 2 +- 6xy +-3t/ 2 )( 5a; 2 — C.ry+Sj/*). 

42. (4a: 2 + 7.rt/+5v 2 )(4i 2 — 7xy-\-5y 2 ). 

43. (2a+-l)(2a-l)(8a + l)(8a-l). 

44. (a+l)(a-l)(3a + 1 )(3a— 1). 

45. (x+3y){x-3y)[2x+ l)(2x-l). 

46. (a-\-b)(a — 6)(5a+-26)(5a — 26 ). 

47. (j- 2 + j + 1 )(x 2 —or -+-1) ( jc 4 — j- 2 + 1 )■ 

48 . (a 2 +-aft + 6 2 )(a 2 — a6 + 6 2 )(a 4 —o*6 2 4 6 4 ) 

49. (a 2 +3a + l)(a 2 -3a+l)(a 4 +7a 2 + I)- 

50. • (a 2 -+2aft + 86 2 )(a 2 -2a6+35 2 )(a 4 -2a 2 6 2 + 96 4 ). 

51. (x-=)(a; + r-47). 52. (3a;-4y)(8x + 4y-2). 

53. (a +e)(a —c—2ft). 54 (2a-3r)(2a - L 3r-56). 

55. (j - 2 f 2 ^ 2 + 2 jt/+ J)(x 2 + 2.v 2 -2.r» / + 1). 
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✓ 

56. 

57. 
59. 


1 

3. 

5. 

7. 

9. 

n. 

13. 

15. 

17. 

19. 

21 . 

23. 

25. 

27. 

29. 

31. 

33. 

35. 

37. 

39. 

41. 

43. 

45 

47 


1. 

2 . 

3'. 

4. 

5. 
6 

7. 

8 . 


(2x*42x-t/4 1)(2** —2x-t/+l). ’ 

(a4#6—c)(a464 c)‘ 58. (2a—6—3)(2a—5643)- 

(x+ty43}(x—6y-3). 60. (2x4y—5)(2x—7y45). 


Ezerciee 55 (Page 217) 


2. (a+fc)(x+t/). 

4. (a+b)(b—c). 

6. (x—a)(x 2 — 3a). 

8. (c— l)(ac+by). 
10. (a*-3i(2a-l). 


(6+c)(o + t/). 

(x-4)(a46). 

(x l + 3)(.r-l). 

(36 —2)(2a —3). 

(a + 26)(«-c). 

(p+l)(7-H). 

(a-f l)(a-l)(2aH-3). 

(a-l)(a 2 + « + l)(2a + l). 

(mn-\-l)(ln + m). 

(a6—.ry)(ax— by). 

(x 2 4?/*)(a 2 4-6*j. 

[a + '2b)(fi 4 26+3). 

(3a —l)(3a-M-26). 

(2x - 1 )(26- 4x* - 2x -1). 
(2x—y)(4x 2 — 4xf/4y 2 —5). 
(4x-5t/)(4x —5r/+3). 

(x—4)(x—y40). . 31. 

(3a—y)(2 —2a —5y). 36. 

(2x + 3;/)(2x+3t/+5). 38. 

(a+6)(a—6)(a*-f6 2 —c)- 40. 
(x4y)(2—x 2 4xy—y 2 ). 42. 

(x+i/)(x , + 2xt/+y*+4). 44. 
(a—6)(a 2 —0646*). 46. 

(p-f 7)(2a-6-c). 48. 


12. (5a-2)(a*+l). 

14. (2x-h8j(2x—3)(x—5). 

16. (x-t-y^^-xy+t/ 1 ). 

18. (6x—ay)(ax— by). 

20. (p t -f< 7 *»(r*+s 2 ). 

22. (a+M(a-6)(x-ft/)(x»-y) 
24. (2a-36)(2a-86+4). 

26. (a-f 8)(a—5+36). 

28. (2x+3)(a-3x+2). 

30. (8x4y)(3.r-H/+4). 

32. (3x--4»/)(3x+4t/—5). 

(2a -56)( 1 - 4 a* -10a6-256*) 
(a—26)(a 2 446 2 —4a6—8).. • 
(a+l)(a-l)(a*-l+6). 

(m—l)(m+2« + 12). 

(2x—8y)(3—x—4y). 
(x+l)(x*+x+l). 

(a-l)(y«-y+l). 

(x+1 )(x* + x+ l)(x* -x+1). 


Ezercise 56 (Page 219) 

(x ■ -V “2)(X*+ »/* 4 2* + X47+X2 -T/=). 

(a—6—l)(a 2 46 2 4 1 +t/6+a—6). 

(a4641)(a 2 46*4 l-a6—a—6). 

(a + 26 -1 )(a 2 +46* +1 - 2a6+a+26). 

(a — 36+4c)(a t +06 , + 16c*+8a6— 4ac+126c). 

(5x-2y—1)(26x* + 4t/*-f 1 +1 Oxy+5x-2y). 

(3x 4 4y—5s) (9x* 4 16y 2 4 25z 2 -12xy 415xz+ 20f/s). 
(I - 6a - »b)(1436a 2 4 06* 4 6a 4 36 r-1 Ra6). 
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9 . (**—%* + 10)(,r»+ 64t/«+ 100+8.rV-10**+ 80t/=). 

10 . ( *-—+»)(*'+ I 4-+S'+ 1 -Xtf+ ■*). 

11 [a-b+~){o*+b'-+-± r ^ab--2+ 

12. («_-L +2 )( a . + -V- ( .5-2 a+ i). 

13. (*-■i-+l)G’ + -~+2+i.-*). 

14. ( a-l- 3 )(a*+ a V + 10 + 3 a -| ). 

15. (a-i—>)(«.+ !-+5 + 2.- |) 

16. (ar+-i-+2)(*a»+-p-+2-4x--|). 

17. 3(x—2i/)(2y—3z)(3z—x). 

18. 3(2a-36)(a+6)(26-3a). 

19. 3(a+26—3c)(6 + 2e —3a)(r+2a—36). 

20. 3{a+6)(a—6)(6+c)(6—c) c+a)(c—a). 

21. 3xyz(x—y)(y-z){z—x). 

22. . 2(jt+y+2)(j^+?/ 1 +2 2 — xy—xz—yz). 

23. 2(2a + 8)(<z 2 + 3tf+3). 

24. 2(C—6)(3fl*+6 2 +c— 3ae— 3a6+6c). 


Exercise 57 (Page 222) 


1. 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 

17. 

18. 
20 . 
21. 
23. 


{Z* + 5x-t-7)(x* + 5x+3). 2. 

(x*+8x+6)';r+4) 5 4 

(^ + 5a-+3) s . 6 

(j 4 +2x-7)(x*-f 2x— 4). 8. 

(x 2 — 3x— 16)(.r* —3ar— 12). 10. 
(x 9 —x— 10)( ar 2 — x— 16). 12. 

(^2_5a_40)(a 2 —5«— 20) 14. 
lx'--3x-M)[x-*)(x+ 1). 16 
4(.r-l)(2x-l)(2x*—3x-3). 

( 2 .r*—7x+ 9M 2x z — 7.r — 8). 19 
( x-i- 1)(3.7 -7)(3x 2 - 4X-4-3) 

(aa^ + x-Df^ + Sar + l) 22. 

8(o4 1 ) 2 (2a ? 4-4a —3). 24 


( x 3 + 6 x +6)( x x + 6 x +7). 

(j*-4-0j+2)(jr l +6j + 3) 

(x 2 + 7.r+2)(x4-2)(x-t-5). 
(x 2 —3x—5) x*— 3x—17). 
(a 2 —3a—4) 2 

(«*+lla + SHa + 5)(a-rfi) 
(«*- 10x+4)(.r s — lOx+20) 
8<x4 + 4x + 5)(2j- 5 +8x+1) 

(X -8)(2x+ 3)( 2x*-r 3x -t- 7) 

(x* -+- x— 3)( x *■+• x -t 1) • 

(4fl , +6a —13){4a 2 + 6fl-i-5) 
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PROGRESSIVE ALGEBRA 


I 


25 («>-l!a4'12)(a 1 -*a+12. 26. (a*-So-16)* 

.27 (x-12)(x4-l)(**4-8a?—12). 

28 (o4-7)(3Q-‘->)(3»»~f3a—*)- | 


Exercise 58 (Page 227) 




I. 

2. 

2. 2. 

3. 

55. 

4. U2 

10 

6. 

31. 

7. Yes. 

8. 

Yes. 

9 Yes. 

11. 

Yes. 

12. Ye*. 

13. 

Yes. 

14. No. 


2J. 

25. 

k=3 
o= — 

24. a= — 1. 
7 


26. 

« = 6, 

11. 

27. 

m»2, 

, n= —11 


28. 


-1 


5. 0. 
No 



1. 

3. 

5. 

7. 

9 

11 . 

13. 

15. 

17. 

19. 

21 . 

23. 

25. 

27. 

29. 

30. 


(*-l)(*»-8*-M0) 

(a;-l)( 3 *»+n*+®) 

(*-2)(a J 4‘8a?4-7) 
(a>+8)(®*-8*-h4) 
(2®-li(44sH-8*+8) 
(x+\){x+Z)[x+&. 
(x-2)(*4-3)(®-7) 
(x-l)ls4-2)(«+8). 

(j+»)(®+3)(4®-8). 
(2o+6)(2o—6)(8a+6). 
(x4-2.v)(a?4-3y)f*— 5y). 
{3a+b){&a'-ab-&). 

(*-2)(*-8H**4-*+l>. 
(x4-l)(*—2)(ar+8)(®—4). 28 
(a-1)(a+l)(a-2)(23-8>. 
(04-l)(0-l)(0 + 2)(40-*l) 


(o-l)(a*-7fl+18). 

(ar-2)(ar»+2a!4-3). 

(x-2)(:!x*+x4-2) 

(*-3)(**+8a;4-4) 

(2a?4-l)(5**4*2®-l) 

(x+\){x+4)(x+5). 

(*4-8)(.r-2)(x4-7) 

|®4-2)(jf—8)(®+0)> 

(a-lK®+8)(?ar+l)- 

—6t/). 

(x+y)[x—2ti) % * 

(2a—6)(2a* 4-8a6+26*) 

(a+2Ha~4)la*-.5a+8). 

(a-H)[a-4)(a-3)(2a+l). 

. *. . 


Exercise 59 (Page 231) 

2 . 

4. 

6. 

8 . 

10 . 

12 . 

14. 

16. 

18. 

20 . 

22 . 

24, 

26. 


Exercise 60 (Page 235) 

1 q-t-64 c v 2. 

3. a64-6e+ca 4 a l 64-6V-+-<4<j 

5. — (a —6)(6—c)c—a) 6 [a 4-6)(64c)(c-t- o). 

7 ® , (j/4-a)-*-t/*(a+x)4-3 , i4-j/) 

8 s*)4-y a (r 3 *~ -r*)4-? t (/ ,s — '/*) 

9 o*646V4.r»a 10 ah~-br* co 3 


ANSWERS 




11 . 

12 . 

13. 

14. 

15. 

17. 

18. 

19. 

20 . 

21 . 



1 . 

3. 

4. 

5. 

6 . 

7. 

8. 
9. 

10 . 

11 . 

13. 

15. 

17. 

18. 
20 . 
21 . 
22 . 


1 . 

6 . 


bi 2 a+ca*b. 

a{ b* — c a ) -4- 6(c*—a 2 ) -f c[a 2 —b 1 ) 
a 8 (fc —c)+fc 3 (c—a)-fc 3 (a — b). 
ab be ca 

a—6 c c—a 

16. bc+ca+ao. 
(a*—6c)+(6 2 —ca)-h(c 2 —g 6' 
fl 3 (6-cj+6 s (e-a)+c 3 (a-p 
a 2 6 3 -|-a c 3 +6 2 a 3 4-6 2 c , ' + t 2 " + c 2 6 3 . 
a(6—c)(c—fl)+6(c—o)(a-6)-t-c(a—6)^6—e). 

_a 2 _._ b \ _._f* - 

(a— b)(a~c) ( b-c)(b-aj {c-a~)(c-b) ' 

_* + * ...+ 
bc[b—c) ca(c—a) - ab[a—b ) 


, v 

Exercise 61 (Page 237) 

—(a—6)(b—c)(c— a). 2. —(a —6)(6- c)(c-a). 

(a—6)(6-c)(c—a). 

~(a-6)(6-c)(c-a)(a+6+c) 

(a— b)(b— c)(c—a)(a + 6-f c) 

3(g— 6(6—c)(c—a)., 

—(a—6)(6—c)(c—a)(a 2 +6 2 + c*4-fl6-l-6c fca). 

—(a—6)(6—c)(c— a)[ab+bc+ca). 

—{x-y){y-z){z-x)(x 2 +y i \-y 2 -\-xy+yz+zx). 

{x-y){y-z)(z-x)(xy-yz+zx). 

{a+b){b+c)(c+a). 12. (x + y)(i/+s)( 2 + x). 

(a+b){b+c)(c+a). 14. ia+6)(6+c)(c+a). 

(a-b)[b+c)(c+a). 16. -(a-6)(fc-c)(c-a). 

(i) (a+6+c)(a6-r^c+ca) (at) same (in) same. 
i a +b+c)(ab-\-bc+ca). 19. (x+y+z)(x* + y* + z*). 

(a + 6+c)(a 2 +6H-c 2 )- 
-(a+6)(fl-6)(6H-c)(6-c)(c+a)(c-«). 

2 (a~6)(6-c)(c-fl)(«+6+c) 

— 

# * « V 

Exercise 62 (Page 241) 

a. 2. 6c. 3. *“■ « *6’ „ 5 

2o 6 3 . 7. 3a6c. * 8. *x*yz. 9. 5x*y*2* 
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10. TflW. 
14. 25 ab. 


11 6a«6* 


1. 

5. 

9. 

14. 

18 

21 . 

25. 

29. 

32 

36. 


12. xifz. 13- 


Exercise 63 (Page 242) 

b. 2. b(a-b). 3. a6(a 2 +6 2 ). 4. «(« + &> 

a(a-b). 6. a(n-b)*. 7 (*+</)--. 8 - 

6. 10 1. 11. b. 12. 6a-. 13. a-rb. 

2(x+ 1)- 15. b). 16. 2a—36. 17. 1. 

3 ab(a-b). 19. 2(«-36). 20. [x-y)*. 

2 (**+«•). 22. a+26. 23. 2(a + 2). 

a«9. 26. a—3. 27. 3a + 1. 2* 

2a(a 2 —6 2 )- 30. J-xtj+y*. 31. Me 3 -!/ 1 } 

a 2+*>. 33. a(a —r). 34 a-6. 3s 5(*'-*4-l). 

a 2 (3a + 2). 


24. a-2 


Exercise 64 (Page 250) 

1. *-l. 2. x-3. 3. a —1. 4. jd*-8*+2. 

5. **-3*+7. 6. ** + 3.r+2. 7. j:+2. 

8. x 2 —13*+5. 9. x-3. 10;' a?+2a?+l. 

11. 2x*-3*+2. 12. x + 2. 13. 3a-7. 

14. ** + *—l 15. «*-3*-2. 1> 2ar J +3x+2.. 

17. 5^-1. 18. 3a 2 + l. 19 3*—1 

20. x 2 —3x—4. 21. a!2a—3). -22. <?(a-3). 

23. x—2. 24. x*+3x+5; 25. x*2x-5). 26. x-y. 

27. 2 xy(x—y). 28. 2 x-y. 29. 2*-3 y. 30. x+y. 
31. x-1. 32. a 2 —3a+7 33. a 2 +2a+3. 

34. a*—a—]. 35. a 2 +a+l. 36. x(* 2 -2x+ll. 

37 x+4 38. *-l. 39. 2**-8. 40. 2x*+3;:+7. 

41 -3. 42. 4. 


Exercise 65 (Page 254) ^ 

1. a 2 6. 2 a 2 6 2 . 3 "a 4 b*. 4. aV "l Ca 2 6*~ j 

6. 12a 4 6 e . 7. 2 A abed. 8. * 12a6c. 9 CMxyz. 

10. 12aW. 11 aW. 12. 5«*V S3. 210*V*. 

14. 2G4x 3 t/ 3 s 4 
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1. 

4. 

6 . 

9. 

11 . 

13. 

14. 

15. 
17. 
19. 
21 . 
22 . 

23. 

24 . 


Exercise 66 (Page 255) 

2. C(a-6) 2 . 3. a 3 (a+6)(a-6). 

5' 24«6c(a — b)(b—c). 


% 


7. a 5 +a 4 . 8. 366 4 +126 3 


10 . 

12 . 


2(a+6) 2 . 

12a 3 6(a+6, 2 . 

60a 2 6 2 (a 2 +6 2 )(a+6). ' 

4 (a 3 +9a 2 + 20a). 

6 xy{a*+y*) 

2+a 2 6c(a—6)(a 3 +6 3 ) 

2a+r+2)(x+3)(a;+12). 

*(a?+l)(a;-i)(a:— 2 ). 

2a;(x-3)(x—l)(*+2). 

6(a + l)(a+2)(2a+l). 

60 xy(x+y)\x-yY(x*+xy+y*) 4 
24a 2 (a+3)ia—3)(« 2 —3a+9)(a 2 +3a+9). 
12^x-a)(x+a) 2 (x 2 +aa:+a 2 )(a4-aa;+a 2 )*. 

(a+6)(a 2 -a6+6 2 )(a-6)(a 2 +a6+6 2 ). 


16. 

18. 

20 . 


4(<*+6)(a—6) 2 . 
6 (*r+*/)(**-J/ 3 ). 


«(« —!)(*— 2 )(«— 4 ). 
4x[x+5)[x— 4)(x—6). 
2a{a+2)(a-2))3a-7| 


M' - 

Exercise 67 (Page 257) 

1. (3a:—4)(3x 3 +14a: 2 + 13a:«-8). 

or (3a:+8)(3a^+2a? — llx+4). 

2. (a;-l)(4ar , -9a : 2 —15a;+18). 

3. 4(a+4)(a 3 +5a*+7a+2). 4. (a — I)(a 3 —9a 2 +2tfa—24). 

•5. 8 (a—3)(a 3 +8a 2 + 17a + 10 ). 

6 . 2(a:+7j(2a? — 9a: 2 +10a:—3) 7. (a —2)(a 3 — 12a 2 +47a — 60.) 

8 . (3a 2 +a—2)(6a 3 +a 2 -5a—2). 

9. (2a—3)(12a 3 —35a 2 —23a+60). 

10. (8a-8)(a 4 -5a 3 -6a 2 +35a-7). 

11. 2 a® + 6 a 5 +13a 4 —42a 3 —162a 2 —381 a — 234. 

12. 2(a 2 —2a+5)(3a 4 —34a 2 +51a—20). 

13. (4a;+3)(fia^—5a- 3 — 6 ). 14. (x 3 -x-8)(4a: l -29x*+25). 

15. (x+y) 2 x i +x 2 y 2 +y i ). 

16. (oa^+3a^/+r/ 2 j(64x 4 —Sa^+Sy 4 ). 

17. (x+l)fx—l)(x+ 2 )(x— 2 ). 18. a(a + l)(a+2)(a+8)(a —l). 

19. a(a 2 +5a + 10)(a 3 —19a—30). 

20. ( 8 a— 6 )(a+ 6 ; 2 (a— 6 ) 2 . 21. a 4 -10a 3 +35a a -50a+24. 

22. a*—12a + 85. 23. 15a 3 -a 3 -5a-l. 

^ .* 2 ^- J 

* J 


1 . £—$. 


Paper 1.—Ex. 68 (Page 260) 

2. 84. 3. 28. 
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4. (a*+4a+8)(a a -4a+8); (a x +8)(0*-8). 

4. la—3H«*+ fl *^ 3a + 9 ^ 


5. .r’+y. 


t. 

4 

5 


Paper 2—E*. 69 (Page 260) 

Q 2. 24 miles. 


Paper 3—Ex. 


1. 900 

3. x »-p lf . 

5 a—b-c 


2 . 

4. 

6. 


70 (Page 261) 

Rs. 2400 ; Rs. 4000. 
x*(3x-4i/)(2x+3!/). 

(x—4 )(.t 4 —2x*—3x* -l- 8x 


-4) 


1. 

3. 

4. 
5 


Paper 4-Ex. 71 (Page 261) 

<r=6, y—S, 2=5. 2. 14 BS : 10 a9 ‘ 

2® , ^+2^2 1 +22*x»-X 4 -J/ 4 -2 4 . 


1. 

4. 


Paper 5—Ex. 72 (Page 262) 

<5=5. 2. 38, 42. 20. 80. 

(t) (8a*+2a+l)(3a*—2a+l). 

lit) (a*+3a-f4)(a*-f3fl-12). 

fl «—6. 4o x —3a-fl 


3. 0. 


Paper 6—Ex. 73 (Page 262) 


1 

3. 

4. 

5 


x=\, 

27x s +27x*i/+9xir+S/*- 

(i) (8a—46)(3a—46—2); 

**</(*—t/) x (x*-i/ 6 ). 6. 


2. i- 


(«) -(a-6)(6-c)(c-a). 
(8a—2)(2a 4 —2a*+8a x —a+1). 


I. 

3. 

5. 


Paper 7—Ex. 74 (Page 263) 

*=—2J 2. 40 years ; 80 years. 

8(x—»)(y—2)(2~*)» — 8 » 6=—5. 

a*(a4-1)(a-*-2)(2a+l). 6. 2. *“ 

f 4 


ANSWERS 




Paper 8—Ex. 75 (Page 263) 

l. x=l, y= 3, 2=5. 2. A Rs. 200, B Rs. 160. 

4. (») (x— 2y— I)(a 2 +47y , -J-l -\-2,xy-\-x—2y). 

(ft) (ar4-2)(a:-|-8)(a;-4). 

5. 24a 4 6*(a — 6) 3 (a4-6)(a*4-a64-6 2 ). 

6. x 3 — l Ox 2 -f 28x—15. 


3. 50 


( ^ 


1 


3 c 


4 ' 8ac • 

4. — v 


7. 


4n 


5 mp 

10 . 

mp* 

2 cd* 

li - 3b 

16 ?6 - 
16 <*»«/ 

19 --2 

4a 

22. 


24. 


a 

64-f 


27. a+b. 

30- - itJ-jr 
«• 


35. 


38. 


n-f-8 
cl -f-2 

a 1 —4a+8 


Exercise 76 (Page 274) 

2.X : 

22 


5. - 


iff 


3. J* 

3 


8 . - 


11 . 


2a* 

4? 

6. 

_ 8 * 2 

36* * 

42* 

c 

9 

_*• 

a*6 # 

- 2* • 

2 

- v • 

** 12. 

_ 2 phri 


14. - 


17 


8a 3 

6c* 


2a* 

20. t,*. 

23. - 




3 


i - 9ax*z l 

AO* • • 

6cy * 


• * 


or 


18. 


21 . 

1 -a 


_ 


a—rr 


a 


25. *** 


28 


31. 


x*+xy+y* 

_ 1 _ 

j-i/ 


26. 

X 

29. -(a*4-6*). 


x 2 4-*4-l 
33. **4-«/*. 

2a—3 


34. 


\ 


36. 


39 


a —4 
x-y+z 


... y-rz-x 


a 2 -5* 

37 ar*-2X4-2: 
a* 4-1 

40 “a^S 4 - 




47. — 


G a_3a4-3 


49. 


52. 


55. 


58. 

# 

61 


64. 


67. 


70. 


73. 

76. 


79. 


81. 


83. 


a* —3a+2 
a 2 -f-a6-f , >* 
a 

x-f-2 
x—I 
ja+jL. 
a+5 
g—5 

x—1 . 
2-fa 

- “■ A 

a 
17 a 
16 ’ 

5 


3g * 
a-f6-f c 
abc 

2(a-l) 

■ ■ 1 — « 

* 5 

6g—6y—a 
4 

36-f2c 
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41. 

*+1 "V 

42. 

*— 8 

43. 

5 a+3 

a:—5 # 

g +2 ‘ 

7a—4 


3a 2 —a —2 

45. 

4a—6 

46. 

*+ 2 y 


3a 2 -fa —2 ' 

8a*+6* * 

x-2y 


6c 

* 3 -f6* 
a* 6* 


86 . - 


(a+6)(a—6) 
5a+9 


48. 

/ 50. 


53. 1. 


56. 1. 


59. 1. 


62. l. 


65. 0 . 


68 . - 


5g*-f3gy+y* 

16g»-fl2 gy+5tf»* 

^4(l+a-fa*). 51. 1. 

2a*—a 


54. 


2a—8 


57. g. 
60. xy. 

« 


61 


71. 


24a 
a*-f-6*-f c* 
abc 


74 

12 * 

77. 

-a*+y*+ 2* 


(a-4)(a-r5) ' 
26c 


29. -Tf:—IJ?" • 
a*—9 


•t< 


80. 

,82. 

*v, 

g 4 2a + 5 

(<M-2)(a+8)' 

87. —?-r . 

«-*• 

90 

90, f a*-4y»* 


69 -m- 

72 6 i L+i^±_ 3 ?L- 
12gya 

75 -”5. 

75, 36 

78. 0.. 

4 m • • 

• * 

Sxyz 


85. -Jfe±g> 


(a-6Xa-h2) % 

88 ^ ‘ 

“• 

91 2a* 

'*• •> f' 


ANSWERS 




92. 


•2a 9 


95. — 


98. - 


1 —a 4 ' 

y_ 

x—y 

a*+2a 


93. 


4a t 

- • -V . 

a+x 

a 

2(a+ V) ’ 


94. 


2a*+xy+tf 


y*-x* 


96. rrr-~ 


97.. 


a- 


101 . 


104. - 


106. 


109. 


112 . 


a 3 +l ' 
x 

l+« 

*2ab 

a'+a W+b* • 
a 

(a-Y)(fl-2jia-.3) 
' .2a* 

a 3 +6 3 * 

86 7 % 


99. 


a 3 —1* 

- _?#L ion 1 2y 

^+.T 2 t/ 2 +^‘ a 2 -6** 


102 . 8 ( 1 + 0 *). 


103, 


2 


1-x 2 ' 


105. 


(a _l)(a-2)(a-3Ka-4) * 


115. 


a 8 -&T 

16 


1 —a 16 * 



107 ». 

108. 

0 . 

110 . 

•2b 2 

a 3 —b 3 

111 . 

2(a+l) 
a*+a+f' 

113. 

2a *6* 

114. 

8s 4 

a 

i-y * 

116. 

, 4.t 8 

117. 

a+2 

.T*+"ar* + l ‘ 

(a+l) k a+3) 


118. 


52— x 


120 . 


(«+4)(*-4)(*-8) * 
4St/ 3 


119. 


(i*-»*)(**- %*) * 


121 . 


(a-l)(a+l)* * 
2-Jy 3 


122. 0. 


123. 


125. 


4J/ 3 

a*-*** 


♦ / 

A 


®*-a* 

126. 0 . 


0(0*—y*)(0*—4t/ 2 ) ' 

** .124. »J£M. 

?.* — li* 


T 

1 . 0 . 


Exercise 77 (Page 276) 


2 . 0 . 


. bc-\-ca+ab~-a 2 —b 9 — C* 

“T “ » “ » 


4. 0. 

6 . 0 . 


(a—b (b—c)(c—a) 
5 — 1 ?(® 2 +2/ 2 +* a —^ xy—yz—zx) 


*)(*—*) 

7. 0 . 8 ., 1. 9. 1 . 

10. a+6+c. 11. 0 2 +f/*+2 2 +0t/+^2+s.r. 12. —1. 

13. —(a+ 6 +c). ^« 14: Q * 

/ ,■ - 'A 


'a 
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16. -i-. 

17. 2. 18. 

o. 19. 1 

abc 

7ft 1 

## 

71 

X 

(ar—a)(£— b)(x~ c) 

(,r—a)(.r— b){x— c)' 


• 

*.*• * 

1 

( J T+a)(cc+6)(a:+c) * 

abc 

r - ; ' *::v 

Exercise 78 (Page 279) 

* * 

j ay —bx 

2 a 2 -6 2 
a 2 +6 2 * 

3 - ir 

ay+bx 

4. “+ 6 

C <* + * 

W. _ —- • « 

6 

6 —a 

b-a- 

*2 + 2/ 

- a 2 -6 2 
a 2 +6 2 * 

x 62 

o a(«-f3) 

a+4 ‘ 

10 . «•=.»>. 

U -«(•+« 

12 . _*■*?+!>. 

a?+0 

<Ha+ 3) 

•••• i • 

«-f 2 

13. *£± 30 . 

14. /* ' 

15. **» . ' 

(«-») 

* 2 +t/* ^ 

*•+»* 

16. . 

***+r 

» 

17. 2a»-a*. 

18. .1. 

19. — . 

a 

20 . a— b. 

21 . a+1. 

22 . ^. 

23. 1. 

24. *r*i±L. 



ar*—4«-fl , 

2 S.' -2. 

26. — . 

27. ^±*\ 


* i, 1 

• 

28. -f-v. 
a-fft 

29. l f: 

30. 1. 


• 

> -:- 

• 

V 

X 

Exercise 79 (P*g« 284) 

1. 9a*i*. 

2. UMP. 

3. 25aW. 

4. Sfla'Ofc 8 . 

5. ««y. 

6. 

7 OteV* 10 

25 a 8 * . 

« 25 a*°fc“ 

49c s °d 40 *. 

9. &x*y*. 

10 . -517^. * 

11 . 64* l V*- 

12 . 




ANSWERS 


602 


3 2IGa 12 /> 18 1000a 3 °6* & c bO 

6 343c® d 21 14 27.iV 6 

16. — 1024a I0 6 2 -' 17 

23Ci» . ,c"> 4 

19. — -,-r— 20. -^-77- 

f/ 3 * If °2 60 


15. 

18. 


•-4 

2187 a 34 


1. 

2 . 

3. 

4. 

5. 

6 . 


7. 

8 . 

9. 

10 . 

11 . 

13. 

15. 

17. 


Exercise 80 (Page 288) 

32a 5 — 240a 4 fc+720a 3 &* — 1080a 2 & 3 +81 0a6 4 —24 36*. 
a 6 + ja 4 + 10a 3 +1 Oa 2 + 5a +1. 

1 — 6a+15a 2 - 20a 3 +15a 4 —6a 5 +a*. 

3‘2-c 5 - 80ar*+80X 3 - 40 c 2 +10.c— 1. 

1 -18m+135 w 2 - 540m 3 + P215m 4 - 1458m 5 +729m*. 

1 _ i oa+4 5a* — 120a 3 + 21 Oa 4 —252a 5 +21 Oa*—120a 7 

+45a 8 —10a® 

243X 5 - .SlOxVf 1 080.rV— 720.r*f/ 3 +240JT/ 4 —321/ 5 . 
729a* -f- 2916a 5 +4800a 4 4- 4320a 3 +2160a 2 +576a+64. 


x 5 -r5.r 3 + 20x+ 




JJfJ 

+ 21a 3 ~35a+ —— 

a 


8a 3 + 8a. 

!2p 5 7 + 40 /r* 7 , + 127* 
-18. 

10 


21 7 __ l_ 

a 3 + V a 7 * 

12. 2 a 5 + 20a 3 + 10a. 

14 . 864.r 3 t/+1536.77/ 3 . 

16. -67 

18. 25. 



1. 

4. 

7. 

10 . 

13. 

16. 


Exercise 81 (Page 290) 


+5a*6c a . 


3a*6c 3 . 
±2aV 


-3-V 

2 . 

± 2 x V 

6 

3. 

+4aW>. 

x* 6 4 

e. 

00 CA 

• 

j: 1 * ’ 

Impossible 

6 . 

9 

± *'J‘ ' 

■_ % £CL l b^ 

M 


11 

*V 

5 

12 

2 /r 

"Oz 10 

% 

14 

- 3a 2 6* • . . 

15 

* 2 .i//V 

S ^ 

c * 

17 

2 4* 

18 

x* 


T 
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18. 

20 . 

22 . 
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Exercise 82 (Page 294) 


1. 

2x+Zy. 

2. 

'* + 2 y. 

3. 

4. 

0 a—6. 

4 

5. 

x*+4y*. 

6. 

7. 

I. 

8. 

a: 

—». 

9. 


V 


2 


10. 

x +y 

y 2x 

11. 

or 

2 7+ 2 - 

12. 

13. 

2a f 86-4c. 

14. 

x—y—z. 

m 

15. 

16. 

«+ ?-2. 

17. 

3 -« —*• 



4 

8 



a*—3. 

i 

x— -. 

X 

y*_ 

y* 4s* * 


(2x+ 1)(8,r—2)(2x—1). 21. (ff-2y)(2*-HrK8a-y) 

(t) a 4 +a , 5 3 +«r* («) (2x—8)(2x+l) 


23 

x* + 5x + 5. 


24. 

<rM-IOx-f 20 . 

25 

<r*—3x— 11 . 

• 


26. 

2 m*—3m— 1 . 

27. 


1 

_ _ 1 


28. 

£_!_ _?_ 3 

- Y* 

•r 


O' 1 V * 

X 

29. 


(+3. 

30. 

3 ( 0+ «-)- 

31. 

4 ( fl 

a y 

1 + 1 . 

32. 

5 ( 1 - i )- 

33. 

x — 

X 

• *- 

34. 

a- —4-3. 
a 

35. 

37 

a + 

** + 

- 1 - -4. 

a 

x 1 + 2 - 

( - 

4 

36. 

38. 

x -f- -- 5. 

tT 

_ * •> 


39. x»+-L_ 2 . 

X * 

41 <i*+-V+2. 

a ( 

43. 

45. m l *-H 1. 

m u 

47. x»4-jv4*1. 

49. 3a*—2a— 1. 


40* <** + li" + 4. 

vt 


"42. ra’ + I 


m 


- 6 . 


44 


46 


1 


*•+ I? + 5 - 


2 x*— jc+ i. 

48. 2a*-3a+5. 
50. l-2a+o*. 




ANSWERS 

6 

51. 

2 -ar-fcr* 


52. 

£*— 2 #— 2 . 

53. 

aaH- 2 a*. 


54. 

o* 2 —3a*-t-4<**. 

55. 

a 3 — 6 /*+ 12 a — 

8 . 

56. 

?a 3 —llm+17. 

57. 

a^-f 2 a%— 2 a?t/* 

-y 3 - 

58. 

1 —a:-}-* 2 —**+a^. 

59. 

a*l 2 a 2 + a— 2 ). 


60. 

2 ar 3 (l— 5 a:+®*)* 

61. 

**-!*-!-• 


62. 

-“H- 

63 

. 3a , I 


64. 

, 2 a ,1 

a 3 - t“4 —. 

l> i 

65 

x T a 

T~ 2X + 3- 


66 . 

a 2 ax ** 

IT ¥ * 2 ' 

67. 



68 . 

2 ar—g-f- . 

* a: 

69. 

*’+4+ 


70. 

2x«+5- £ . 

71. 

2 x> + 8 + ^ . 


72. 

. o . 1 

**+3ar+— + - 3 -. 

a? ar. 

73. 

a’— 2 a ■+ ~~ . 

a 3 


74. 

3 1 

2a + I a _ a* ' 

75. 

x a 

-f-3 — —. 

a x 


76. 

a 6 

6 " 1 + T* 

77. 

'Jig _ l 2 b 


78. 

?: + £~ *. 


b 5 3a 

A 


2 y x 

79. 

^-4+5'-. 

x % y 

\ 

80. 

y/2{sfi+xy+1p). 

81. 

y/2{a t —ab-\-b 3 ) 

82. 

2 a — 1 . 

83. 2x^Zy. 

84. 

a + 1 . 

85. 

3*+ 8 . 

86 . 2 as- 8 . 

87. 

6 * 4 - 8 . 

88 . 

8 . 

89. -5. 

90. 

1 . 

, 91. 

1 

92 o= 2 , 6=8 


Exercise 83 (a) (Page 313) 


1 . 

81. 

2 . 

64. 

3. 

32. 

4. 

625. 

5. 

fils* 

6 . 

eV 

7. 

6*4* 

8 . 

31*21 

9. 

2 . 

10. 

8. 

11 . 

4. 

12. 

4. 

13. 

1- 

14. 


15. 

*. 

16. 


17. 

9. 

18. 

125. 

19. 

4. 

20 . 

248. 

21 . 

J- 

22 . 

oie- 

23. 

i 

24. 

IJ*' 
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PBOOBB9SIV G 

alqibba 


25- t?3* 

26 . 1206 

27 5 . 

28. ' 

—- 8 

29 ? 

30. 

i* 

31. 

O 

32 “ 5aS 
Sl 6 

33. - -~yz. 

>« & 

3S - 

36 h- 

37. - : ^ 4 '. 

4 

38. —. 

2.^/x 

42. -1-^. 

B 

_ X l 

39 -T-* 

40. 

41. 

5a* 

• 


— 2 a: * 




Exercise 83 (6) (Page 315) 


1 . 

2 . V**- 

3 ‘ h 

4. 

5. r 7 - 
^a 7 

6 ’ r *7 # 

V*> 7 

7. i. 

8 . x. 

9 

• 

9. -L. 

Vo 

10 / i^a*. 

11 . a 16 . 

12 . *». 

13. 

14. a:. 

15. 

16. 4-* 



a* 

V a 

17 ^ • 

18. J/a l , 

19 ' Vx* 

20 . ,4-. 
v V« 

21 . . 

22 --— 

tt y.- 

T- 

25. 8 . 

t. 

26. 320. 

27. 1 

28. 0. 


* 



Excrete 83 ( e ) (Page 317) 

1 


2 *1 
6. a* 


3. 


2 aW 

xr 


4 * 9a»t»‘ 


e 4ty 
3 * ~3~ 


7. 


8. a* + ». 


ANSWERS 


/ 


606 


1 


r 


10 . 


13. 

17. 

20 . 

23. 

27. 


1. 

3. 

5. 

7. 

9. 

11 . 

13. 

15 

16. 

18. 

20 . 


a 

' a 7 6 

1 . 18 1 . 
x a* -f 6 s -f c 3 - 3afcc 

V 

l. 


^ * 


24. 25. 
28.. 2 *. 


u 

15. 

19. 

21 . 

25. 

29. 


1 

i 


!/ 

1 

I 


* l o 

4. 

H. 


12 . 


16. 1 . 


22 

26. 

30 


9 

5 

10 


* 


1 


Exercise 83 ( d) (Page 320) 


?, j 




4. + ^4-2--3.r^M 


6 . a — 1 


x^-u & 


x-y, 

a&+ah*-\-b 

a* — la^ + 3—6a~^ 
ar— 3a 5 +3a“*-<r* 8. 9x‘-9x*-25 4-l&r 

10 7x$ -2x* + 1. 

12. 16a~*-12a“ 4-96 “l 

14 xy~ l +yjp" , + l. 
a* -f + b^cK 

a*-\-3&-\-3x~ *+*-*. 17. ^-7+x' 1 . 

5 l,J 


x^+x^y^ -\-x 6 yl -f y ^ 
1 —a 


x 6 — 2 x*-f «r . 

a— 2 —a -1 


19 a$-a ^-1 
21 . a*-l —a“* 


r. 


Exercise 83 ( e) (Page 323> 


2. 4X + 2 + IJT*. 

4. x n -n+n'gr n 


1. \x^~ * 

3. x* m +2x m * n +J**. 

5. 9a--12a*—2-f 4a“*+<r*. 

6. a^-2a^-j-8-2a'“^4-a“^ 

7. x^-r2x*y~~\+xy~t+2x*y~y-^y~l + y“ 1 ' 
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8 . 


9. 

*+9x*+27x _ 

10 . 

**-3*5+3* 

i-x-- 

11 . 

a**-3a m 


tm 

• 

mm • m 

13. 


12 . 

a*+a * +Ja 

3 + • 

x-t/. 

14. 

* % 

*•»—w 3 . 


15. 

x+y., 

16 

x-y~ x 


17 

a —a 1 —4. 

18 

a*-36* 

/ 4 

19. 

x*+4. 

20 . 

***— 2 ** + 4. 


21 . 

l+2£r*+4a“*. 

22 . 

*5 + J + -J 

«w. 

„ 1 T 

26. 

x(x+3) 
x+4 * 


27. 

x +1 

~3*{x+3)' 

28. 

2 xi/ 

«i • • 


29. 

1 . 

30. 

jr-x- 

»xi/(**+ir) 









—a 


Exercise 83 (/) (P*g* 326) 


I. 

5. 

9. 

13. 

17. 

21 . 

24. 

27 


*=13. 

x=S. 

*=-2. 
*=S. 
x=8. y 

x=by 

x=2.1/ 


2 . 

6. x=6. 

10. x=3. 

*=—3. 

x= — 3. 

3. 22. x=8, Jf=|. 

2,2=8. 25. *=U,y=*l. 

1. 28. *=l,j/=0. 


14. 

18 


3. x=4. 
7. x=2$. 
11. x=$. 
15. x=l. 
19. «=1- 


4. x=3. 

3. *=— 6. 

12. x=l- 
16. *—0- 
20. x=2. 

23. x=2. y—\. 

26. x=l k J/=8* 


Exercise 84 (Page 331) 


1. 

5. 

9. 

13. 


5\f8- 

8^2. 

Qa-^abr 

y/T% 


2. 4V3. 

6. 5^8. 

10 . 8 a*b^VL 11 . 

14. Vi** 


4. 

8 


3. 2V6- 
7. 5^5. 

—3o6V 3^* 

15* V*4** 36. 


2 V*- 

-9^3. 

(x+y)V* 

V® 1 *** 


17. Vi* 


>*■ JS 


19. ^155- 


20 




ANSWERS 




21 . 

\/ 288. 

22 . 

» /a‘° 

rj~b* 

25. 

0. 

26. 

iV3- 

29. 

3^5, 

30. 

2^2. 

33. 


34. 

•^125. 


1 2 


20 

37. 

y/ 125. 

38. 

\/v243. 


12 

12 


41. 

V‘*7 » 

'/ 25. 



23 

20 


43. 

V’e . 

V243. 


45. 

V / 3. 

46. 

>^10. 

48. 

v a /4, ^7, ^3. 


50. 

^10. ^3, v^5. 


53. 

30. 

54. 

<xW. 

57. 

42v/6. 

58. 

660. 

61. 

2 * 

V*32. 

62. 

7. 

65. 

8\/3. 

66 . 

6. 

69*. 

,“7135 
rsj6l ‘ 

it f 

. 70. 

# 


23. 

9v/2. 

24. 

5\/10. 

27. 

0 . 

28. 

6^/6. 

31. 

3X 2 \/ 2x- 

32. 

— x^/x. 

35. 

^1024. 

36. 

n 

y/a n . 


24 


30 

39- 

V250. 

40. 

\/3125. 

42. 

^8,^25; 




12 12 

12 


44. 

y/86 , V‘^7 , 

Vi 

6 . 

47. 

^5. 



49. 

^6, ^10, 

y/8. 


51. 

6. 

52. 

15. 

55. 

12\/14. 

56. 

1*-V3. 

59. 

^500- 

60. 

^sT. 

63. 

. v'im. 

64. 

yaW- 

1 2 

67. 

3^3. 

68 . 

\/48. 



1. 

4. 

7. 

9. 

10 . 

11 . 

15. 

18. 

20 . 

22 . 

25. 

28. 


19-11V 2 - 

24-9V 6 - 


Exercise 85 (Page 335) 

5 + 4 v/2. 2. l + \/3. ?• 

—1 + 13\/3. 5. 36+7 s/ 10. 6. 

6+V10. ' ~ 8. 30+2\/35. 

6V10+3\/1 4 + 2 V15+v'21- 
4v/l 5— 4 v'10 + 12\/‘2 — 8\/3. 

33. 12. 30. 13. -21. 

88 — 30V7. 16. 30 + 12V 6 - 37. _ 

54+24V2. 19, 2fl—2V« , '* } * 

\ + 8x-Wt+4*- 21 * 13^+52^-12 

8a*-2 V r T6^' :: 'i. 23. -6+2v/15- 24 lO+^Vl 0 * 

85 + 4V1 0 - 26.' 29—4^5. 

4. 29. 24. 


14. 95. 

69—12V30. 


27. 

30 


4. 

39. 



50.4 
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Exercise 86 (Page 338) 


i v/3 


2 . y/8 


3. y/5. 


4. 

v/a. 

5 

V3 — V 2 

6 . 

2V5+VO- 

7 

t — »V5. 

8 . 

3V5 + 5V7 

9. 

5 V2 • 

2 * 

10 

6 -v/. r » 

5 

• 

11 . 

3V10 

* > 

12 . 

0 

2 VO. 

13. 

VO 

•k * 

14. 

yj m#i 

• 

15. 

v/ 0+1 

_. • 


3 

• 

• • 


xn 


2 

16. 

V*'»+2. 

17 

V 6 +V3- 

18. 

-(4+3V2) 

19. 

v/ 6 + 2 . 

20 . 

5V8+3V5. 

21 . 

8+5V2 

•> 

22 . 

5+2 VO 

23. 

24- VI5 

2 

24. 

\Z7-V2 

5 


25. 3y/2 — 2y/3. 

28- i-\/l0+i. 


26 


25+17v'I0 

15 

29. Yv'S+fv'lO 


I 

*1 p-(2a 2 —i 2 + 2a\/anrp). 

« 2 *+ V j* —y* 


33. 2 a — 1 + 2 Va 1 —a. 3*4. 


2 y/3 + V?0+3 V2 
• 12 • 
38. V2 

25+ y/3 ' * 


1 */ 


35. 


27. I+JV15. 
30. 18-7V«- 

32. V * 1 + a *— a 

\ + y/2— y/8 
2 * 


37 -(2+V2+\/6) 


41 


44 


22 

2(a+6) 


47 


a—b 

lab 


39. 3. a 

k * 

42. «. 

40. 

5(V3 

43. 

JVC- 

% 

45.5+v/2 + V3. 

46. 

0 . 


y 


• f 


Exercise 8? (Page 344) 


1 1 »-(, 3 
4 VS+ \/S 
7. 8 — ^/fi 


•-* \ 


2 . 1 + V 2 . 

5 2V2+\/8. 

8 V3-V2. 


3. v'fr-t* V2a 

6. 2V»+3v'2. 
9. V10-3V2. 




* 

** *• • 

ANSWERS 

♦ f 
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10 . 

4^2—3. 


11 . 

2V3-V6. 

12 . 

3V3- 

2 V 2 . 

13. 

Vl-Vl 


14! 

V*—Vi- 

15. 

Vi+Vl 

lfr. 

v!+va- 


17. 

i(3-V« 


18. 

iVs+i. 

19. 

£( V 3 4- V 3 )- 

20 . 

v?—V 


21 . 

^2(V3 + l). 

22 . 

^3(1- y/2). 

23. 

x/5( V« 

-V2), 

24. 

WVl 

+ V^)* 

25. 


V*)- 

26. 

V J a 

H-Vi)- 

27. i 

x—\0, ; 

y=s. 

28. 

w 

II 

1 

■ 00 * 

II 

H 

w • 

1 . 

29. 

a = 10 . b 

= 5. 

30. 

p=25, 

b = G. 


, *. 

s» 


Exercise 88 (Page 347) 




» 1 . 

34. 

2 . 

14. 

3. 

34. 

4. 

22 . 


5. 

20 . 

6 . 

36. 

• 7. 

64. 

8 . 

8. 


9. 

194. 

10 . 

34. 

11 . 

194. 

12 . 

198. 


13. 

52. 

14. 

76. 

15. 

234. 

16. 

10 V‘ 2 . 


17. 

30 \/3. 

18. 

2y/S. 

19. 

Vio. 

20 . 

4. 


21 . 

— 2 \/ 2 . 

22 . 

(»> VC. (H) -VC. 

23. 

34. 


24. 

22 . 

25. 

'36. 

26. 

•194. 

27. 

52. 


28 

76. 

29. 

4. 

30. 

4. 

31. 

194. 


32. 

98. 

33. 

—144 y/5. 34. 

4. 

35. 

Vio. 


36. 

52. 

37. 

47. 







• ^ 

Exercise 89 (Page 352) 

• 



1 . 

6 . 

2 . 

5. 

3. 

8. 

4. 

3. 


5. 

-7. 

6 . 

33. 

7. 

10 . 

8 . 

9. 


9. 

9. 

10 . 

1 . 

11 . 

5. 

12 . 

M- 


13. 

12 . 

14. 

5. 

15. 

2 - 

16. 

-$• 


17. 

7. 

18. 

• 

1 . 

19. 

8. 

20 . 

2 . 


21 . 

g. 

22 . 

3. 

23. 

04. 

5 * 

24. 

40 


25. 

og 

• *v-, 

26. 

9. 

. 27. 

» 

5. 

28. 

2 . 


29. 

3. / i. ■ 

30. 

4.. 

31. 

±5. 

32. 

±5. 


33. 

±4. 

34. 

3. 

35. 

i. 

36. 

rt 

4* 


37. 

8 . 

38. 

2. 


• 





/I < 

Paper 1- 

a 

-Ex. 90 (Page 357) 



1 . 

(a^X* 2 

-s)t*»+lH*+i)(*- 

1 ). 2 . 5(a-- 

-rtfl). 


3. 

o 

T # 



% 

4. 3l 

IV 

+ o 7 ®* 

kk 

5 

l 




6. V3 

„ • 1 - 

is greater; 

i» /04 

rs/81 
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Paper 2—Ex. 91 (Page 358) 

1. (2-r-f a)(2x—a)(4r 2 +2ax-fa 2 )(4z 2 —2az-fa 2 ). 

2. t l5'lx i y‘ 1 {x--y 2 ){x*+xhfJ r if). 

3 _- 

' (*-i,)(ar>+ ? / 3 )' 

5. 3 


s 


4. (ar+l)(x-f7)(2x-3). 

•4 

. 6 . V 2 - 
Paper 3—Ex. 92 (Page 358) 

1. (jj—* 2 </—3)(a*-f 4t/ 2 -r9"4*2a^/+3*~ %)• 2. a—b. 

3. 4. Gx 2 —13x+6. 

, r '< - * , *p.. 

Paper 4—Ex. 93 (Page 359) 

1. 3(*-2y)(1—*)(%—l). 2. o25« 3 p(x*—t/ 3 )(j+f/). 

8 a 7 4 

5. (it) 1. •' ' 6. y/t, + V%‘ 

Paper 5—Ex. 94 (Page 359) 

1. (.t+l)(*-l) 3 2. 2*2-2*. 


3. 


// * 


3. a+y+z. 

5. (it) 3J. 


* 


4. **-4+3. 


* ■ »■ 

6. -^8(Vi— 

< % 

Paper <U-E%. 95 (Page 360) 

1. (a —2) 2 (a+l)(a—5). 2. (a-l)(a‘+a s - 2 a- 4 ). 

'• » - 6. 284. 

, - Paper 7—Ex. 96 (Page 360) 

(*+i)(2*-.i)*. 2 ^^206+6*. 3. a+6^.;: 


ANSWERS 






Paper 8 —Ex. 97 (Page 360) 

(a*—5a—40)(a l —5a—20). 2. 2* 3 +5**—3x. 


x*-x-2 

*»—a*+jte-5‘ 


4. a*—2-f 


I 


?• 


6 . 3 . 


Exercise 98 (Page 361) 


1 . 

1 : 12 . 

2 . 

4 : 3. 

3. 

5 : 44. 

4. 

Ratio not possible 

» 

5. 

I 5 * - 

6 . 

8 . 

7. 

!■ 

8 . 

4* 

9. 

3 : 2. 

10 . 

6 : 2 . 11 . 

5 :: 

i. •• - r 

12 

4:3. 

13. 

3 : 2 or 5 : 3. 

14. 

3 :.4 or 5 : 2 

15. 

5 : 4 or 2 : i 

i. 16. 

3 : 5 or 5 : 3. 

17. 

3 : 4. 

18. 

1 : 2 . 

19. 

5:4. 

20 . 

2 : 3 or 3 : 

21 . 

3 : 2. 

22 . 

1 : 2 . 

23. 

15 ; 11. 

24. 

4 : 3. 

25. 

11 : 19. 

26. 

1:3.. 

27. 

7. 

28. 

17. 

29. ‘ 

-170 and 800 

30. 

12 and 9. 

31. 

23 and 30. 




Exercise 99 (a) (Page 370) 



4. 

7. 

10 . 




2 . 12 . 



a 4 +a*&*+& 4 ‘ 

ab. 

a*6*. 


5. 

8 . 

11 . 




9. 

2(V3-1). 

3. 



ab 
2 * 

6 . 20 . 

9. 8. 

12. a-}*6. 


15. 3. 


16. 4. 

1 '■ t 

y 


17. 2 . 18. 
Exercise 99 ( d) (Page 383) 


8. 

2. 

9. 

2. 

10. 

2. 

n. 

12. 

6 (m f —n 1 ) 

(2m—n)(m-2n) 

13. 

« • f 

6. 

14. 

17. 

9 

18. 

7. 

: 

19. 

§ 


20. 

. « 

• 

21. 

a 

10. 

22. 

*• 

23. 

i 

24. 
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I. 

3. 

5. 

7. 

9 

n. 

13. 

14. 

15. 
16 
17. 
24. 
26. 
28. 
30. 

32. 

34. 

36. 

38. 

40. 

42. 

44. 

46 . 

47. 

48. 

49. 

50. 
51 
52. 
53 
55. 


Exercise 100 (a) {Page 391) 

ad—be. 2. lq=mp. 

Ha + b)=c(m + n). 4. k(p—q)—r{m—n). 

6 2 p + o 2 9 =0. 6. a 2 6+c=0. 

nq 1 bp* =* 0. 8. o?dr=b i c i . 

al* + blm+cm 2 =0. 10. p-f ? 2_{_ ? 2 r== o. 

a*+2ij*-2a}t=tfi. 12. dP-cPm+blm'-am*^ C 

;/* — 4 ax. 

i'\r = a{i/ - m )= -f bl( //— m )-f cP. 
l[a —c)=m(b—d). 


' * i* \• 7 

(o — — b— 1 ) = 0 . 

G 3 7 2 = 6 3 p 2 . 

W 2 -7,2=4. 
ab= 1. 

P’-* ! + p V-^r=< 

•a6 4-1 = 0. 

a 3 —6* = 2. 36-a. a^-y 2 
z-y z =2ifz. 

^_4A-2—/»+2=0. 

I , 4 1 

** + / 2 m' +2= °- 

g 3 -6 3 +.3(g-6)=0. 
p — 3p<y 2 —9 3 =0. 


18. 

ad— flftai. 

25. 

<24=63, 

27. 

a m d n =b r7 'c Tl . 

29. 

a-—b 2 = 4. 

31. 

to 

II 

33. 

a 2 —6*= l. 

35. 

<i*d 3 —6*c*=4a 3 c 2 . 

. 37. 

xy=l. 


b 3 — a 8 +2a*6=0. 

41. 

a 4 -f-4fl 3 —6-f2=0. 

43. 

P 3 -9 3 -3(P-«)=0 

45. 

a 3 +3a 2 6—6=0. 

l fl 3“ 

Coa,) 3 . 


(.///-g*)(g-/)=(;r-?/) a . 

< J 7/+.Vf')(,V3'-2y )=( 2 .r' + *z') 3 . 

(<•—<i</) 2 -j-/j*rf=0. 

(a^-Vs^Va” CjfcaJr^CjOji-ajCo) 8 . 

(Z7-mp) 2 ( 9 „+mr)-f (^4-/ r ) 3 =0. 
o+//+r=0 54. 

— l> t c x j{a x b^— o. 6 1 )=(c,a 2 —c 2 aj) 4 . 


56. - 


a 3 _ //* _ 
« 2 


6 » — 1 . 57. a 2 T*—b*y 2 = 1 . 

58. ^-.^=1 59. ■ y 

60. r*±y* = \. 61. a'-b* = l. 


. w 3 


62. a 2 -^=i. 


o!4 


ANSWERS 


Exercise 100 (i) (Page 404) 

1 . a 8 (V»—V l) + b ai c i a i - ' 2 a i ) +c 9 {a t b t -a J/,) = 0 . 

2. abc -f 2fgh — a/* —- c/4* — o. 

3. br—cq+cp—ar+aq — bp—. 0 . 

4. a'+ t s +c 3 -8fl6c=0. 5, <z6+6c + c<r-f 2a6r=l. 

6. 2a6c+a6+&c-fca —1=0. 7. 1 -ffm-f tnn + nl=0. 

8. d^-f-^+c 3 — 8a6c=0. 9. aq l — bpq + cp*= 0. 

i0. la*+mab+ n6*=0. 

.2. (c— ad) 2 -f- b*d=0. 

3. (a 1 6 2 -H^i a 2)*(^i c 2~ c i^2) = ( f i 0 2 —a i c 2) a - 

14. {be'—b'c)\ab' —a b) = [ca' —c'a) 3 . 


15. 

2c 3 =3a6 2 —a 3 . 

16. 

2P+m 3 —3mfi*=0. 

17. 

a 4 —2a 3 6 2 — 6 4 + 2c 4 =0. 

18. 

a 4 —4ac 3 +36 4 =0. 

19. 

m«+3/ 4 m 2 = 4/ 3 « 3 . 

20. 

a e — 2fc 6 -f 0a*c 4 —«S a 3 6 3 =0. 

!1. 

a6c=l. 

22. 

ace=bdf. 

13. 

ab + tc-f-ca-f 1 = 0 . 

24. 

a 2 + b* -f- c*=abc -f 4. 

25. 

tf 2 + 6 2 -fc 2 = nta-M. 

26 

x*+y*=a\ 

>7. 

x + a= 0. 

28. 

a4=t/*+ 2z*. 

>9. 

fl£> 2 =C 3 . 

30. 

«*+&*+**+1=»0. 


Exercise 101 (Page 412) 

2. 10. 3. 17. 4. 18. 

8 . Mid pt. of AB is (3, —5), of BC (2, —8), of CA 

(-*. -3). 
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Exercise 102 (Page 419) 

f;* 3 phs ; Q. 1 to 24 [Eigures witbin brackets denote numl 

of questions]. 


!*»■■■■■■■ 

■■■■■■■■■ 


■ ■ i tiinn 

■■■■■■ilia 
■■■■■■■■■■ 

■■■■■■■■■■ 

■■■■■■■■pi [^uiiiiiii 
!:*■■■■■■ ■■ ■■■■ ■■■ uv a 

■■■■■■■■ n ■■■■■■! iSS 

■■■■■■■■■■ ■■■■■■■ ■■■ 

■■■■■■■■■■■■■■■■■■■■ 

■■■■■■■■■■■■■■■■■■■■ 
■ ■■■■■■■■■ HIE^fiBIEal 

■■■■■■■■■■ ?:■■■■■■■■■ 




II71III1IIII 


■■■■■■■ ■■■ 




■■■■■■■■; 


» 


’.3 


sssssssss: 

S 5 SSSSSU 

^ ■■■■■■■ ■■■■■MB 


■■■n’lnaSSSSS 



answers 


■■■■■■■UJVtJVftVttT'tHKi* 

■ ■■■■■■klH mwMW aBP^U J 
■■■■■■■*'■■ mumumwAmmm 

■■■■■■■■n ninriiiiB 
■■■■■■■mi mm'iWA iiii| 

bibubhii irjMMg 
aiaiiaiiii mi'ba 

JBBBBBBBBkl M r AM I 

uiiiimi/•■■■■>» 2 

■■■■■■■■*«■■■■■■■■■ 

BBBBBBBI^fy^BJBBBBBBBBl 

KiKSrSBSjjRI 

I Bh aa Bjiaaii 

^■■■■■■■■liaiiaaaai 


■■■■”■■■■ ■■■rjjRB 

■■■■■■■■■■■IMHIIll 


o.l 


flflfl^aifli Blf ■■■■» 
■■■■■■■■ iviiniH 


■■aSHII^illRSillHH 

BBBBi^^ii^iiiaim 

mummummmws 

mummumur.^fi ■wik.^!!!!!! 

mmmmuwnmwm ■»*■*£*■■■ 

BBBF BBBBBB ■BB^BBilBJ 

■■■■■■■'■■■■■■■■*■■■■ 

■■■■■■■■■»■■■■■*:■■■■ 

:■■■■■■■■■■ »!!■■!!!! 
BBBlBBBBBBf 8i«BBBB« 




rROORfiSSIVB ALGEBRA 


317 




Intercepts 

(Q. 17 to 24). 



17. 

-3. 

18. -5. 

19. 

4 . 

21. 

'—6. 

22. —4. 

23. 

6. 

25. 

0. 

26. 4. 

27. 

7 : 

23. 

*=6, 

y= o. 

29. 

r 

10. 

30. 

11 ; Intercepts — 4 $ 

and 6|. 


24. 


6 

2 . 


-4 




ANSWERS 





Exercise 103 (Page 422) 

1. x=5, t/=3. 2. *=6, t/=-8. 

3. 3=4, t/=2. 4 . x=l, t/=2. 

5. x=l,i/ = l. 0. <r=l-5,t/ = l. 

7. j!=8, ?/=3. 8- *f=-3, y=S. 

9. aj=G, t/= —4 ; Intercepts 8 and —16. 

10. (a) x——2, t/= —3. ^6) —11. 

11. aJ= — 3, r/=4 ; Intercepts —9 and 6. 

12. a;=-3, i/=S. 13. x=S, y =2 ; one right angle 

14. x=3, y=l*. 15. (3,0). 


Exercise 104 (Page 424) 


1. 

y='h. 

2. 

!/= 

2x4-6. 

3. 

y=2x — 6. 

4. 

2*- 

-3i/= 6. 

5. 

2x-\-y=\ 7. 

6. 

3a:- 

-*2i/ = S. 

7. 

2x-3y+\&=0. 

8. 

_ A ^ 

?/ = 
, i 

13x4-4. 

■v 


9. ,r-f-2y-5=0, 2x-y=0, -kr+3i/=0. 

10. ‘>j*-t/-}-3 = 0. 11 . a , r.V = ° 

12. No (The st. line is 3 * — 5 t/= 16 .) 

13. AH, 3x—2y—1 ; Cl), 2x-y=2 : (3, 4). 

14. x —3// 4 -2 = 0 : 1 and — 1. 


Exercise 105 (Page 425) 


1. 

r/- /• 

• 

2 . 

,,-ib 3 

•) 

2f — 3 a 
- • 
a —5c 


(1 — c 



4 . 

b + c. 

5. 

6) \ 6 . 
«4-6 

a 4 * 6 . 




a —b. 9. 

Im 

7. 

a + b. 

8 . 

/ 4 -m-fn’ 

10. 

7> 2 -2p</4-y>- 


. cd — ab 

1L «+ 6 -r- 

d‘ 

12. 

2mn 

13. 

• 

a\fab-\-b* H 

< 14-6 

a 

a + b' 

'5. 

a — 2b. 

16 
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17 

hr 

18. 


ad 


20 . 

-pq. 

21 . 

23. 

TO —ft. 

24. 

27. 

4 

28. 

31. 

1 

1 r • 

32. 

35. 

2 f. 

36. 

39. 

li. 

40. 

43. 

4. 

44. 

47. 

a+b 

* 

•m 

48. 

50. 

a—c 

2 

51. 

54. 

H. 

55. 

58. 

2 . 

59. 

61. 

-1. 

62. 

65. 

16. 

66. 

69. 

44. 

70. 


be 

19 

u-^b 


ar 

• 

22 

b 


k+l. 

25 

■4 

3’ 

9. 

29. 

33 

M- 

37. 

15. 

41. 

G. 

45 

A 

49. 

n A. \,—c 

*) 

•• • 

52 

24. 

56. 

per gsr — 

r* — s 2 

#4-r—pr—fr 

0. 

63. 

18. 

67. 

G. 

71. 


2 (lb 

a -rb 


V 


8. 

26. 

'll 

— 7. 

30. 

4 . 

16 

34. 

13. 


38. 

~'S\ 

-1. 

42. 

3. 

«}• 

46. 

1§. 

a +6 

2 

• 


a. 

53. 

*!• 

1 . 

57. 

7 . 


60. 

P+9 

2 . * 

»». 

64. 

M- 

U- 

2 . 

68. 

4. • 

72. 



1. 

4. ab+bc+ca. 
7. 8 or —4. 

10. 8 or —J. 


Exercise 106 (Page 433) 


2. p+9- 

5 -(a+6-fc). 

8. J or j. 

it. fl -±£±i. 

O 


3. a'+b'+Q*. 

6 . 

9 4 or —J. 

12 . - 8 . 


13. 2.. 


14. 0 . 


1. 

2 . 


Exercise 107 (Page 435) 


x — 


x = 


• fti 

a i b t —fwl 
ap—bq 
a'-b* ' 


V 


.V= 

aq- 


c i°i 


-*i't 




bp 

F“- 






020 


ANSWERS 


X X 


4 . * = - 


pq-r 1 


qr-p* 


' J =-r+m 


y= 


n —n 


_ 9 z ZLP r v= p( I~^ 

■ qr-p* ’ y qr-p* ' 
/*-f/mf m : _ 

= l+m ’ ff-- / 
m+m' _ «'- 
~ m'n+mn' * tn'n-\ 

2p, 2/=‘*ty- i 

a + b, i/^a — b. 

a*-b l a s -6 2 

ac — bd y ad—be 


Im 


/n'n+wm' 

' 7. x=a-f-6, y= 


10. a* = — 


11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 

19 . 

21 . 

22 . 

23 . 

24 . 

25 . 


~b _ l la 

~ f+6 ’ y ~ l+« 

:8, y=3, or x=5, y=3. 

6, t/=4 ; or x=4, y=6. 

8, y=6 ; or z=—6, y=—8. 

3, y=-4, otx=4, y=—5. 

*/=-£ or *=“i« */=■=*• 

7=-* or*=}. y=-*. 

5, y=l. 18. 6, y=i>. 

20. 

2, 7=3, 2=4 or *= — 2, y=—3, 2= -4. 

4, //=3 ( 2=6 or *=-4, y=-5, z=-6. 

7 =-i z=-\ or*=-i, 7=i, 2=?. 

5 , t/=-i 8=S or *=»“!» y==i.2=-., 
fc-fc—a, y=c-f a—o, z=a-f-6—c. 


26 . * = 


27. a* = 


6-f-c —a 


t-f-fl—6 
6 


2 = 


a-4-6—r 


a .& 

.»» y 2 * 


28. ar=Jca, y=|&c, 2=§«&. 

29. i=l, 7=2, 2 = 3. 

30. «=2, 7=3, 2=4, or *= —2, y= — 3, 

31. x=b—c, y—c—a, z=a—b. 

32. x=a(b—c), y=b(c — a), z=c[a—b). 

33. x*=*bc[b — c), y=ca{c—a), z—ab[a—b), 


2= —4. 




PROGRESSIVE ALGEBRA 


W 1 

1_ 1 

34 ,r " " (c-a)(a-b) * y (b—c)(a—b) ' 

_ 1 


Exercise 109 (Page 445) 


1. 

a = 3. J. c = 0. <i = 

— 3. 

4. 

2. 

a=0, 6 = — 1, c= — j, 

d = — 

3. 

5. 

= 4‘ 

A = 4, B = —1. 

4. 

6. 

a = 0, b—— 30, c = 36. 

A = l, B = l. 

7. 

A=7, B = -5. 

8. 

P=2, Q = -3. 

9. 

A= —2 B = 1. C=3. 

10. 

A=0, B=2, C=3. 

11. 

A=2, B=3, C=* —14. 

12. 

A=3. B=2, C=4. 

13. 

A = 2, B = /, C = l. 

14. 

A =3, B = l, C= —3. 

IS 

A=2, B = — 4, C = 3. 

16. 

A=3, B = — 2, C=l. 

17. 

A = l, B=2. 

18. 

A=2, B =6. 

19. 

A =3, B = -4. 

20. 

A = 3, B=-l, C=2. 


Paper 1—Ex. 110 (Page 449) 

1. 1. 2. £=10, f/—8. 4. i/*-fs*+>/5=0. 

5. «=-5, i/—-5. 


Paper 2-Ex. Ill (Page 449) 

1. a 2 - -r- 2 - 2 - 6 - 3 - 2 - 

£* 

4 . **+J-=.+ -i-+2, 

5. £=8, y= — \; Intercept —2. 6. $• 


1. 

4. 


Paper 3 Ex. 112 (Page 450) 
£*-ty* 3-^5 


16a* — 6*—16=0. 


5. (1,2). 


5 


I 

6 


1 

5 


1. 

5. 


1. 

4. 


!. 

6 . 


1. 

5. 

1. 

2 

4. 


Paper 4- Ex 

4a*-r6a+U Z 623 

! 


113 (Page 450) 
4 


Paper 5 Ex. 114 (Page 451) 

2 02. 4. c(x-a)=t/ (y — b). 

Intercepts 8 and —6 ; abscissa—8. 

Paper 6—Ex. 115 (Page 451) 

3 1 

2x4-1—-—^ • 2. 1. 4. 1 4-o^-f6c4-ca=Q 

7. 6. A — —2, B = l, C=3. 


Paper 7—Ex. 116 (Page 452) 


_ s HaV-f y* 

'xy(x-y) 

a* — lac 3 4- 36 4 =0. 


2. 2v/3. 

5. 0. 


Paper 8 - Ex. 117 (Page 452) 


(a—b)(2a + b)(a + 2b). 

A = 8, B— - 1, C= —5. 




a4-6 * 


4a 4- 3 

12a* 4- 


Paper 9—Ex. 118 (Page 453) 

x* V* , 

2. 121. 4. 


At the point ( — 15, —4). 

Paper 10-Ex. 119 (Page 453) 

a = 3. 

4a~~ ^ 4-fc~~ 2 -{-r _4 4-2a”*6 ~ 1 + 2a~~K~ 2 -6“"*c 
1 2ab = I 5 1. 6 A =3, B— —4 


1. 

2 . 

3. 

4. 

5. 

6 . 


1. 

2 . 
3. 
4 

5. 

6. 


1. 

2 . 

3. 


4. 

5. 


1. 

2 . 

3 


PKOOBBSSIVE ALGEBRA ^3 

Answers to Matriculation Papers 
1940 (Page 454) 

{a) — 13. (6) <r=2, y^Q. (6) 22 men, 14 boy*. * 

(a) x = 3, y= —4. (6) 9x , + 4t/ 5 +3 2 + 6<ry+3.w—2y». 

(а) x 2 -b^--2. (b) *»- 2x+\. 

(«) (j’-f 2)(r—2 (x 2 4-2 j + 4)(x s — 2j-f 4). 

(б) (« 4 -x*+lj(x*-x+l)lx“+jr+l). 

(ci (5 + c—o)(c+a — 6)(a + 6—c)(a-f-6+c). 

(a) 8. (6) -1. 



(c) 17. 


1941 (Page 455) 

(а) -15. (6) *=J, t/= — *J. 

(«) (-1. 8). (6) 108. 

<"> (^ + 3)(x-3)(x 2 -3x + 9)(x 2 -f3x-f-9). (6) *• + «, 
2r-f3;\2x 2 +i-8;(12x 3 -f-28x 2 + I8x-8). . 

2 - 3 . M f (6) f (*~lf>H(Sf-*)*+(a-*)«. 

(б) . a J x a -6V = l. 


-Gy*. 


1942 (Page 456) 

(a) x = lj. (b) x~3, y = l ; 9=-!, y=z9 
23 ; or 25 miles an hour. 9 


(")**+-f-+ 4 - (*) (i + 2)(2x+ 7); (l-)-26)(l —26) 3 . 


•Jjc 3 



(f—a)3=(6—d)(a<i—6c). 7. 14!2 


<») 

<«) 


- 1943 (Page 457) 

*(*+l)(4^1)(*+2)(*_2). ( 6) _ n 

( 6 ) *=2, sr= 10 ; 0, —I. 


W s- 


'00. 80 ; or 35, 71. 



x 


6. x —8. 7. 52. 


5. 


524 


ANSWERS 


1 


2 . 

3. 

4. 
8 


1 

2 


7. 

10 


I. 

3. 

4. 

5. 

6 . 


1 

3. 

5 

6 


1944 (Page 458) 

(a) x{3x+7y)(2x—5y) or (1 +a~6)(l -a+b). 

,, x 2 — ax-ha 2 

(M - x^a — (C) 33a * 

(a) (6) x=3, y — 4 ; (0, -2) and (0, 2). 

A, 96 and B, 32; or 42 yeats and 18 years. 


k. 


5. 


2 u 


X+ y- «■(»)*•—«*• 

(a) x 2 —3x4-4. (6) 12. 

1945 (Page 460) 

(*) (•r+!/)(«i-2/)(J 2 +^+y 2 )(« a -3'i/-f2/ 2 ). 

4x—5 or x-fr/. 3. x=144; or x=y =3 = l2. 

x=3,y=2. 5. zrr-rr- 6 . — 4-6. 


(a) ar 3 4-3ar. 

18. 27, 36 ; or 24. 


a*+6 2 ‘ • a 

8. c 3 =3c4-d Or x—y. 

1946 (Page 461) 


(a) 11. (b) l 3. 2. (a) (2x-5)(2x-l). (6) 1. 

(а) r 4 -Gx 3 -5x 2 4*42x4-40. (6) 4 . 

(б) a 2 (a 2 4-4) = 6 2 . 

(a) 98. (6) x=—3, t/=8; intcrccpt = 4. 

(а) 45 years. 

1947 (Page 462) 

(<;)x=-IO. (6)671. 2. (a) 2x 2 +3x4-2* 

(б) (i) 2r(l+4x 2 )(l+2x)(l-2x) (ti) 3x x 5x + l)(x-5). 

(a) 5i-2-— 4. (a) J. (6) 2. 


(a) a* — b 2 = \. 



(a) Xength 15 ft. Breadth 12 ft.. 

ft 


(6) x==2, y— 5. w _ 

< 6 > 
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